74 [816

816.

ON THE BITANGENTS OF A PLANE QUARTIC.

[From Crelles Journal der Mathem., t. xc1v. (1883), pp. 93—115; Camb. Phil. Soc.
Proc., t. 1v. (1883), p. 321.] -

RIEMANN in the paper “Zur Theorie der Abelschen Functionen fiir den Fall p=3,"
Werke, pp. 456—479, has given a remarkably elegant solution of the problem of the
bitangents of a plane quartic. But his formule may be improved by a slight change ;
viz. we may in his first equation 2+ y+z+E+9+¢=0 introduce coefficients so as to
bring this into the same form as the other three equations. It thus appears that,
instead of his 3 + 3 equations of the forms

&€

g Yy ¥ ax & U ¢
1—/3'y+1—'ya+1—a;8_0 and 0

3 + =
aly=8) Bly—a) y(B-a)
respectively, we have 6+6 equations of like forms; but these two systems each of
6 equations are equivalent to each other, so that instead of 64 16 +3 + 3 =28, we have
6 +16+ 6(=6)=28 equations for the 28 bitangents*. I make another slight change
1

of notation by introducing the single letters f; g, » to denote the reciprocals 3—1, %, r

and I consider the whole question as follows. The theory is based on the equations

azxz+by+cz+fE+gn+h =0,
amz+by+ez+fif+gn+ =0,
@z + by + 2 + o + gom + hyE =0,
@& + by + ¢z + i€+ gsm + byt =0,

where af=bg=ch=a,f,=&c. = c¢;h;=1: and the coefficients a, b, ¢, a:, b,, ¢, @, by, €
are arbitrary. The equations z=0, y=0, 2=0 represent any three given lines: and

* It will appear further on that the equation of each of the last-mentioned 6 bitangents can be
expressed in 8 different forms.
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816 ON THE BITANGENTS OF A PLANE QUARTIC. 75

considering & n, & to be determined as linear functions of #, y, z by means of the
first three equations, then (the coefficients a, b, ¢, @y, by, ¢, @, by, ¢, being determined
accordingly) the equations £=0, =0, {=0 will also represent any three given lines.
But observe that, if the equation of the first of these lines is z+my+nz=0, £ is
not = an arbitrary multiple 6 (z+ my+ nz) of the linear function 4 my+ nz, but the
constant factor € has a completely determinate value: and the like as regards » and ¢

respectively.
The coefficients a;, by, ¢, of the fourth equation are such that this fourth equation
is a mere consequence of the other three: viz. we must have
ay =N + Ma; + N @y,
by =Ab + Mb, + Nobs
C3=NAC + NC; + ANgCs
Ji=M+Mh +Mfe,
Fs=Ng + Mg + Moo,
hy=Nh + Mhy + Nohs,
or, what is the same thing, we must have
'a, b jihes by B 1 =0,
Balng. e 2l 0 b
(1 R o W e
(0 Uty R0 S

viz. each of the determinants formed with four columns out of this matrix is equal to 0.
Using the equations in A, A,, A;, and writing for shortness

a1f2+a2.f1; a‘zf'{'a:fz) af1+a1f=F, y,, F,,
5192 B bzgx, bzg +b!]2; b91+ blg = G; le G,
Ghs + Chy,  eh +chy, chy+cih =H, H,, H,;

then, forming the products a,f;, bygs, ¢:hs, we find

1—7\2-—),12—},22=m1)\a2 +F1)\q>‘- +F2x\xl:
=G)\.1X2 +G1X27\. +G2)\lu

»

» = HyN+ HN + H A,
or, as these equations may be written,
1 —A2=A2—A2 Nire : AN > A\
=il R ey | AR g LAY 4 Y :'1, et A
GG, L5 G G, AR A Lilge G G,
oA : O o SR e | T Y L & H,
10—2
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76 ON THE BITANGENTS OF A PLANE QUARTIC. (816

say for shortness
=1F i A A R A

We have thus

; A2 A,
1-2—-22—22 IIA°
b5 hig® _AA
1-n=22=22 TIA,’
A2 _AA,
L M <At HA,
and thence
1 g A1A2+A2A+AA1>
1—7\2—7\42—7\22‘11( A N S

equations which give A, A;, \,, and consequently a,, bs, ¢;, f3, g5, ks in terms of known
quantities, the several expressions depending on the single radical

1 (A, &A T Ky
\/ﬁ (T’+ i A2>’

Observe that we have rationally

N Ny N =

ok o i
TR

Pl

I consider now the quartic curve
VaE + Vi + VEE =0,

and I write down the equations of the 28 bitangents, each with its triple-theta
. characteristic as given by Riemann, and also with its duad symbol, derived from
Hesse’s method. I assume that these characteristics and duad symbols are properly
attached to the several lines: and I insert also the current nos. 1 to 28. The equations

are :

Current | Duad | Charac-
No. | Symbol | teristic
111
1 18 11 z=0,
001
2 28 o1 | ¥=%
011
. 98, e P 2Nl -
010
4 23 010 £=0,
100
5 13 110 N 0,
110
6 12 100 =0
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81 6] ON THE BITANGENTS OF A PLANE QUARTIC. 77
Current | Duad | Charac-
No. | Symbol | teristic
101
7 48 100 ax+by+cz =0, fE+gn+hi=0,
010
8 14 o11 | JE tWy+ez=0, az+gn+hi=0,
100
9 24 11 | @+gm+ez=0, [fi+by+hi=0,
110
10 34 01 | @y +=0, fi+gn+ez=0,
100
11 58 101 @ +byy+c¢2=0,
011
12 15 010 fiE+by+e2=0,
101
13 25 110 @+ gym+6,2=0,
i1l
14 35 100 T+ by + =0,
15 68 (l)ig ay® +byy +cy2=0,
16 16 ‘l’gi Fob +bgy+ey2=0,
25X
11y 26 001 Ayt + gym+cy2=0,
1
18 36 0(1)1 ay® + byy + ho¢=0,
19 78 (l)ig ayw +byy +c32=0,
20 17 ;gi f35+b3y+c3z=0,
21 27 2(])'1 asx+ggn+cg2=0,
22 37 (1)(1)(1) a3 +byy + hg$=0,
23 67 by i o y R SN it b i, e PNt oAt
100 be—byey ca—6ay ab - a;b, gahy — Qshs hofo— Ny fs S92 —F393 :
x i i [ a -0 § + Y (L% & =0,
be —byey bby (ca —c,a)  cey (aby—ab) Gahy — gshs 9295 (hofs = hyfo)  hohy(fads—Fs9s)
= Y (g -z n z il
=l - + =0
aay (bey — byc) p ca—ca, +""1 (aby-ab) 7 fofs (9ahs — gsha) 3 Ty fo— Nty fy Rohy( f295 = fs92)
% ! n 2 “o i ) Yy AN W
aay (bey—bye) by (ca,—cya) ab - a,b, © fafs (9ahs— gshe) 9095 (hofs— g f5) S92 —T39s
110 E Y 2 Ld
" o 011 be — bycy Bl e Colly Tinab TG o
010 x Y z o
i o ol AP Il R sy e Ry Oy S
001 x ) : =
w e 001 | bobos T ogag—cymy | dghy-dihy
011 x b z ik
o " 110 byeg — byey 3 Cglly — €10 N aghy—ab,
111 z y z
ik v U sy | ol st ts
- i 010 by; — byty €10y — Cylly ayby — agb,
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78 ON THE BITANGENTS OF A PLANE QUARTIC. [816

As regards each of the bitangents 7 to 22, the equivalence of the two forms of equation
is at once seen by means of the fundamental equations ax +by+cz+fE+gn+h§=0: as
regards the remaining bitangents 23 to 28, the equation of each of these is expressible
in eight different forms, which are written down in full for the bitangent 23; the
equivalence of the eight forms of equation must of course be proved.

I proceed to show that each of the 28 lines is, in fact, a bitangent to the quartic
curve

Naf + Nyn+Vz£=0,
or, what is the same thing, that writing this equation in the form
Q =28 + y'p + 28 — 2yan§ — 22wt — 2wyén = 0,
then that by means of any one of these equations  becomes a perfect square.
This is obviously the case for each of the equations 1, 2, 3, 4, 5, 6.

For the equations 7, 8, 9, 10, observe that the equation of the quartic may be
written :

NaafE + N bygn +Nezh =0,
or, what is the same thing,
Q=a. 2 +...=0.

Hence writing #, ¥, z, € », ¢ in place of ax, by, cz, f€ gm, k& so that now
z+y+z+E+n+§=0,

the equation of the line 7 is expressed in the two equivalent forms z+y+2=0,
E+n+¢=0. We have for Q its original value

Q = 28 + y*n* + 2°8* — 2yanl — 22088 — 2xyén,
= (2§ — a& —ym)* — dwyén;

and writing herein z=—2—y, {=—§—1, we have z2{—a2f—yn=an+yE and conse-
quently Q= (an+ y§)* —dayén, = (on—yE)p, a perfect square. The like proof applies to
the equations 8, 9, 10: and then clearly the result applies to the equations 11, 12,
18, 14; 15, 16, 17, 18; 19, 20, 21, 22.

We come now to the equation of the line 23, say this is in the first instance
taken to be
@ Y z
bc—blcl_l-ca—clal_i_ab—albl

if from this equation, by means of the two fundamental equations

ax+by+cz+fE+gn+h=0,
a1-77+b1?/+ Glz+ﬁ‘f+91")+hlg=0:
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816] ON THE BITANGENTS OF A PLANE QUARTIC. 79

we eliminate first (y, z), secondly (z, @), and thirdly (z, ), it is found that £ », ¢
will also disappear in the three cases respectively, and that the resulting equations are

be — b,c, i bb, (ca, — ca)  ce, (ab, — a,b)
Y ¢

T4t (b —bo)T ca—ca oo (ab—ab) 0.

@ y SN Tt

L e e R R & T
aa, (be, — bye)  bb, (ca, — c,a) A T

L

so that each of these is, in fact, equivalent to the original equation in (z, y, z): and
observe that, adding together the three equations, we reproduce the original equation in

(@, y, 2).

Write for shortness
P=bc —-bec,, a=be, —be,

Q=ca—aa, B=cn-—aca,
R=ab—a,b,, v =ab,—ab,
then the equation in (z, y, 2) is
QRz+ RPy + PQz=0,

so that, eliminating y and z, we find

b, ¢, az+fE+gn+hl|=0.
b, &, awx+fif+gm+h |
P PQy R !
In this equation, the coefficient of » is
(be, — bye) QR + (ca, — ¢;a) RP + (ab, — a,b) PQ,
.= (bey—bie) {a*bc + a*bye — aa, (be, + bie))
+ (ca, — c,a) {a b’ + a,b’c, — bb, (ca, + ¢,a)}
+ (aby— a;b) {a b e + a; b6, — cey (ab, + a,b)},
= — aa, (b*e;* — b’c*) — bb, (*a,® — ¢2a?) — ce, (ab,® — a,*h?),
= — (be, — bye) (ca, — ¢,a) (ab, — a,b),
= — afy.
The coefficient of £ is
=RP(¢fi—cf)— PRS- b)),
b

) 1 E: (i A0aL . Lo TR o bl-__l__)
which (observmg that cf,—e¢.f, ) is o Q and bfi—b,f, b e is _dalR
A=,

The coefficient of 7 is
RP (cg, — ¢19) — PQ(bg, — brg),
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80 ON THE BITANGENTS OF A PLANE QUARTIC. (816

which is

1 1
= RP —*g (bC e blcl) = PQE (b2 b blg),

% {(be = bycy) (ab — ayb)) — (b* — b®) (ca — c,ay)},
P 2, 2,
W, {b%ca + b*c,a, — bb, (ac, + a,c)}
Y 50
i bbl yes
and similarly the coefficient of ¢ is

- L

CCy

We have thus in «, 9, ¢ the equation

— oByz — bb yan + — a,Bé’ 0,

or, what is the same thing,
A b; 0
L e B L
L0 Sce
and in like manner, by the elimination of (z, #) and (z, y) respectively,

_E_._*_ g +i=().
aa, o Q) ey

£ n -
eophad F Sy, Mok

which are the required three equations.

We have next to show that the line is a bitangent—write for a moment aa,a,
bb,B, cc,y =N\, u, v, then the three equations give

z, y,z=P(—%+§)’ Q(‘%ﬂ%)’ R(-§+Z)'
iy )

+Q2( 7§ En>
+R2( )

~ 20r (- n¢ En)(_£f+’7_§>

-oar (-8,
() (F+8)

and we thence have
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816] ON THE BITANGENTS OF A PLANE QUARTIC.

which, putting further P\, Qu, Rv=a, b, ¢, becomes

2 2
o= T8 b +oy

#2
&
+ v (c +a)
2
+ fz (a+ Dby
2898
+)"2—,“’—{—a (a+b+c)+bc}
288
+ Ao {(=b(a+b+c)+cal
28y
©pr? {—c(a+b+c)+abl
But here
a = aa, (be, — bye) (be — byey) = aa, {(B* + b2) ce, — (¢* + ¢.2) bb, },
b = bb, (ca; — ¢,a) (ca — ¢,a,) = bb, {(¢* + ¢*) aa,— (@* + @) cc, },
¢ = cc, (ab, — a;b) (ab — a,b,) = ce, {(@* + ) bb, — (b* + b?) aay}.
Hence
a+b+c=0,
and we obtain
_ (&€  BEE | ckn\:
Q_<u " v7\.+7&,u.> 4

_ [ aa,aP bb,BQ ce,yR 2
s {bb1 cc, By wex cc, aa, ya &+ aa,bb,aB Eﬂ} ?

1
" (aa,bb,cc,aBy)? (a*ar’e’ Pyl + 0%, 8° QCE + '’y Rén),

a perfect square, and the line 23 is thus a bitangent.
We have next to prove the equivalence of the two equations

x Y z
be — b,c, i ca— ¢ ay i ab — a,b,

£ " £
= 0.
gzhz —0s hy t hzfz s h3f3 +f292 _fsgs

Starting from the former equation written in the form
— QRz — RPy—PQz=0,

and combining herewith the three fundamental equations

=0,
and i

ax+by+cz+fE+gn+h =0,
a/lw+b1y+clz+f1€+gl7’+kl;=o’

s + by + o2 + o + gom + ha§ =0,
¢ X,
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82 ON THE BITANGENTS OF A PLANE QUARTIC. [816

if we eliminate from these the (z, y, 2), we obtain the following equation in (&, #, &)

a, b, ¢, fE+gn+h&|=0,
ay, bl’ C, flf + 9;"7+hl§
g, bas Ca, fgf + 927 + hy&

| —QR, —RP, —PQ
which, observing that the values of — QR, — RP, — P(Q) are
— atbe — a,2byc, + aa, (be, +b,c), —ab’e — a;bie, + bb, (cay + c,a), — abe® — a,b,¢* + ce, (ab, + a,b),

is immediately transformed into

@, b, ¢, fE+gn+hE |=0
Q, bl’ C1, : f1§+g1')7+h1§
Ay, b,, Cay fzf + g.m + k2§
b h
aa, (b01 + b] C), bb1 (Cal +c a)) CCy (abl +a, b); { el (f E = i i g)
: i a’lblcl (fnf+ym+h1§)
Here the coefficient of £ is

@, b, c, F
a, by, Cyy f1
a2s b2; 02, f2

aay (bey + bi0), by (cay + ca),  ce, (ab, + a,b),  abef + a,bye.f,
which is of the form If+04fi+l.f,; and we find without difficulty

I = aay(be —bc) (be, —bic), =i o ay P
+b b, (ca—ca) (ca, —c,a) +bb,QB
+c¢ ¢ (ab— ab,) (ab, — a,b) +ccRy;

L=— aya,(be - by¢,) (be, — byc), =—q,a,Pa
= b, (ca — ¢,a,) (cay — ¢,a) —0,0,Q8
— ¢, (ab — a b,) (ab, — a,b) — ¢ 6 Ry;

ly=— (be, = bye) (cay — ¢;a) (ab, — a,b) = — afy.
Hence

V"" l1f1+ lz 7 (a’f_ alfl) az-Pa s (bf—‘ blfl) szB'F(Qf-‘ lel) CgR'Y 7t a,3'yﬂ,
which, observing that
s e iy AERERE S N B
af afi=0, bf blfl— aa,’ Qf_clf1=zlgl,
becomes
—_ 08" By
b:!Q aa, + CZ.R a~a1 ot anny,

www.rcin.org.pl



816] ON THE BITANGENTS OF A PLANE QUARTIC. 83

or, in the last term writing f2=al, this is
2

+ 4By
ek (= @,0,Q + a0, R — amya},
i a% (= aybe (08 = 0,5) + a0 (b= axby) — a0 (b - By0)),

o By laeb, a . 11, =Bylb, e, f|;

SR R | D700, f1

@by, G405, 1 by, s ,fz

viz. representing for shortness the last-mentioned determinant by (bef), the coefficient

of £ is =By (bef). Similarly the coefficients of n, { are equal ya(cag), and aB (abh),
respectively. Hence, for convenience dividing by a8y, the original equation

iy [ SR S0
bc—be, ca—ca, ab—ab

=0’

expressed in terms of (€ », &), becomes

2 Ga £+ 5 Cag) n + (@bl = 0;
and it is to be shown that this is, in fact, equivalent to

£ n ¢
— =0.
gehz —gahs 1 hzfz oF hsfs +f292 —f39s

We ought therefore to have

ik 1 1
(ghs = g5hs) & (bef ) = (hofo—=hs f5) B (cag) =(f.9:—1395) & (abh),
and it will be sufficient to prove the first of these equalities, say

(9ol = gshs) B (bef) = (hofs = hs f3) & (cag).
Multiplying by e¢,¢;, this becomes
¢;[9:8 (bef)—  faa(cag)]
— 958 (bef) + ¢y fa (cag) =0,

viz. this is
(Ae + M0+ Nats) [928 (bef) — fra (cag)]
— (Mg + Mg + Nage) €28 (bef)

+ O + M fi+ Mo fy) ca (cag) = 0.
11—2
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84 ON THE BITANGENTS OF A PLANE QUARTIC, [816

The term in A, disappears, and the equation is

A (e ga— g ) B (bef) — (¢ fo—cuf ) a(cag)]
+ M [(@gs = e:90) B (bef ) — (e fa— caf ) @ (cag)] =o0.

1 1 i p
But we have A : XI=K o that is, AN —A;N =0, or if we write for A and NS
;L

their values (17, F,), (=—(1F,F,)), and (1F,F) respectively, then the equation connecting
A, A, I8
MQAE,F) + N (1F,F) =0,

where (1F,F,) and (1F,F) denote the determinants
‘1 L, afi+af, afitaf|, ‘ L, afitaf, af;+af,
1L, bgi+byg, bg,+byg L, bgi+byg, by +byg,
1, chy, +ch, chy + ¢,k 1, chh+ah, chy + chy

Multiplying by cc,c,, the equation may be written

AMoof, dhtaf, dfitaf |+M| afi,  dhitaf, af,+af =0.
bg, b +byg, bg.+ by by,  bp+byg, b g, + B |
i, C(C*+¢?), ¢ (+c?) cics, Ca(¢+c?), ¢ (c2+ o)
This should agree with the equation in (A, \,) obtained above: and it can, in fact, be
shown that the coefficients

(¢ ga—c9) B (bef) = (c fa—caf) @ (cag),
and

(192 = 291) B (bef) — (erfe— caf1) a (cag),

are equal to the two determinants respectively; it will be sufficient to prove one of
the two relations, say

—(¢g>—¢,9) (ca, — ¢,a) (bef) + (¢fo=cof) (e, — 10) (cag)

+| of, afitaf, afstraf {=0;
b.g! bgl T+ blg; bgz + bag

.0, (P +c?), ¢(c*+c?)

where it will be recollected that (bef) and (cag) stand for the determinants

Oyebny ol L ovdm gl
b, ¢, fl C, G, Gh
0y 1y, f2 Cay g, (s

respectively: each term is thus of the seventh order in all the letters conjointly, but
is quadric in f, £i, f2, 9, %1, 9.- Instead of a, B, v used hitherto to denote be, — b,
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cty—¢,a, ab,— a,b, it will be convenient to call these a,, B,, 7., and to consider the
complete system of coefficients

a, &, a,=bc,

—byey, by —bey, be,—bic; B, By, Bu= Cilly — Coy, Ca@ — Clp, Cy — C1;

Y Y1, 'Y2=a1b2_a2b1» aeb_abm abl_alb;

and to denote by V the determinant formed with a, 8, v; &, B, v1; %, Ba 7. If we
then expand in terms of the products (£, fi, f2) (9, 1, ¢.), we find first

— (cgs — ¢29) (e, — 1) (bef ) + (¢fs = c3f) (bey — bic) (cag)
— (g — €:9) Ba (af + o /i + &, f2) + (cfs — o) @ (Bg + Brgs + Bag)r

and next

—wB+afy(=—aV)efy

— o8¢ /0,

+ &, B¢ /19

—B:( acHac, =—a0c)fy,
—oy (= Be—=Bicy= Bic) fog
— aBucfigs

+ aBicfigh;

af ,  afi+af,
bg ) b.91+b1.9:

€10y, €5 (C* + ),

afs+asf
by, + byg
¢ (c® + ¢?)

coreay + 6 (4 a’) it e (e +62) vy (=06 V + ¢ (erys + coy)) J9

+ 6 (Brcub + c2ab) fo,
+ ¢ (e —cad) fig
+ ¢, (B1b — c*ab) fy,
4;0, (ascia + c*ab) fog
+ ¢, cabef1 9.
— ¢ c.abefgn.

Uniting the two parts, we ought to have

0=c(coyy + €17.) fg

+[Bic: (b — ;) + actab] fg,
+[ae (qa +8,) —¢, ctab] frg
+[eBe(ed +a) - c.c’ab) 19,
+ e (ca —B,) + c.c’ab] fog
+c(acab —aB,) fg,
—c(cicab — %) fogh.
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Substituting for a,, B, v, &, Bs, 7., then after a slight reduction it is found that the
whole equation divides by ¢, and omitting this factor, we have

0= c[(cotts — c10,) b — (50, — ¢,b,) a] fiy
+[ ceab+ b, (ca—ca) fp
+[— caab+ arc, (boe — be,) ] fig
+[— ce.ab + ¢,b, (cay — i) ]/
+[ ce.ab+ca(be,—be)  1fog
+[— by + cabye, +beae,  1fig.
+ [ cad—beac,—cabe, ]fion.
Writing here af=bg =... =1, the equation becomes
0=c(cts—cra,)f—c(c.hs—c,b,) g
+ ce,bgs + ¢ (¢ — cay ) f
—ceyafi+ ey (b —bey ) g
— ¢Cbgs + ¢, (cay — i) f
+ ce.afy+ ¢ (bey —bie)g
— ¢+ ace, fi + beegs
+ ¢ — bee, gy — cacs fo,
where all the terms in fj, ¢, destroy each other; the equation thus becomes
0= ( cetts—cea,+ c2a—ccytts+ coay— ca)f

+ (= ceyby + cey by + cobo— b+ cb—ceby) g
that is,
0=(c? —c¢®) af + (—c2 +¢.2) byg..
Or again writing af=bg=1, we have the identity 0 =0. This completes the proof of
the equivalence of the two equations
@ y z 4 7 £ :
ket o e =0, * =0.
bc—blcl-i_ca—cla1 ab — a,b, 92h2—93h3+h9ﬁ_h3ﬁ3 Jag2— 1395
We have obviously three new forms derived from the equation in (& #, §) in like
manner as we had previously three new forms derived from the equation in (z, y, 2);
the equivalence of the 8 forms to each other is thus shown, and the proof is now
complete for each of the 28 bitangents.

Cambridge, 15 Dec. 1882.
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In what follows, instead of the four equations of the form
az+by +cz+fE+gn+hE=0,

I take the first equation in Riemann’s form with the coefficients unity. The equations
thus are ;
a4 Y4+ &+ F+ 9+ {20,

ax+by+cz+fE+gn+hi=0,
axw+b1?/+012+f1§+g1")+hq§=0,

@ + by + 22 + L€+ gom + W E=0,
and if we assume
%:X-}-Xla + x?‘al, &e.

then we have
1= == A2 =MN(0fi + 4 f) + XN (0 + ) + AN (@ +f),

» =00 (bgr + b 9) + MA (by +00) + AN (D + 9),
» =N (chy + ¢ B) + NN (6 +h) + AN, (¢ + ),

and consequently
NeNais LA = B o ()6 OB

or say
NSRS = G T P P ()
where
P,Q R=|1, a+fi, a+f|, |1, a+f, afi+af|, |1, ofi+af, a+f. |
T RN G R R SRR TR T P T PR
|1, a+h, c+h 1, ¢c+h ch+ch 1, chy+ch, c+h |

Suppose that one of these determinants, to fix the ideas, say , is =0; we have
A:N:A=0:RP:0; that is, A and A, each =0; and consequently A, =1: that is,
we have a, b, G, fo, 9o o=, b, ¢, f, g, h, the fourth equation identical with the
second, or say the second equation,

az+by+cz+fE+gn+ h¢ =0,
is a double equation: as just seen, the condition for this is
Q=1 a+f, afi+af|=0,
]., b+g, bgl + blg ‘
1, c+h ch+ch |
say this is
L(afs+ar f) + M(bg, + big) + N (chy + ;) = 0,

if for shortness ;
L M, N=b+g—c—h, c+h—a—f, a+f-b-g.
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A special solution is if a,, b, ¢, =a* V?, ¢*; for then

al! bl} cl: f;; 9'1: kl=a‘2) bﬂ, c’l f’) 9’: k‘l,
consequently afi+a,f, by +byg, chh+ch=a+f, b+g, ¢+h: and the condition in
question @ =0 is thus satisfied.

It is to be shown that, in the general case of the equation =0, the curve is
a nodal quartic having the node at the point

w:y:z:E:9:¢{=fL:gM : hN : aL : bM : cN,

and that in the special case a,, b, ¢,=a® 1? ¢* the node is a fleflecnode, viz. a node
which is a point of inflexion on each of its two branches. In the former case, the six
tangents from the node are

ax+by+cz=0 or fE+gn+h{=0,
JE+by+cz=0 , ax+gn+ht=0,
ax+gn+cz=0 , fE+by+h=0,
az +by+hE=0 , fE+gn+cz=0,

_® % ¥ 1438 WVl O ks ik B L
=% " T—oa T 1okl kB gh—g,b.l+hf—h1fl+fg—f,gl"0’
@ y A S TSP, A
E—bﬂa*‘é{i—cla,+ab—a;b,_0’ 7 1—gh . 1-if b ¢ 1-fy =9,

In the latter case, the same equations represent the four tangents from the node and
the two tangents at the node respectively.

For the proof, we assume that the four lines
az + by + ez =0,
JE+by +c2=0,
ax + gn+cz =0,
az + by + h§ =0,
have a common intersection: this gives az=fE by=gn, cz=h{; or say
z, Y 2 & n, E=fL, gM, hN, oL, bM, cN,

where for the moment L, M, N are indeterminate quantities: but substituting these
values in the firsi, second and third equations, we find

(@+f)L+ (G+gM+ (c+h)N=0,
L+ M+ N=0,
(afy+ arf) L+ (bg, + byg) M + (chy + ;) N =0,

giving for L, M, N the values b+g—c—h, c+h—a—f, a+f—b—g already attributed
to these letters.
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And we see further that the point in question
@ vy 2 &0 & =fL, gM, kN, oL, bM, cN,
is a point on each of the lines

x Y z

1—be % 1—ca * 1—ab »i,

& Y z

be — b,c, o ca— i, ¥ ab — a,b, i

In fact, for the first of these lines, we have only to verify the equation

JL(A —ca)(1—ab)+ gM (1 —ab) (1 —be) +hN (1 —=bc)(1 —ca)=0,
that is,
L(f-b-c+abc)+M(g—c—a+abc)+ N (h—a—>b+abc)=0,

viz. this is
La+f)+Mb+g)+N(c+h)+(—a—b—c+abc)(L+M+ N)=0,
which is right. And similarly, for the second line, we have to verify that
JL (ca —e,a) (ab = a, b)) + gM (ab — a,b,) (be — by¢,) + N (be — byc,) (ca — ¢,a,) = 0,

that is,
L (abe - be,a, — ca by + fa*bc,) + &c. = 0,

or, multiplying by fig:%, this is
L (abef 9.0, — by, — chy + an f ) + M (abefygyhy —chy—afi+b,9) + N (abefigihy — af, — by, + ¢,h) =0,
viz. this is
(abefrgnhy — af, — bgy — chy) (L + M + N) + (afy + oo f) L + (bgy + b,9) M + (¢hy + ) N = 0.
We have thus six of the double tangents meeting at the point
% 9 2 & n &=fL, gM, hN, aL, bM, cN,

which implies that this point is a node on the curve: and we at once see that the
values satisfy the equation «/E + N/ﬁ+\/z—§=0 of the curve; viz. the equation for

the values in question becomes VI*+~M?+VN?=0, and the rationalised equation is
satisfied as containing the factor L+ M + N which is =0.

But to show @ posteriori with greater distinctness that the point is, in fact, a
node, observe that, the rationalised equation being

. Q=28+ yn* + 228> — 2yl — 2zalE — 2ayén,
the differential dQ is

= (edf + Eda) (@& — yn — 28) + (ydn + ndy) (— @€ + yn — 28) + (2df+ {dz) (= 2§ —yn + 2),
U X1, 12
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which for the values in question becomes
=L (fdé+adz)(L?— M* = N*)+ M (gdy+bdy)(— L*+M* —N*) + N (hd¢ + cdz) (—L=DMe A2
and this, in virtue of L+ M+ N =0, and therefore L*— M*— N*=2MN, &e., is
=2LMN (ade+bdy+ cdz + fdE + g dy + hd?),
which is =0 in virtue of the second equation,
Consider now in the special case a,, b,, ¢, =a? b, ¢, the line

@ y z
iy Sl gl gl e 3

combining this with the first and second equations

z+ y+ 2+ E+ 9+ £=0,

ax + by + cz + fE+ gn + hE =0,
we. deduce

"’"F(b%"ai")’
et Che
z"“H(a%‘b%)’

if for shortness F, G, H, a, B, y=bc—1, ca—1, ab-1, b—¢, ¢—a, a—b. Observe
that we have L=b+g—c—h=(b—c) (1 - —) that is, beL =aF'; and similarly caM =BG,
and abN=«oH. And if for a moment we write further

En ¢t 1 J K =aaX, bBY, cyZ, aak, bBG, cyH,

values which give
I+J+ K = (abec — a)(b—c)+ (abe = b) (¢ —a)+ (abe —¢) (¢ —b), =0,
then the equation ¥zf +Vyn+ Vzf=0 of the curve becomes
VIX (Y- 2)+NJY (Z - X)+VKZ(X - ¥)=0,
which in the rationalised form is
PX(Y-2y+J:Y*(Z-Xrp+ K222 (X-Y)
—2JRYZ(Z- X)(X = V)= 2KIZX (X - V) (Y= 2) - QIIXY(V Z)(Z-X)=0,

viz. this is

V22 (J2+ 2JK + K+ ... + 2YZ(JK - D>~ [T - IK) 4 ... =
which, in virtue of 7 +.J + K = 0, becomes
IYZ+JZX + KXY ) =0,
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that is, the quartic is met by the line in question at the intersections (each taken
twice) of the line with the conic

IYZ+JZX + KXY =0,
Fatar. nE+ GU*B2. LE+ Hey* . En= 0.

But the equation of the line in terms of & 5, ¢ is

that is,

VG b, S Al ok
: gh—gih YW=t fr—fg ="
that is,
£ il

il n sl
gh— gl 1 =T fy =g
or, what is the same thing,
b ctay aglf{:O

and this is clearly a tangent to the conic; viz the rationalised form of

o PO \/ o o \/ eI

\/Fa,a.--F-+ Gb&.a--{- HGW.F_O,

that is, Va'+ V@ +Vy*=0 is satisfied in virtue of a+B8+y=0. Hence the four
intersections coincide together, or the line has with the curve a quadruple intersection
at the node, that is, it is a tangent at the node to a branch having an inflexion.
And similarly the other line

2
1—gh

@ g + - ---f—-'=0, that iS,

7 ¢
bo—tic T ca—cat db—ab 0,

AR
is a tangent at the node to the other branch having also an inflexion; thus the node
is a fleflecnode, and the lines are the tangents to the two branches.

+

I continue the investigation of the special case @, b, ¢, =a* b ¢. The three
equations give
—h=-N(f-9E+@-g)a-h)za+@b-g)b-h)y+(c—9g)(c—h)z=0,
~(f-9@-M)n+@—h)a-fla+@G-h)b-fly+(c—h)(c-f)z=0,
—@g-Hh=-f)t+@-f)le-g)e+@O®-f)C-9)y+(c-f)c—-9)z=0;
writing
A, B C F G H; a, B, yy=a*—1,0*—1,¢2—=1, be—1,ca—1, ab—1; b—¢, c—a, a =D,

and also
1
%= By (Az + By + Cz),
then we find
E=a*(aFu — x),
n =0 (BGu—y),

‘: =0 ('YH‘“’ e z)l
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say for shortness these values are

E n, E=pu—a*w, qu-—0by, ru—c%,
where

p, @ r=a’al, 0BG, cyH.
We have moreover f2By.¢=pRy(aFu—z), = F(Az+ By+ Cz)— Byx; or observing
that GH — AF =— By, &c., we have
f*ByE = GHxz + BFy + CFz,
g*yon = AGe + HFy + CGz,
IraBt = AHz+ BHy + FG=.
It is to be shown that the tangents from the fleflecnode
az +by +cz =0,
JE+by +cz2=0,
az+gn +cz =0,
az+ by +h&=0,
touch the quartic at its intersections with the line u=0.

To prove this, for the first line we have az+by+cz=0, fE+gn+hf=0, and
consequently zf—yn —2&=0bhyl+ cgzn. But the equation of the curve is

4 O =(2k — yn — 28— dym{=0;
and this becomes thus
Q = (bhy& + cgzn)* — 4beghyznt = (bhy& —cgzn)*=0;
and we thus find that, for the four lines respectively, the equations for the points of

contact are
az+by +cz=0, bhy& —cgen=0,

JE+by +c2=0, /"
ax+gn +cz2=0, ghnf—beyz=0,
az + by + h&=0, u

But for the first line we have
bhy& — cgzm = bhyc* (y Hu — z) — cgzb* (B Gu — v),

= bey (yHu—2)— bez (B Gu—y),

— bou(y Hy — 8 G2),
so that the intersections with the conic are given by the equations yHy—BGz=0,
and u=0 respectively: the first of these corresponds to the fleflecnode (in fact, we have
vH .gM — BG . hN = 0, viz. multiplying by abc, this is

vH .caM — BG.abN =0,

which is right), hence the second corresponds to the point of contact, that is, the point
of contact lies on the line w=0. And similarly, for each of the other three tangents,
the point of contact lies on the same line u=0.
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It is clear that writing 7,=0, 7,=0, 1;=0, 7,=0 for the four tangents from
the fleflecnode and 75=0, 75 =0 for the tangents at this point, the equation of the
curve must be expressible in the form

N A e S M A bl A

The reduction to this form is, I think, effected by means of the formule which
give £ 7, ¢ in terms of z, y, z, more readily than by means of simpler formule for
& m, ¢ in terms of z, y, z and u. We have

Q=28 + y'n* + 228 — 2yznf — 220 — 2wykn =0,
and hence

O = flo'hia?By2Q = g'htas® (GHx + BFy + CFz)
+ kB4 (AGa + HFy + CG2)
+ fi9'y*s* (AHz+ BHy + FGz)
- 2f*h*Byyz (AGz + HFy + CGz2) (AHz+ BHy + FGz)
— 2¢°h*f *yaze (AHz + BHy + FGz) (GHz + BFy + CFz)
— 2h¢f*g*aBzy(GHz + BFy + CFz)(AGz + HFy + CGz)= 0.

The result after some reductions, and putting for shortness

PBCG — g*yBH =,
SfyAH — hraCF =9,
gaBF —f*BAG = G,
V= ghGHox' + W H By + fig' FGyst
+ 21 HFB . A’z + 20°F*FGy . Ayz®
+ 2f%*FGy . B2z + 2h*¢*GHa . Bza?
+ 20°h*GHa . CaPy + 2f*hHFB . Cay’
+ fiypet (A — 2% 1By F*G H )
+ giz*x® (B — 202 fryaF PH )
+ hiary? (62 — 22 g*aBF G H?)
+ 29%hatyz {— BE — f2GH (2f*ByA* + gyaBH + haBCG)}
+ 212 fiwy’s (— GA — g*HF ( fByAH + 2g9°yaB* + h*aBCF)]
+ 2f2wyz? (- AB — PG ( f2ByAG + g*yaBF + 2haBC* )} =0.

is

We have 4
U= Py (Az+ By + Cz),
gk x Y 2
Ty 1—bc + Lo b e S

x Y z

A= be — b2¢? ¥ ca — c2a? e ab — a*b*’
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or, as these equations may be written,
aByu=  Az+ By+ (O,
—FGHT;= GHz+ HFy+ FGe,
— abcFGHT; = oGHz + bHFy + cFGz

whence
abeF*G*H? . aBy . ulTs=(Az + By + Uz2)* (GHz + HFy + FG2) (aGHz + bHFy + cFGz),
where the coefficient of #* is = ad*G*H?

Again T, =ax+by+cz. For T, we have

beBy T = abefBy (f€ +by + cz)
=abc (GHz + BFy + CFz) + beBy (by + c2),

where the coefficient of # is abcGH. The coefficient of y is
abe (b — 1) (be — 1) + b*c (¢ —a) (@ — b), =be(ab’c—b%—a®+ a),
=bc(ab-—-1)(b%c —a),
=bcH (bc — a),

and similarly the coefficient of z is =bcG (be* —a). We have thus the expression
for 7T\; and forming in like manner the expressions for 7, and 7, we may write

/S ax + by + cz,
beByT, = abcG Hz + beH (b'c —a) y + be@ (be* — a) z,
caryaly = caH (ca* — b) x + abcHFy + cal (¢Ca —b) 2,
aboBT, = abG (a*b—c)x + abF (ab*—c)y + abcF Gz,
whence in acca’B? 1y T, T, T, the coefficient of #* is
= a'b’c®. G*H* . (ca® — b) (a*b —¢) = ab*c® . GFH* (bcA* — a*od).
We hence obtain the required identity: viz. this is
bt = a?b’c® . abeF*GPH By . uT T
—-1. @bt By LIS
for here comparing the terms in ¢, the factor G*H*® divides out, and omitting it, we

have
atb’c’e’ = a’b’c? . ad® — abc. (bed® — a*a®),

which is right. If for @’ we substitute its value, =fig*h'a*3**(), then the identity
divides by a**c*aBy, and omitting this factor, we obtain the equation of the curve in
the form

aByQ = ?b*FGH . w1 Ts—aBy. ' T.T,T,=0;

the required form, putting in evidence the two tangents at the fleflecnode, and the
four tangents from this point.

Cambridge, 3rd January, 1883.
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