
74 [816

- t

816.
ON THE BITANGENTS OF A PLANE QUARTIC.

[From Crelles Journal der Mathem., t. xcιv. (1883), pp. 93—115; Camb. Phil. Soc. 
Proc., t. IV. (1883), p. 321.]

Riemann in the paper “ Zur Theorie der √16eZschen Functionen -fur den Fall p = 3,” 
l^erke, pp. 456—479, has given a remarkably elegant solution of the problem of the 
bitangents of a plane quartic. But his formulae may be improved by a slight change ; 
viz. we may in his first equation x + y-{-z + ξ + η-}-ζ=Q introduce coefficients so as to 
bring this into the same form as the other three equations. It thus appears that, 
instead of his 3 + 3 equations of the forms

respectively, we have 6+6 equations of like forms; but these two systems each of 
6 equations are equivalent to each other, so that instead of 6 + 16+3 + 3 = 28, we have 
6 + 16 + 6(=6) = 28 equations for the 28 bitangents*. I make another slight change 

of notation by introducing the single letters /, g, h to denote the reciprocals -, ;
Ct 0 c 

and I consider the whole question as follows. The theory is based on the equations 

where o∕= δ5r= cA = »1/= &c. = CjAg = 1: and the coefficients a, b, c, Uj, b^, Cι, a^, b.,, C2 
are arbitrary. The equations x=Q, y = 0, z = 0 represent any three given lines: and

* It will appear further on that the equation of each of the last-mentioned 6 bitangents can be 
expressed in 8 different forms.
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816] ON THE BITANGENTS OF A PLANE QUARTIC. 75

considering ξ, η, ζ to be determined as linear functions of ic, y, z by means of the
first three equations, then (the coefficients a, b, c, a^, b^, Cι, a^, b^, being determined
accordingly) the equations ^ = 0, 77 = O, ζ≈0 will also represent any three given lines. 
But observe that, if the equation of the first of these lines is x+ my +nz = 0, ξ is
not = an arbitrary multiple θ(x + my + nz} αϊ the linear function x ÷ my + nz, but the
constant factor θ has a completely determinate value: and the like as regards r∕ and ζ 
respectively.

The coefficients a^, b-^, Cs of the fourth equation are such that this fourth equation 
is a mere consequence of the other three : viz. we must have 

or, what is the same thing, we must have 

viz. each of the determinants formed with four columns out of this matrix is equal to 0.

Using the equations in λ, λι, λ2, and writing for shortness 

then, forming the products α3∕3, 63^3, C3h3, we find 

or, as these equations may be written.

10—2

www.rcin.org.pl



76 ON THE BITANGENTS OF A PLANE QUARTIC. [816

say for shortness

We have thus

and thence

equations which give λ, λj, λo, and consequently a.,, ⅛, Cs, f^, in terms of known
quantities, the several expressions depending on the single radical

Observe that we have rationally

I consider now the quartic curve

and I write down the equations of the 28 bitangents, each with its triple-theta 
. characteristic as given by Riemann, and also with its duad symbol, derived from

Hesse’s method. I assume that these characteristics and duad symbols are properly 
attached to the several lines : and I insert also the current nos. 1 to 28. The equations 
are :
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As regards each of the bitangents 7 to 22, the equivalence of the two forms of equation 
is at once seen by means of the fundamental equations ax + by + cz +fξ + gη + hζ = 0 : as 
regards the remaining bitangents 23 to 28, the equation of each of these is expressible 
in eight different forms, which are written down in full for the bitangent 23; the 
equivalence of the eight forms of equation must of course be proved.

I proceed to show that each of the 28 lines is, in fact, a bitangent to the quartic 
curve 

or, what is the same thing, that writing this equation in the form 

then that by means of any one of these equations ∩ becomes a perfect square.

This is obviously the case for each of the equations 1, 2, 3, 4, 5, 6.

For the equations 7, 8, 9, 10, observe that the equation of the quartic may be 
written: 

or, what is the same thing,

Hence writing x, y, z, ζ, η, ζ in place of ax, by, cz, fξ, qη, hζ, so that now 

the equation of the line 7 is expressed in the two equivalent forms x ⅛ y + z = 0, 
ξ + η + ζ = Q. We have for Ω its original value 

and writing herein z=^-x — y, ζ≈ - ζ — y, we have zζ-xξ-yη=xη + yξ and conse­
quently = {xη + yξ'f — ^yξη, {xη — yζY, a perfect square. The like proof applies to 
the equations 8, 9, 10: and then clearly the result applies to the equations 11, 12, 
13, 14; 15, 16, 17, 18; 19, 20, 21, 22.

We come now to the equation of the line 23, say this is in the first instance 
taken to be 

if from this equation, by means of the two fundamental equations 
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w e  eli mi n at e first { y, z), s e c o n dl y {z, x), a n d t hir dl y { x, y ∖ it is f o u n d t h at ξ, η, ζ  
will  als o dis a p p e ar  i n t h e t hr e e c as es r es p e cti v el y, a n d t h at t h e r es ulti n g e q u ati o ns ar e  

s o t h at e a c h of  t h es e is, i n f a ct, e q ui v al e nt t o t h e ori gi n al  e q u ati o n i n ( x, y, z) : a n d  
o bs er v e t h at, a d di n g t o g et h er t h e t hr e e e q u ati o ns, w e  r e pr o d u c e t h e ori gi n al e q u ati o n i n 
( zr, y, z }.

Writ e  f or s h ort n ess 

t h e n t h e e q u ati o n i n ( x, y, z } is 

s o t h at, eli mi n ati n g y a n d z, fi n d

I n t his e q u ati o n, t h e c o effi ci e nt of  x is

T h e  c o effi ci e nt of  ξ is 

w hi c h  (o bs er vi n g t h at 

is =  0.

T h e  c o effi ci e nt of  η  is

w w w.r ci n. or g. pl
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which is 

and similarly the coefficient of ζ is

We have thus in x, η, ζ the equation 

or, what is the same thing, 

and in like manner, by the elimination of (z, x) and (ic, y) respectively.

which are the required three equations.

We have next to show that the line is a bitangent—write for a moment aUiOt, 
bbγβ, ccιγ = λ, μ, V, then the three equations give 

and we thence have
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which, putting further Pλ, Q∕λ, Rv = a, b, c, becomes

But here

Hence

and we obtair 

a perfect square, and the line 23 is thus a bitangent.

We have next to prove the equivalence of the two equations 

and

Starting from the former equation written in the form 

and combining herewith the three fundamental equations

C. XII. 11
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if we eliminate from these the (yκ, y, z), we obtain the following equation in {ξ, η, ζ) 

which, observing that the values of — QR, — RP, — PQ are 

is immediately transformed into

Here the coefficient of ξ is 

which is of the form lf+ kfγ + Lf^; and we find without difficulty

Hence 

which, observing that 

becomes 

www.rcin.org.pl



816] ON THE BITANGENTS OF A PLANE QUARTIC. 83

or, in the last term writing /2 = —, this is 

viz, representing for shortness the last-mentioned determinant by (δc∕), the coefficient 
of ξ is = ∕3γ (bcf). Similarly the coefficients of η, ζ are equal ya (cag}, and aβ (abh), 
respectively. Hence, for convenience dividing by aβy, the original equation 

expressed in terms of (ξ, η, ξ), becomes 

and it is to be shown that this is, in fact, equivalent to

We ought therefore to have 

and it will be sufficient to prove the first of these equalities, say

Multiplying by C2C3, this becomes 

viz. this is

11—2
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The term in ‰ disappears, and the equation is

But we have λ . Xj ' is, Λλ-Λ^Χι —0, or if we write for Λ and Λι

their values (1F,F,), and respectively, then the equation connecting
λ, λι is

where (IF^Fj) and denote the determinants

Multiplying by cCiCg, the equation may be written

This should agree with the equation in (λ, λj) obtained above : and it can in fact be 
shown that the coefficients 

and

are equal to the two determinants respectively; it will be sufficient to prove one of 
the two relations, say 

where it will be recollected that (bcf) and (cag) stand for the determinants 

respectively: each term is thus of the seventh order in all the letters conjointly, but 
is quadric in f, fχ, f<ι, g, g^, g^. Instead of α, β, γ used hitherto to denote δcι — b^c, 
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Cfti —Cια, abi— aj), it will be convenient to call these α∏, β2, 72> and to consider the 
complete system of coefficients

and to denote by V the determinant formed with α, β, γ; Oj, <γj ¾, β^, If wθ
then expand in terms of the products (/, /, {g, g^, g^, we find first 

and next

Uniting the two parts, we ought to have
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Substituting for a^, β^, 71, «3, β2, y<i, then after a slight reduction it is found that the 
whole equation divides by c, and omitting this factor, we have

Writing here af= bg = ... = 1, the equation becomes 

where all the terms in f-^, g-^ destroy each other; the equation thus becomes 

that is,

Or again writing af-bg=l, we have the identity 0 = 0. This completes the proof of 
the equivalence of the two equations

We have obviously three new forms derived from the equation in {ξ, η, ξ) in like 
manner as we had previously three new forms derived from the equation in (a?, y, z); 
the equivalence of the 8 forms to each other is thus shown, and the proof is now 
complete for each of the 28 bitangents.

Cambridge, 15 Dec. 1882.
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In what follows, instead of the four equations of the form

I take the first equation in Riemann’s form with the coefficients unity. The equations 
thus are 

and if we assume 

then we have 

and consequently

or say

where

Suppose that one of these determinants, to fix the ideas, say Q, is = 0; we have 
λ : λι : λ2 = 0 ; JiP : 0; that is, λ and ‰ each = 0; and consequently λj = 1: that is, 
we have «2, b2, C2, f∙i, g^, a, b, c, f, g, h, the fourth equation identical with the 
second, or say the second equation, 

is a double equation: as just Seen, the condition for this is 

say this is

if for shortness
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A  s p e ci al s ol uti o n is if a ,̂ b γ, Cj  =  a-, b-, ύ- ; f or t h e n 

c o ns e q u e ntl y afi  + a ^f, b g γ  +  ∖ g,  c h ^- V  C γ h  =  a +f, b + g, c-\- h: a n d t h e c o n diti o n i n 
q u esti o n Q  =  0  is t h us s atisfi e d.

It is t o b e s h o w n t h at, i n t h e g e n er al c as e of t h e e q u ati o n Q  =  0, t h e c ur v e is 
a n o d al  q u arti c  h a vi n g  t h e n o d e  at t h e p oi nt  

a n d t h at i n t h e s p e ci al c as e a- ,̂ b ,̂ C χ =  a ,̂ b ~, t h e n o d e is a fl efl e c n o d e, vi z. a n o d e  
w hi c h  is a p oi nt of i nfl e xi o n o n e a c h of its t w o br a n c h es. I n t h e f or m er c as e, t h e si x 
t a n er e nts fr o m t h e n o d e ar e

I n t h e l att er c as e, t h e s a m e e q u ati o ns r e pr es e nt t h e f o ur t a n g e nts fr o m t h e n o d e  a n d  
t h e t w o t a n g e nts at t h e n o d e  r es p e cti v el y.

F or  t h e pr o of, w e  ass u m e t h at t h e f o ur li n es 

h a v e  a c o m m o n i nt ers e cti o n; t his gi v es a x  =  f ξ, b y  =  g η, cz  =  h ζ ; or  s a y 

w h er e  f or t h e m o m e nt  L,  M,  N  ar e i n d et er mi n at e q u a ntiti es : b ut s u bstit uti n g t h es e 

v al u es  i n t h e firsι, s e c o n d a n d t hir d e q u ati o ns, w e  fi n d 

gi vi n g f or L,  M,  N  t h e v al u es b - ∖-g  —  c  —  h, c  +  h  —  a — f, c b +f — b — g  alr e a d y attri b ut e d  

t o t h es e l ett ers.

w w w.r ci n. or g. pl
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And we see further that the point in question

is a point on each of the lines

In fact, for the first of these lines, we have only to verify the equation

that is.

viz. this is

which is right. And similarly, for the second line, we have to verify that

t-.baf, ic

or, multiplying by fγgJh, this is

We have thus six of the double tangents meeting at the point

viz. this is

which implies that this point is a node on the curve: and we at once see that the 
values satisfy the equation + √y77 + 0 of the curve; viz. the equation for
the values in question becomes + √M'^ + = 0, and the rationalised equation is
satisfied as containing the factor L ÷ M + A^ which is = 0.

But to show d posteriori with greater distinctness that the point is, in fact, a 
node, observe that, the rationalised equation being

the differential d∩ is

12C. XII.
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w hi c h  f or t h e v al u es  i n q u esti o n  b e c o m es

w hi c h  is =  0 i n virt u e  of  t h e s e c o n d e q u ati o n.

C o nsi d er  n o w  i n t h e s n e ci al c as e a. . Z κ.  c, =  o Λ h- t h e li n e

c o m bi ni n g t his wit h  t h e first a n d s e c o n d e q u ati o ns

Λ v e  d e d u c e

if f or s h ort n ess O bs er v e

t h at w e  h a v e t h at is, b c L  =  a F  ∖ a n d si mil arl y c a M  = =  β G,

a n d o b N  =  y H. A n d  if f or a m o m e nt  w e  writ e  f urt h er

v al u es  w hi c h  gi v e

t h e n t h e e q u ati o n of  t h e c ur v e b e c o m es

w hi c h  i n t h e r ati o n alis e d f or m is

vi z. t his is

w hi c h,  i n virt u e  of  I +  , T +  K  =  0, b e c o m es

w w w.r ci n. or g. pl
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t h at is, t h e q u arti c is m et  b y t h e li n e i n q u esti o n at t h e i nt ers e cti o ns ( e a c h t a k e n 
t wi c e) of  t h e li n e wit h  t h e c o ni c  

t h at is,

B ut  t h e e q u ati o n of  t h e li n e i n t er ms of  ξ, η, ζ is 

t h at is.

or,  w h at  is t h e s a m e t hi n g.

a n d t his is cl e arl y a t a n g e nt t o t h e c o ni c; vi z. t h e r ati o n alis e d f or m of

t h at is, V α ≡  +  +  V γ ≡  =  0 is s atisfi e d i n virt u e of a  +  β  +  y = = Q. H e n c e  t h e f o ur

i nt ers e cti o ns c oi n ci d e t o g et h er, or t h e li n e h as wit h  t h e c ur v e a q u a dr u pl e  i nt ers e cti o n 
at t h e n o d e, t h at is, it is a t a n g e nt at t h e n o d e t o a br a n c h h a vi n g a n i nfl e xi o n. 
A n d  si mil arl y t h e ot h er  li n e 

is a t a n g e nt at t h e n o d e t o t h e ot h er  br a n c h h a vi n g als o a n i nfl e xi o n; t h us t h e n o d e  
is a fl efl e c n o d e, a n d t h e li n es ar e t h e t a n g e nts t o t h e t w o br a n c h es.

I c o nti n u e t h e i n v esti g ati o n of t h e s p e ci al c as e ¾,  δ χ, Cι,  =  c ∖ T h e  t hr e e

e q u ati o ns gi v e  

writi n g

A,  B,  C,  F,  0,  H∙,  α,  β, =  b c-l, c a-l,  a b  —  1 ; b  —  c, c  —  a,  a  —  6,

a n d als o  

t h e n w e  fi n d

1 2 — 2
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say for shortness these values are 

where

We have moreover

It is to be shown that the tangents from the fleflecnode 

touch the quartic at its intersections with the line u ■= 0.

To prove this, for the first line we have ax Λ-by + cz=Q, fξ+g'η-^hζ≈(i, and 
consequently xξ - yη — zζ=bhyζ+ cqzη. But the equation of the curve is 

and this becomes thus 

and we thus find that, for the four lines respectively, the equations for the points of 
contact are

But for the first line we have 

so that the intersections with the conic are given by the equations yHy — βGz = Q, 
and u = 0 respectively: the first of these corresponds to the fleflecnode (in fact, we have 
yH. gM — βG . KN = 0, viz, multiplying by abc, this is 

which is right), hence the second corresponds to the point of contact, that is, the point 
of contact lies on the line u = 0. And similarly, for each of the other three tangents, 
the point of contact lies on the same line ιt = 0.
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It is clear that writing = 0, = 0, = 0, 7ζ = 0 for the four tangents from
the fleflecnode and 7ζ = 0, = θ fθr fhe tangents at this point, the equation of the
curve must be expressible in the form

The reduction to this form is, I think, effected by means of the formulae which 
give η, ζ in terms of x, y, z, more readily than by means of simpler formulae for 
ξ, η, ζ in terms of x, y, z and u. have 

and hence

The result after some reductions, and putting for shortness 

is

We have
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or, as these equations may be written, 

whence 

where the coefficient of 

where the coefficient of x is abcGH. The coefficient of y is 

and similarly the coefficient of z is = δc(τ (δc^ — a). We have thus the expression 
for and forming in like manner the expressions for and T^, we may write

whence in the coefficient of ar* is

We hence obtain the required identity: viz. this is 

for here comparing the terms in the factor G'-II- divides out, and omitting it, we 
have

which is right. If for ∩' we substitute its value, = then the identity
divides by α¾VαySγ, and omitting this factor, we obtain the equation of the curve in 
the form 

the required form, putting in evidence the two tangents at the fleflecnode, and the 
four tangents from this point.

Cambridge, '∙^rd January, 1883.
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