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Constitutive modelling of spall fracture(*) 

J. EITIS and J.A. NEMES (WASHINGTON, D.C.) 

A PHENOMENOLOGICAL viscoplastic constitutive theory that includes the material 
microvoid volume fraction as a scalar-valued damage variable has recently been used to 
model high strain-rate deformation and ductile spall fracture caused by high velocity 
plate impact Numerical calculations that simulate three experimental plate-impact 
configurations give realistic results, demonstrating the theory's ability to describe ductile 
spall phenomena. An oxygen-free high purity copper material was assumed for the plate 
material. The numerical simulations describe the normal and oblique impact of plates 
having equal lateral dimensions, and the normal impact of a small circular flyer plate 
with a larger diameter circular target plate. For the plate configurations with large 
lateral dimensions stress wave profiles are calculated, as are target rear-surface 
velocity-time profiles and damage distributions across the target thickness. For the 
circular plate impact the distribution of damage within the target, the target plate 
configurations at spall and at post-spall, including fragmentation of the target, are 
calculated. In the only comparisons with experiment that could be made, the predicted 
stress and velocity-time profiles and the damage distribution for the non-oblique impact 
compares well with available experimental data for OFHC copper. 

Fenomenologiczna teoria konstytutywna lepkoplastycznosci uwzgl~niaj~ca obj~tos­
ciowy udzial mikropustek w materiale jako skalarn~ zmienn~ uszkodzenia zostala 
ostatnio wykorzystana do opisu duiych pr~dkosci deformacji i ci~gliwego dynamicz­
nego zniszczenia spowodowanego uderzeniem z dui~ pr~ko§ci~. Numeryczne ob­
liczenia, kt6re stanowi~ symulacj~ trzech doswiadczalnych uklad6w zderzaj~cych si~ 
plyt daj~ zadowalaj~ce rezultaty, co wskazuje na przydatnosc teorii do opisu zjawisk 
dynamicznego zniszczenia. Jako material badanej plyty przyj~to woln~ od tlenu 
wysokiej czystosci miedi. Numeryczne symulacje opisuj~ ortogonalne i ukosne zderzenie 
plyt maj~cych jednakowy wymiar podluiny oraz ortogonalne zderzenie mniejszej 
poruszaj'lcej si~ plyty kolowej z kolOW!l plyt'l tarczy 0 wi~kszej srednicy. Dla 
konfiguracji plyt z duzym wymiarem podluznym okreslono profil fali napr~zenia, jak 
r6wniez zmian~ pr~dko§ci tylnej powierzchni plyty-tarczy w funkcji czasu oraz rozklad 
uszkodzenia po grubosci tarczy. W przypadku zderzenia plyt kolowych okreslono 
rozklad uszkodzeri w tarczy, konfiguracje plyty-tarczy w chwili zniszczenia i po 
zniszczeniu z uwzgl~dnieniem fragmentacji. Mo:Ziiwe do przeprowadzenia por6wnania 
z rezultatami eksperymentalnymi przewidywanych napr~zeri, zmian pr~dko§ci w czasie 
oraz rozkladu uszkodzeri dla ortogonalnego zderzenia daj!l zgodne wyniki w przypadku 
miedzi OFHC. . 

<l>eHoMeHOJIOfH'IecKa.R: onpe,AeJI.R:IOIUa.R: Teopn.R: B.R:3KOrmaCTH'IHOCTH, y'IHThiBaiOIUa.R: 
o6beMHoe y'laCTne MHKponyCTOT B MaTepnaJie KaK CKaJI.R:pHyiO nepeMeHHyiO no­
ape:lK,lJ.eHH.R:, B UOCJie,I].Hee BpeM.R: HCUOJih30BaHa .u,mi OnHCaHH.R: 60JiblliHX CKOpOCTeH 
,ne<J>opMaunii H T .R:fy'lero AHHaMH'IecKoro pa3pYllleHn.R:, Bhl3BaHHoro YMPOM c 6oJlb­
woii. CKOpOCTbiO. qHCJieHHhle paC'IeThl, KOTOphle COCTaBmUOT HMHTal{HlO Tpex 3KCne­
pHMeHTaJibHhlX cnCTeM cTaJIKHBawmnxc.R: nJIHT, MIDT YAOBJieTBOpKIOIUHe pe3yJI­
bTaThl, 'ITO nOKaJhlBaeT Ha npKfO,I].HOCTb TeOpKH ,lJ.Jl.R: OnHCaHH.R: .R:BJieHHH ,lJ.HHaMH'IeC­
KOfO pa3pYllleHHs. KaK MaTepnan nccJie,lJ.yeMoii nJIHThl npnH.R:Ta, cB06o,11.Has OT 
KHCJI0p0,11.a, Me,l].b BhlCOKOH 'IHCTOThl. qHCJieHHhle HMHTal{HH OnHChlBaiOT OpTOfOIGL'I­
bHhle H KOChle CTOJIKHOBeHH.R: nJIHT, HMeiOIUHX O,lJ.HHaKOBhlH np0,11.0JlbHhlH pa3Mep, 
a TaK:lKe OpTOfOHaJibHDe CTOJIKHOBeHHe MeHbllleH, ,lJ.BH:lKymeifcg KpyrOBOH UJIBThl 

(•) An expanded version of an invited lecture-paper at the 28th Polish Solid Mechanics 
Conference, Kozubnik, Poland, Sept. 4-8, 1990. 
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400 J. EFTIS AND J.A. NEMES 

C KpyrOBOH IIJIHTOH-MHllleHblO C 60JihlllHM .llHa.MeTpOM. Ami KOHqmrypaiJ,HH IIJIHT 

C 60JiblliHM rrpO.l].OJlbHhiM pa3MepOM Orrpe.l].eJieH npoqm.Jlb BO.ilHbl HanpR)I(eHHR, KaK 

TO)I(e H3MeHeHHe CKOpOCHI 3aJll{eH llOBepXHOCTH lL'lHThi-MHllleHH B <l>YHKU.HH BpeMeHH 

H pacrrpe.l].e.'leHHR noBpe)l(.l].eHHR no TOJllUHHe MumeHH. B CJIH'Iae CTO .. 'IKHOBeHHR 

KpyrOBbiX IIJIHT onpe.l].eJieHO pacnpe.l].eJieHue llOBpe)l(.lJ.eHHH B MHUleHH, KOH<t>urypaU,UH 

llJIHTbi -MHUleHH B MOMeHT pa3pyllleHHR H IIOC..'le pa3pyllleHHR, C y'leTOM <flparMeH­

TaU,UH. Bo3MO)I(Hble Ma npoBe.l].eHHR cpaBHeHHR c 3KcnepuMeHTaJihHhiMH pe3yJib­

TaTaMu 11pe.lJ.CKa3biBaeMbiX HallpR)I(eHHH, H3MeHeHHH CKOpOCTH BO BpeMeHH H pacn­

pe.l].eJieHHR llOBpe)l(.l].eHHH .U,..1R OpT OfOHaJibHOfO CTOJIKHOBeHHR .l].alOT COBila.l].alOmHe 

pe3yJibTaT w B CJI)"'ae Me.ll.H OFHC. 

1. Introduction 

SPALL FRACTURE (spallation) is a particular kind of fracture that results from 
the tension produced by the interaction of propagating rarefaction waves. Such 
waves can be caused by the impact of a projectile against a target [1], the 
detonation of a high explosive in direct contact with the target [2], or by 
sudden deposition of an intense pulse of energy on the target surface [3]. More 
specifically, in the case of plate impact the initial compressive stress wave 
travelling across the target plate reflects back at the free surface as a propaga­
ting tensile wave. A similar process, oppositely directed, occurs in the flyer 
plate. The superposition of the propagating tensile wave fronts, if of sufficient 
intensity (amplitude) and time duration, can cause partial or complete 
separation of the material along a plane perpendicular to the direction of the 
wave fronts (cf. Fig. 1, [ 4-6]). Spallation as a particular manifestation of 

FLYER PLATE TARGET PLATE 

BEFORE IMPACT 

AFTER IMPACT 

FIG. 1. Schematic of spall fracture induced by plate impact 

dynamic fracture and fragmentation in general, has been the subject of much 
recent interest, particularly at the Stanford Research Institute [7-13], and the 
Sandia National Laboratories [14-18]. The review articles on spall and 
dynamic fracture by MEYERS and AIMONE [19], and by CURRAN, SEAMAN 
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CONSTITIJTIVE MODELLING OF SPALL FRACfURE 401 

and SHOCKEY [20], provide access to much of the extensive literature on the 
subject. 

A plate-impact-spall experiment consists essentially of a thin flyer plate 
acting as a high speed projectile that strikes a target plate with an impact 
velocity that usually ranges between 100-400 m/s. The transit time of the 
stress waves that propagate across the plates is of the order of 10- 7

- 10- 6 s, 
causing very high strain rates that range between 104

- 106 s-1, and defor­
mation that is essentially adiabatic. The impact produces mean stresses that 
can vary in the 5- 50 kbar low to moderate shock stress range. 

In describing mechanical behavior of polycrystalline materials for ordinary 
engineering applications, the presence of very small voids within the polycrys­
tal structure is not significant. However, in circumstances where material 
degradation occurs, either because of high intensity stress loading, or because 
of advanced deformation, the porosity of the material becomes important in 
attempting to describe its mechanical response. Microvoids in polycrystalline 
metals can range in size from 10- 2 - lo-s em., with an average density of the 
order of 106 per cm3 , and an average initial void volume fraction between 
10- 3 - 10- 4 • 

Post-fracture photo-micrographic observations have shown that spallation 
represents the end result of an accumulation of microdamage that takes place 
during the tensile phase of the stress wave loading. Figure 2 provides an 
illustration of microdamage that consists of somewhat disoriented microcracks 
of different sizes to the left, and of voids of varying size and configuration to the 
right. In ductile materials the microdamage consists mostly of m1crovoids that 
nucleate, grow and fmally coalesce to form the plane of separation within the 
material body (cf. [20]). In keeping with these known physical features of 
ductile spallation, PERZYNA [21] has recently formulated a rate-type visco­
plastic-damage constitutive theory that includes the microvoid volume fraction 
of the polycrystalline material as a scalar internal variable, which is regarded as 
a damage measure that serves to quantify ductile type material degradation. 
A local fracture criterion is utilized based upon attainment of a critical void 
volume fraction. The constitutive model in the form shown here assumes no 
temperature change or heat conduction, and is appropriate therefore to 
situations of moderate shock where the temperature changes induced by the 
high strain rate deformation are not significant. 

The constitutive theory has recently been utilized in an attempt to describe 
the spall fracture of thin plate for three different plate-impact geometries 
[21-29]. For the first, plates that have equal lateral dimension and unequal 
thickness, collide with the direction of the velocity of the flyer plate normal to 
the plane of the plates (cf. Fig. 1). For this configuration the spall process takes 
place under conditions of uniaxial strain along the direction of the plate 
thickness. In the second configuration the impact of the parallel plates occurs 
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FIG. 2. Photo-micrograph of microdamage caused by impact. 
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CONSTITUTIVE MODELLING OF SPALL FRACfURE 403 

along the direction inclined relative to the flyer velocity direction, i.e., oblique 
impact. This results in propagating waves of combined pressure and shear, with 
corresponding normal and shear strains in the direction of the plate thickness. 
This configuration is shown in Fig. 15. The third configuration involves 
non-oblique impact of parallel circular plates having different diameters and 
thicknesses. The circular plate configuration, shown in Fig. 23, provides a more 
complex situation of multi-dimensional axisymmetric strains. Because of the 
edge effect of the smaller flyer plate, nonplanar as well as planar waves are 
generated and the region of spall covers only part of the target plate diameter, 
resulting possibly in partial spall, or spall with post-spall fragmentation. 

2. Elastic-viscoplastic solid with microvoids 

2.1. Cmwtitutive equations 

The polycrystalline medium is assumed to be permeated with micro-voids, 
where e = e (x, t) represents the void volume fraction e = (V- VS)/V at 
location x and time t, Vis the volume of a material microelement and V' is the 
solid constituent. The average initial void volume fraction for polycrystalline 
metals is usually of the order eo= 0.001 - 0.0001, which for the more usual 
kinds of engineering calculations is assumed to be negligible. 

The constitutive equations are expressed in rate form where the rate of 
deformation tensor is assumed to have additive elastic and plastic components 

(2.1) D = ne + DP. 

The elastic deformation is of small order in strain, allowing the rate of elastic 
deformation to be expressed as a linear function of the stress rate 

(2.2) De=_ T--- trT 1 1 [v v ( v) J 
2ji 1 + v ' 

v 
where T represents an objective stress-rate of the Cauchy stress tensor T. The 
elastic properties of the solid are altered as the void volume fraction of the 
material changes. According to the hollow sphere model proposed by 
MACKENZIE [30], the elastic shear and bulk moduli can be expressed in 
relation to their v'alues for the ideal solid (without microvoids) through the 
relations 

(2.3) _ = (1 _ ~) ( 1 _ 6K + 12Jl ~) 
Jl Jl ~.:. 9K + 8Jl ~.:. ' 
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(2.4) 

and 

(2.5) 

i = _4p_K_(1_- _e) 
4p + 3Ke 

-
_ 1 3K- 2ji 
v = - -----,=---

2 3K + ji' 

J. EFTIS AND J.A. NEMES 

where JL, K are the elastic shear and bulk moduli values for the ideal material. 
The inelastic rate at which the microvoid permeated material deforms can 

be described by the following set of relations [31, 21], 

(2.6) 
DP = 0 for ft ~ 0. 

Here tlJ is a material functional of the yield function 

(2.7) 
A f 

F = - - 1, 
X 

while cp serves as a rate of deformation control function that has as its 
argument the ratio [(I JI~) - 1]. It is defined such that for I 2 = I~, cp (0) = 0 
and for I 2 < I~, cp ( ... ) = 0. The rate of deformation invariant 

(2.8) I 2 =II <no·) t II 
with II( ... ) II denoting absolute value, and 

(2.9) ll0 • = ~ [- tr(D' · D')], 

(2.10) D' = D- ~ (trD)l. 

The value I 2 = I~ signifies the quasi-static rate of deformation, that is, the 
strain rate below which no significant rate effect of the viscoplastic material is 
observed by the usual means of laboratory testing at the temperature of 
interest The constant 

(2.11) Yo }' =-
Xo 

includes the material viscosity coefficient y0 and the rate-independent yield 
stress x 0 = (1/J3) J;,. 
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The presence of microvoids introduces compressibility into the otherwise 
incompressible plastic deformation. Therefore the yield function f, in reflecting 
this circumstance includes the first invariant of the stress, [32-34], 

(2.12) 

where 

(2.13) J 1 =IT= trT, 

(2.14) 

(2.15) T' = T- ~ (trT)l. 

The material coefficient n proportions the relative effect of the dilatational and 
deviatoric contributions to the yield. The isotropic hardening of the material 
and the concomitant material softening as the microvoid volume fraction 
increases, is expressed through the yield function 

The coefficients q, p are material hardening parameters, e.g., q is the stress at 
which the strain hardening saturates. The material parameter n1 is identified 
below, and e1 is the equivalent plastic strain invariant 

(2.17) 

It should be noted that the form for the isotropic hardening appearing in Eq. 
(2.16), which assumes nonlinear strain hardening that saturates as the strain 
progresses, is a modification of the linear strain hardening proposed by 
PERZYNA [21]. The reader is directed to Ref. [22] for discussion of the reasons 
requiring such a change. 

The material functional and the rate of deformation control function are 
assumed to be power functions of their arguments 

with m1, m as material parameters. The general form Eq. (2.6) for the 
vi~c.onl::~~tic. r::~te of deformation can now be eiven exolicitlv as 
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(2.19) 

From Eq. (2. 7) 

(2.20) tP (fr) = ~ {tr(D' • 0•)}112 
</> { tr (.;{: · .;{:) r12

, 

which together with Eqs~ (2.11), (2.12), (2.16) and (2.18) produces the revealing 
relation 

(2.21) f= J2 + neJy = [q + (Xo- q)e-/1'''] 2 [1- n 1 e112] 2 

x { 1 + [(tr(D';~')}''
2 G1- 1 )'" x0 (12n2 ~2 Jf + 212)-1/2 ]"m'} 

which describes the continuous change of the plastic flow stress as a result of 
isotropic hardening, the strain-rate sensitivity of the inelastic deformation, and 
the material softening associated with growth of the microvoid volume 
fraction. Equation (2.21) is very useful for determining the values of the 
material parameters. 

2.2. Evolution equation for the void volume fraction 

The material degradation or damage is represented by increase of the void 
volume fraction from its average initial value eo· At nonelevated temperature 
and high rates of deformation microvoids increase due to diffusional micro­
processes is not significant. Therefore nucleation of new voids and volume 
growth represent the essential micromechanisms that are operative for ductile 
spall damage at ordinary temperatures. 

At the high rates of strain associated with deformation caused by high 
velocity impact, the thermally activated mechanism for microvoid nucleation is 
considered the most important. It can be modeled by the form suggested by 
SEAMAN et al. [9, 20], which subsequently was modified by PERZYNA [21] to 
futher include the effects of void interaction, 

(2.22) (de) = ~ [ (mzlcr- erN I)_ 1] dt n 1 - e exp kO ' 

where m2 !cr-crNI/kO is the nucleation activation energy, cr = (1/3)J1 is the 
mean stress, cr n is the threshold mean stress for nucleation, 0 is the 
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temperature, k is the Boltzmann constant, and m2 is a material parameter. The 
material function h(e) is meant to account for the effects of void interaction on 
void nucleation. 

The calculation for the rate of increase of the volume fraction of the 
microvoids uses the hollow sphere model where the voids of the solid are 
replaced by a random distribution of spherical voids of arbitrary size 
embedded in a viscoplastic material that strain-hardens nonlinearly, (cf. Fig. 3), 
and is given by the set of relations [25] 

-iJ 

-a 
FIG. 3. Element of the solid with microvoids replaced by idealized spherical voids. 

(2.23) 

for a < aG (tensile stress is taken as negative), where 

(2.24) 

(2.25) 

and 
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This result generalizes the earlier calculations of CARROLL and HOLT [35], 
JOHNSON [36] and PERZYNA [21]. In these expressions u G represents the void 
growth threshold stress, t7 is the microviscosity parameter (associated with the 
micro void growth), and g (e) is a material function that accounts for the effects 
of void interaction during microvoid growth. Since the functions h(e) and g (e) 
serve to hasten void nucleation and growth rates, they can be associated with 
the void coalescence that takes place at the terminal stage of the microvoid 
growth process. On the basis of observed void volume distributions in spalled 
plates the material function g (e) was chosen to have the exponential form 
g(e) = e~, where ex is a material parameter, while the function h(e) was 
assumed to have a constant value (cf. Ref. [37, 20]). 

Thus for the given circumstances the instantaneous value of the void 
volume fraction e (x, t) appearing in the constitutive relations (2.3), (2.4), (2.19) 
and (2.21) can be determined by time integration of the void fraction rate 
equation 

(2.27) 

2.3. Local criteria for ductile fracture 

Micrographs taken from cross-sections of spalled plates show quite clearly 
that ductile spallation represents, essentially, the macroscopic terminal stage of 
the microvoid growth process [10, 20]. Accordingly, local criteria for ductile 
fracture can be defined as the attainment of a critical void volume fraction, that 
is, e = eF, at which the material element (point) Of the body experiences 
separation with corresponding catastrophic increase of the rate of inelastic 
deformation. Thus 

(2.28) lim DP-+ oo, 
~-+ ~F 

whereby from Eqs. (2.19) and (2.16) it follows that 

(2.29) 

identifying the material parameter n1 

(2.30) 
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2.4. Values for the material parameters 

In the results subsequently described and discussed, oxygen-free high purity 
copper was assumed for the plate material because of the experimental data 
from high strain-rate tests, and from spall fracture studies, that is available in 
the literature. Discussion of the evaluation and assignment of the material 
parameter values and the material functions for OFHC copper can be found in 
Refs. [22, 23, 37]. Consequently only a tabulated summary is provided by 
Table 1. 

Table 1. OFHC copper material parameters. 

Jl = 4.84 x 10" MPa 
K 14.0 x 10" MPa 
q 125 MPa 
p 6.14 
PR = 8.93 gmfcm3 

I~ 7 X 10-4 s- 1 

x0 = 9.31 MPa 
'Yo = 337 s- 1 

m = 1/2 
m1 = 2 

n = 0.25 
eo = 3 X 10-4 

e" = o.32 
n1 = 1.77 
aN = 500 MPa (tension) 
m2 = 2.025 x 10- 23 cm3 

h = 70.37 
a = 20 
kO = 4.os x w- 21 1 
'1 = 120 Poise 

2.5. Predicted stress-strain-damage material respoMe 

The capability of the constitutive theory to model the rate sensitivity and 
hardening characteristics of polycrystalline material response, as well as the 
damaging effects associated with increase of the microvoid volume fraction are 
shown by Figures 4-6. The uniaxial stress-strain and the uniaxial strain-stress 
relations, shown graphically by these figures, are obtained by specializing the 
set of constitutive relations given in Sect. 2.2 using the material parameters 
listed in Table 1 (cf. Ref. [22]). 

The predicted curves of Figures 4 and 5 assume no microvoid volume 
increase. The first set illustrate the sensitivity of the yield stress to strain 
rate, particularly at the higher rates, qualitatively similar to the experi­
mental data for copper reported by NICHOLAS [38], and DOWLING et 
al. [39]. The predicted stress-uniaxial strain response for OFHC copper at 
different strain rates shown by Fig. 5, are qualitatively similar in general 
features to the experimentally constructed stress-uniaxial strain curves for 
aluminum 1060 reported by KARNES [40]. They also demonstrate the yield 
stress (Hugoniot elastic limit) sensitivity of copper to high rates of strain. 
Both sets of figures show the relative softness of copper at moderate strain 
rates. 
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In Fig. 6, which is also for uniaxial strain, the void volume fraction is 
allowed to increase. (fhe negative signs signify tensile stress and strain). These 
curves apart from showing the strong strain-rate hardening, illustrate the 
dramatic softening (relaxation of stress) effect, and its rate dependence, caused 
by the growing microvoid volume as the strain develops. The softening 
continues until the stress is reduced to the smaller of the void nucleation and 
void growth threshold stress values aN and a G· More discussion of these and 
other features of the damage behavior can be found in Ref. [22]. 

3. Simulation of plate impact spall fracture 

3.1. Non-oblique plate impact 

The constitutive theory presented in Sect. 2 can be used to simulate 
plate-impact spall fracture experiments where the spallation is ductile. The 
simplest and most frequently used plate-impact experimental configuration 

http://rcin.org.pl



412 J. EFTIS AND J.A. NEMES 

utilizes flyer and target plates of the same material that have the same lateral 
dimensions (cf. Fig. 1). For a microsecond or so after impact the central 
portions of the plates experience uniaxial strain along the thickness direction in 
the form of longitudinal waves that propagate across the thickness and back, 
prior to arrival of release waves from the edges of the plates. 

Detailed component expressions for the constitutive equations, and for the 
equations of motion, can be found in Ref. [23]. These equations are used in 
conjunction with the finite-difference wave propagation code (WONDY) to 
perform numerical simulations of plate-impact spall tests. Comparisons are 
made with experimental data for OFHC copper obtained from the literature. 
The experimental information includes: (i) distribution of the micro-damage 
across the target thickness, (ii) measurement of the stress-time profile at a gage 
embedded in a backup plate, and (iii) measurement of the velocity-time proftle 
at the rear surface of the target. 

For the first experimental simulation where a flyer plate 0.6 mm thick 
traveling at 160 m/s collides with a target plate 1.6 mm in thickness, the 
calculated compressive stress wave profiles that initially are propagating across 
the target are shown in Fig. 7. Considerable dispersion of the wave front is 
evident as the wave moves across the target, a manifestation of the viscous rate 
effect and nonlinear hardening of the material response. At 0.2 to 0.3 Jl.S the 
leading edge of the elastic precursor wave begins to appear, followed by the 
slower moving viscoplastic wave front. At 0.3 JlS the unloading edge of the 
compressive wave begins to develop, and at 0.4 Jl.S the elastic-inelastic 

0.4 0.8 
~(mm) 

1.2 

FIG. 7. Computed compressive stress wave profiles for 160 m/s impact 

1.6 
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two-part structure of the unloading wave front can clearly be seen. The tensile 
stress waves that are reflected in opposite directions from the rear surfaces of 
the plates superimpose to produce the material damage und ultimate spall 
facture of the target. Figure 8 shows the computed tensile stress distribution at 
different instants, demonstraing the progressive stress relaxation as the void 
volume fraction increases in the region of maximum tensile stress. The 
corresponding calculated distribution of the void volume fraction is shown by 
Fig. 9, which also shows the localization of the damage defming the 
approximate location of the spall fracture plane, as well as the correlation with 
measured porosity obtained from spalled copper plates [20]. 

In plate-impact testing stress can be measured indirectly by means of the 
arrangement shown schematically in Fig. 10, where a manganin wire gage is 
embedded in a low impedance buffer material, e.g., polymethalmethacrylate 
(PMMA), and placed behind the target. The measured [9] and calculated stress 
histories at the gage location (corresponding to the test simulation discussed 
above) appear in Fig. 11, showing qualitatively similar stress-time proflles, with 
close agreement between the time of arrival of the stress wave fronts. The 
second peak of the stress-time curve, referred to as the "spall signal'', requires 
some explanation. As the initial compressive stress wave passes through the 
target, part of the wave is reflected back at the target-buffer interface as a rare­
faction wave, possibly causing spall damage within the target. The remaining 
part continues on through the buffer resulting in the first compressive peak 
stress recorded by the stress gage. If damage takes place in the target, 

• 11. 
~ 
R 

-500 

.... -1000 

~ 
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FIG. 8. Computed tensile wave profile illustrating the effect of damage accumulation (tensile 
stress is shown negative). 
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FIG. 9. Comparison of computed and measured void volume fraction across the thickness of the 
target plate. 

a second compressive wave caused by recompression of the n1aterial adjacent 
to the damaged region as the tensile stress there is relaxed, travels to the right 
of the spall plane to the buffer surface. Part of this wave is reflected back into 
the target as a rarefaction wave, while the remaining part propagates through 
the backup buffer causing the second compressive peak stress at the stress gage, 
thus its identification as a spall signal. The amplitude of the second stress peak 
is related to the degree of the tensile stress relaxation in the target, and thus to 
the extent of the damage that has taken place. 

~~o.e,~ I 
nwn ._,.e mm-+ 

IMPACTOR AT 
180 m/a 

(COPPER) 
TARGET 

SPECIMEN 
(COPPER) 

PMMA 

- 0.5 mm 

FIG. 10. Flyer-target-backup plate configuration showing embedded stress gage. 
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FIG. 11. Comparison of computed and measured stress histories at stress gage location for 160 m/s 
impact. 

In a second experimental simulation the thickness of the plates are in­
creased such that a 2 mm thick flyer impacts a 9 mm thick target at 185 m/s. 
The computed compressive wave profiles moving across the target are 
shown by Fig. 12. Because of greater thickness of target requiring a longer 
transit time, the characteristic features of the elastic-viscoplastic stress 
wave propagation are more fully developed. Clearly visible is the overall 
dispersion of the propagating wave, and the appearance of the elastic 
loading and unloading wave fronts that move further and further ahead of the 
slower viscoplastic wave. The localization and evolution of the damage 
within the target is shown by Fig. 13, where because of the greater target-flyer 
thickness ratio the potential location of the spall plane moves closer to the 
rear surface of the target. Figure 14 provides a comparison between the 
calculated rear surface velocity-time profile and measurements obtained by 
a velocity interferometer (VISAR) [41]. The calculated profile shows qualita­
tive agreement with the measured profile, including the appearance of a spall 
signal, that is, of a second velocity peak due to the arrival of a second 
compressive wave that is associated with the appearance of a fracture surface 
in the target. 
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FIG. 12. Computed compressive stress wave profiles for 185 m/s impact 
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FIG. 13. Computed void volume fraction across the thickness of the target plate for 
185 m/s impact 
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FIG. 14. Comparison of calculated and measured rear-surface velocity histories for 185 m/s impact. 

3.2. Oblique plate impact 

An oblique impact of plates can be realized when the flyer and target 
plates remain parallel but are inclined relative to the direction of the flyer 
velocity. The experimental configuration is shown schematically by Fig. 15. 

APPROACH VELOCITY 
w 

FIG. 15. Schematic of oblique flyer-target configuration. 
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This kind of plate arrangement imparts velocity components that are 
normal and transverse to the plane of impact, thereby creating shear stress 
as normal stress that vary along the direction of the plate thickness [ 42]. 
Thus far oblique plate impact experiments have been used principally for 
the study of plastic response of metals at strain-rates above those obtainable 
by the Hopkinson bar technique, with little, if any, work reported on its use 
for spall fracture studies under combined normal and shear stress waves 
[43-45]. 

The constitutive-damage model has been used to simulate low-angle 
oblique plate-impact experiments involving material damage and ductile spall 
fracture. With small angle of obliquity the mean stress that develops in the 
target will be approximately an order of magnitude greater than the shear 
stress, with the large tensile mean stress primarily responsible for the spall 
damage. The constitutive equations and the equations of motion, suitably 
specialized to the stress and rate of deformation conditions appropriate to the 
oblique impact test configuration, are used together with a modified version of 
the fmite-difference computer code WONDY [46]. The analytical details of the 
constitutive modelization and analysis appear in Refs. [26, 28]. 

Oblique impact of plates produces elastic and plastic longitudinal and 
transverse waves. The elastic longitudinal wave propagating with wave speed 
CELis followed by the slower longitudinal plastic wave travelling at wave speed 
CPL· These waves in turn are followed by slower elastic and plastic shear waves 
CES and CPS, where CEL > CPL > CES >CPS. The wave characteristics are 
shown schematically in Fig. 16, where the elastic and plastic longitudinal waves 
and the elastic shear wave are labeled by E, P and S, respectively. The plastic 
shear wave is not shown, and to further simplify the diagram the waves are 
drawn as if propagating at constant velocity, although in actuality they may 
not. The elastic wave speeds will change through change in value of the elastic 
constants when the stress thresholds for void volume increase are exceeded. 
The plastic wave speeds are affected by the strain hardening of the material 
and, conceivably, by damage accumulation as well. However, for purposes of 
illustration, one can construct the diagram with the wave speeds as constants 
without introducing serious qualitative error. The superposing of the op­
positely directed elastic and plastic waves of rarefaction which occur at the 
times labeled as points (a) and (b) in Fig. 16, create the tensile mean stress 
causing material damage and spall fracture across a plane parallel to the faces 
of the plate. Point (d) corresponds to the time at which both reflected elastic 
and plastic rarefaction waves .from the flyer free surface have crossed the 
flyer-target interface. Thereafter the normal stress across the plate reduces to 
zero, and from this time onward the shear induced by the interface friction 
between the plates stemming from the obliquity of the impact cannot develop, 
causing slip between the plates. 
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Uo 

F10. 16. Schematic distance-time plot showing wave paths. 

The first test simulation has a 3 mm thick flyer impacting a 6 mm 
thick target with angle of obliquity (} = 26.6°, which is the angle used in the 
experiments reported by KIM and CLIFTON [ 44]. The normal and 
tangential velocities of the oblique impact are U 0 = 140 mfs and 
V0 = 70 m/s, respectively. The calculated normal compressive stress 
wave profiles for the T33 stress compo~ent appear in Fig. 17 showing the 
same features displayed in Fig. 7 for the nonoblique impact. This wave 
propagates prior to the onset of material damage, which takes place after 
the back surface reflection of the compressive stress wave. As may be seen 
from Fig. 18, the void damage process begins at 2.65 JJ.S after impact, 
localized at the midplane of the target where the tensile mean stress attains 
peak value. Figure 19 shows the computed shear stress wave traveling at 
roughly one half the speed of the longitudinal wave. Between 0.25 JJ.S and 
1.0 f.J.S there is relaxation of the shear stress at the front face of the target, 
and between 1.0 and 1.5 f.J.S unloading of the stress wave begins. Thereafter 
the slip condition mentioned above begins at some instant between 1.5 and 
2.0 f.J.S, where the reduction of normal stress associated with arrival of the 
longitudinal rarefaction wave correspondingly reduces the friction induced 
shear stress to zero as shown by the stress profiles at 2.0 and 2.5 f.J.S. The 
oscillations appearing at the left end of these profiles are numerical in 
origin. 
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FIG. 18. Computed void volume fraction across the thickness of the target plate. 
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FIG 19. Computed shear stress wave profiles. 
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The predicted normal and transverse velocity histories at the rear surface 
of the target plate for this simulation are illustrated by Fig. 20. The normal 
velocity component which equals 140 m/s at the impact surface, shows little 
attenuation, rising to approximately 135 m/s at the rear surface. The charac­
teristic spall signal is evident at 3.1 JlS, just after the void volume fraction 
at the center of the plate approaches the spall condition at about 2.8 JlS. 

I 
~ 
0 g 
w 
> 

1.0 

NORMAL 

2.0 

TIME (1£5) 

TRANSVERSE 

3.0 4.0 5.0 

FIG. 20. Calculated rear surface velocities for U 0 = 140 m/s and V0 = 70 rnjs. 
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FIG. 21. Calculated rear surface velocities for U 0 = 40 m/s and V0 = 20 m/s. 

The decrease of the transverse velocity from 70 mjs at the impact surface to 
approximately 3 mjs at the rear surface can be explained as follows. In 
a second simulation the impact velocity components are reduced to 
U 0 = 40 mjs and V0 = 20 mjs, insufficient to produce spallation. This may be 
seen by the corresponding rear surface velocity components shown by Fig. 21, 
where there is no spall signal in the normal velocity profile. The transverse 
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FIG. 22. Calculated rear surface velocities (a) U 0 = 40 m/s, V0 = 20 mjs, 
(b) U0 = 140m/s, V0 = 70m/s, (c) U0 = 140m/s, V0 = 70mjs with damage suppressed. 
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velocity rises to approximately 4 mfs. More detail of the rear surface transverse 
velocity is shown in Figs. 22(a) to 22(c). Figure 22(a), which is for the smaller 
impact velocity (producing no spall damage) shows arrival of the elastic 
precursor shear wave at about 2.6 p.s, followed by the slower plastic shear 
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wave. The decrease in transverse velocity, beginning at approximately 4.3 JLS, 
reflects the propagation of the slip condition at the front face which occurred 
just prior to 2.0 JLS. Figure 22(b) is an enlargement of the transverse veloci­
ty-time curve shown in Fig. 20, corresponding to the higher velocity of impact 
(producing spall damage). The leading elastic shear wave is followed by 
a plateau. However there is no substantial increase in the transverse velocity 
associated with arrival of the plastic shear wave. It seems plausible, therefore, 
that the lack of a substantial plastic wave can be attributed to the damage 
accumulation which would prevent the plastic shear from being transmitted 
after the elastic shear had propagated through the material prior to the onset of 
microvoid growth. This appears to be confirmed by the rear surface transverse 
velocity history shown in Fig. 22(c). The physical conditions for Fig. 22(c) are 
the same as for 22(b) (high impact velocity and spall damage), with the 
exception that the generation of damage following the impact has been 
suppressed. Without growth of the microvoid volume the transverse velocity 
profile of Fig. 22(c) now shows arrival of the elastic shear wave followed by 
a plastic wave front, similar overall in form to the velocity profile of Fig. 22(a) 
for which there was no damage because of the low velocity of impact. 

On the basis of these results, it appears that for oblique-impact experiments 
the form of the shear wave signal appearing in the target rear surface transverse 
velocity history can serve as an additional indicator of the inelastic-damaged 
response of the target material, similar to the spall signal that appears in the 
normal velocity proftle. 

3.3. Non-oblique impact of circular plates with unequal diameters 

The third plate-impact experimental configuration studied employs thin 
circular plates that have different diameters (cf. Fig. 23). An edge effect is 
introduced because of the diameter difference. This causes radially directed 
waves as well as waves that propagate across the target thickness, (cf. Fig. 24), 

0 

, 
z 

I 

FIG. 23. Circular flyer and target plate dimensions. 
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~~,-+~~~~~~~ FLYER 
~ 

TARGET 

FIG. 24. Impact of the circular flyer with a larger diameter target. 

carrying three normal components and one radially directed shear component 
for the stress and for the strain. The plate dimensions for the flyer are radius 
R1 = 20mm, thickness L1 = 3mm, and for the target radius R2 = 40mm and 
thickness L 2 = 6 mm. The numerical simulations were carried out for a total 
time of 5 JlS after impact, sufficient for several wave propagations across the 
target thickness. Because of the smaller diameter of the flyer, spall initiates only 
over the central region of the target. The post-spall behavior of the partially 
fractured target plate was modeled by carrying the numerical calculations to 
a total time of 50 JlS. The calculations required use of the transient fmi­
te-element computer code PRONTO [ 47] and were carried out on a Cray 
X-MP computer. A detailed presentation and discussion of the equations of 
motion, the constitutive rate equations, the boundary and initial conditions for 
the given plate geometries, as well as the numerical methods employed are 
given in Ref. [29]. 

3.3.1. Effect of impact velocity. Several simulations were performed over a range of 
impact velocities from which it was possible to estimate a damage threshold 
velocity of approximately 50 mfs, in agreement with previous experimental and 
computational results for copper plates having the same flyer-thickness ratio 
[24, 28]. It is also noted that for these computations there is no actual 
separation of the material in the sense that the constitutive model does not 
issue instructions for the severing of the element grid lines across the potential 
spall plane. Numerically the material continues to be modeled as a continuum 
in which extensive material damage takes place across the region of the 
plate cross-section that includes this plane, appearing as excessive elon­
gation of the mesh elements. This is illustrated by Figs. 25(a)-25(c), where 
(a), (b), (c) correspond to impact velocities of 100, 200 and 350 mfs, respec­
tively. These figures represent the plate configuration at 5 JlS after impact. 
(For illustrative purposes the computed deformations shown in the figures 
have been magnified by a factor of three). The corresponding contours of the 
void volume fraction across the plate thickness are shown by Fig. 26. 
Both figures reveal the pronounced effect of increasing the flyer impact velocity. 
At 100 m/s the void volume of the target along midplane shows increase, 
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FIG. 25. Deformed geometry at 5 Jl.S post-impact for impact velocity at (a) 100 m/s, (b) 200 mjs, 
(c) 350mjs. 

although well below the critical value at 0.32. Correspondingly, material 
softening accompanies the growth with elongation of the mesh elements across 
the midplane. This becomes more evident at 200 m/s impact velocity where the 
void volume approaches 0.32 over the mid-plane region implying spall fracture 
across the midplane. At 350 mjs impact the rear spalled section of the target 
has sufficient momentum to cause further widening of the opening in the plate. 

With the impact velocity at 350 m/s Fig. 27(a) displays the time variation of 
the location of the contour for the ~z normal stress component at 6000 MPa 
compression. From 1.0 to 1.5 JJ.S the reflected tensile stress wave from the back 
surface of the flyer travels forward causing forward shift of the location of the 
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FIG. 26. Contours for void volume fraction for impact velocity at (a) lOOm/s, (b) 200m/s, 
(c) 350mjs. 
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FIG. 27. Time variation of stress contours after impact at 350 m/s velocity (a) Tn = 6000 MPa, 
(b) Tn = 150 MPa. 
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compressive stress contour. Simultaneously the inward movement of the 
vertical edge of the contour reflects the interaction with the non-planar radial 
wave from the circumferential edge of the flyer, reducing the diameter of the 
region of the target experiencing the very high mean stress. This would seem to 
indicate why the diameter of the spaDed surface initially is smaller than the 
diameter of the flyer. However, as Fig. 25 graphically illustrates, as the velocity 
of impact increases, the correspondingly larger momentum of the spalled 
section of the target causes the diameter of the area of separation to widen. 

FIG. 28. Deformed geometry at 5 J.lS post-impact for microviscosity parameter '1 at (a) lOP, 
(b) 120P, (c) 500P. 
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Figure 27(b) provides a similar plot for contours of the shear stress T,= at 
150 MPa at 0.5, 1.0 and 1.5 ps following impact at 350 m/s. The stress contours 
reflect the propagation of the non-planar shear wave from the edge of the flyer 
traveling radially in, toward the center and across the target thickness. 

3.3.2. Variation of the microviscosity material parameter. The results of having varied 
several of the material parameter values related to the microvoid growth [25, 
37] has shown that the microviscosity '1 has a large influence on the behavior of 
the damaged material. It is apparent from Eq. (2.27) that larger values for the 
microviscosity has the effect of reducing the rate of void growth, while Eq. 
(2.29) indicates an associated hardening effect as the void volume fraction is 
reduced. With the flyer impact velocity at 350 mjs several numerical simula­
tions were performed with the microvoid viscosity parameter '1 assigned values 
of lOP, 120P and SOOP. The plate configurations and the void volume fraction 
contours at 5 JLS post-impact are shown by Figs. 28 and 29, respectively, 
illustrating the controlling influence of this material parameter on the 
development of void growth and ductile material damage. As the microvis­
cosity increases in value, the extent of damage that can develop in the material 
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Flo. 29. Contours for void volume fraction for microviscosity parameter 11 at (a) lOP, (b) 120P, 
(c) 500P. 
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(a) 

(b) 

(c) 

(d) 

FIG. 30. Deformed geometry for a 3.0 mm flyer with 350 mjs impact velocity at (a) 5 J.l.S, (b) 15 J.l.S, 
(c) 25 J.l.S, (d) 50 J.l.S. 

after 5 ps is reduced considerably, while the material, which has correspondin­
gly smaller void volume, experiences greater strain hardening. 

3.3.3. Post-spall behavior. The deformation of the plates at 5, 15, 25 and 50 J.lS after 
impact by the flyer traveling at 350m/s are shown by Figs. 30(a)-30(d). In 
these figures the deformation has not been magnified as in Figs. 25 and 28. Also 
the element deletion capability available in the PRONTO computer code was 
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FIG. 3l.(a). Accumulated plastic strain at 50 J.tS. (b). Void volume fraction at 50 J.t~. 
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utilized, where upon reaching a prescribed void volume fraction the stresses in 
the finite element are set to zero over several time steps and the element is 
delated from further calculations. 

At 5 Jl.S spall has developed along the mid-plane of the target, with the rear 
portion of the spalled segment moving out and a way from the remainder of the 
plate with momentum sufficient to cause it to continue its outward 
motion. This leads to fracture at the edges of the spall seen at 15 Jl.S. The 
progressive deletion of elements along the edge of the spall simulates a she­
aring of the spalled material away from the remainder of the target. 
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Actually it is the large tensile stress that develops as the deformation localizes 
to a row of elements across the spall that causes the increase in void volume 
fraction and subsequent deletion, with little increase in void volume adjacent to 
the detached edges. By 25 JLS the spalled segment has detached and has 
developed some additional fractures near the detached edges along the outer 
highly curved tensile edge. At 50 JLS these edge fractures have advanced almost 
entirely across the fragmet. Calculations at later times show only minor 
changes from the configuration at 50 JLS, indicating that no furth~r fracturing of 
the segment is to be expected. Figure 3l(a) displays the void volume 
distribution at 50 JLS where, as expected, the highest values are adjacent to the 
spall plane. The equivalent plastic strain distribution across the plates is shown 
in Fig. 3l(b). Here the regions of highest plastic strain are those in which the 
edge effects are present due to the larger shear deformation that occurs. In 
particular, the outer edge of the flyer along the flyer-target interface and the 
edge of the spall, are regions of high shear deformation that is reflected in the 
higher values of the equivalent plastic strain. 
3.3.4. Change of the plate thickness ratio. In the calculations thus far the flyer plate 
thickness was one-half the thickness of the target. For this thickness ratio the 
spall plane is located at the mid-plane of the target. In the next plate impact 
test simulation the flyer thickness is reduced to one-quarter the target 
thickness, that is, 4 = 1.5 mm with 4. = 6.00 mm. With the flyer impact 
velocity at 350 mfs, Figs. 32(a)-32(d) show the plate configurations at 5, 15, 25 
and 50 JLS after impact. As to be expected, because of the thinner flyer the 
reflected tensile stress wave from the rear surface of the flyer enters the target 
sooner, thereby superimposing with the reflecting tensile stress wave from the 
rear surface of the target at a location closer to this surface. The spall plane is 
now located further back at three fourths the distance to the rear surface. The 
comparatively thinner rear segment of the spalled plate, having less momentum 
than the spalled segment of the previous simulation, is insufficient to cause 
fragmentation. 

laJ 

(b) 
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(c) 

(d) 

FIG. 32. Deformed geometry for a 1.5 mm flyer with 350 m/s impact velocity at (a) 5 J.lS, 
(b) 15 J.lS, (c) 25 J.lS, (d) 50 J.lS. 
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