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Associated and non-associated sliding rules in contact friction
problems

R. MICHALOWSKI (PozNAN) and Z. MROZ (WARSZAWA)

AN ANALOGY between dry contact friction and perfect plasticity implies that sliding rules of
rigid or elastic bodies along a contact surface can be derived by using the velocity rules asso-
ciated with the limit friction condition f= 0, or the other function g = 0, by the gradiental
rule. The case of orthotropic friction is discussed in detail and it is shown that the model of
wedge asperities makes it possible to derive the non-associated sliding rules. The concavity of
the limit surface results from the non-associated character of a sliding rule. Further, 1t is shown
that the motion of granular materials can be described by using incremental relations similar
to plasticity relations for hardening and softening materials. Here, however, contact hardening
or softening occurs. Constitutive relations for contact sliding with account for elastic and plastic
deformations are proposed in the last section.

W pracy wykorzystano analogi¢ zachodzaca pomiedzy prawami plynigcia teorii plastycznosci
a prawami ruchu sztywnych lub sprezystych blokéw z kontaktami ciernymi. W przypadku
anizotropii tarcia kontaktowego, rozszerzenie koncepcji stowarzyszonego prawa plyniccia
pozwala na proste wyprowadzenie og6lnych praw ruchu. Rozpatrujac jednak model powierzchni
z jednokierunkowymi nieréwnosciami, otrzymuje si¢ niestowarzyszone prawa poSlizgu kon-
taktowego. Niestowarzyszone prawo plymec:a prowadzi w efekcie do wkigslosci powierzchni
granicznej w przestrzeni sit zewnetrznych. Na przykladzie zbioru kul i walcéw pokazano mozli-
woé¢ przyrostowego opisu ruchu oérodkoéw ziarnistych z uwzglednieniem oslabienia koatakto-
wego. Rownania przyrostowe maja struktur¢ analogiczna do réwnan teorii plastycznosci ma-
terialéw ze wzmocnieniem i oslabieniem. Rownania konstytutywne dla poslizgobw kontakto-
wych z uwzglednieniem sprezystych i plastycznych deformacji podane sa w ostatnim rozdziale
pracy.

B pafore ucronbs30BaHa aHANOrHA MMEIOIAA MECTO MEXKAY 3aKOHAMM TCUCHHA TEOPHM ILIac-
THYHOCTH ¥ 3aKOHAMH JBIYKEHHA >KECTKMX WIH YOpPyruX OJIOKOB ¢ GPHMKIMOHHBIMH KOHTAK-
Tami. B cryuae aHM30TPOMMM KOHTAKTHOTO TPEHHMA PACIIMpeHHe KOHISNIHMH acCOAMPOBaH-
HOTO 33KOHA TEUEHHs NO3BOJISIET MPOCTO BLIBECTH 3aKOHBI IBIOKEHUA. PaccmaTpuBas omHaKo
MOJe/b MOBEPXHOCTH C OJHOHANPABJICHHLIMH HEPOBHOCTAMH, IOJYYalOTCA HEACCOLMHPO-
BaHHBIE 33KOHB! KOHTAKTHOTO CKOJBbyKeHMA. HeaccoummpoBaHHbBIH 3aKOH TEUCHMSA HOPHBOIHT
B 3¢pexre K BOTHYTOCTH I'PARHMYHON IOBEPXHOCTH B IPOCTPaHCTBE BHeIUHMX ciwi. Ha mpu-
Mepe MHOXKECTBA IIapoB M LHJIHHAPOB NIOKa3aHa BO3MOXXHOCTB ONHCAHMA B NPHPOCTAX ABH-
YKEHHA 3ePHUCTBIX CPCH C YUETOM KOHTAKTHOTO ociablieHnsa. Y PaBHEHHS B NPHPOCTAX MMEIOT
CTPYKTYPY QHAJIOTHYHYIO YPaBHCHHAM TEOPHH INJIACTHYHOCTH MAaTepHAIOB C YNPOYHEHHEM
u ocnabnermem. OnpeAensionye YpaBHEeHNA IS KOHTAKTHBIX CKOMBKEHMI, C YUSTOM YIPYTHX
¥ TUIACTHUECKHX Jedpopmanmii, MpABEAEHE! B IIOCACAHEH rnaBe paboThl.

1. Perfect plasticity and contact sliding rules

THE MOTION of a rigid block on a rough surface is usually considered as a prototype. of
a perfectly plastic material model [1]. In fact, the block motion can be assumed to visualize
progressive plastic flow after reaching the yield surface. Thus the velocity components
Vx, Vy and the horizontal force components Ty, T, may be regarded as the analogues
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of generalized stress and strains Q and q for a perfectly plastic material. The associated
or non-associated flow rules

. _ 3 OF(Q)
(L.1) q= zﬁﬁ—j— (A>0),
5 06(Q)  ;
(1.2) i=14 70 (A>0)

relate the strain rates with the yield condition F(Q) = 0 or the plastic potential G(Q) = 0
which, in general, may be different from the yield condition.

For the associated flow rule, Eq. (1.1), the inverse relations can be derived by using
the dissipation function D(q) = Q" ¢, which is a homogeneous function of strain rates
of order one. We have [2]

aD(q
13 o252,
whereas for the non-associated flow rule, Eq. (1.2), such inverse relation do not occur

in general.
For the case of Coulomb friction of a rigid block, the limiting friction condition on

the isotropic surface has the form

1
(1.4) (T, Ty, Q) = (T34 T})?—uN = 0
and the velocities V., V,, V. can be expressed as follows:
(1.5 Vx'—'ia?::i 2 1 Vr=‘iaa';: =;: T, 12 V:=0,
. (T2+ T3 4 (T3+ T3
where

A= (V2+ V,",‘)%.
Thus for the specified normal force N, the velocities ¥, V, are derived by the potential
flow rules (1.5). But if we regard T, T,, N and V4, V,, V. as conjugate forces and veloc-
ities, the potentiality will not occur since the associated velocity rules would require that
0 i, et B ve -k
(T2+ T2 (T2+T7)?

that is, the block would have the normal separating velocity to the contact surface.

Hence the limit-plasticity theorems cannot be extended to the case of dry friction as
this has been demonstrated by DRUCKER [3]. In order to make the kinematic theorem of
limit analysis applicable, we may introduce artificially the dilating layer at the contact
between the material and the rigid wall; this is equivalent to satisfying the relations (1.6).
Such extension of the limit plasticity theorems was discussed independently by MRrOZ
and DResCHER [4] and CoLLINS [5].

There exists a class of contact problems where the normal force N is determined from
the equilibrium conditions and only tangential sliding of surface should be specified in
terms of friction forces at the contact surface. In such problems the normal force can
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be regarded as a known one and the limit friction condition (1.4) together with the
velocity rules (1.5) provide the required contact conditions. Since the normality occurs
for T, T, and V,, V,, regarding N as fixed, we may easily invert the rules (1.5) by in-
troducing the dissipation function

1
(1.7) DV, Vy,N) = TuVi+ Ty V, = uN(Vi+V3)2.
Then the inverse relations are
oD Ve éD | 4
(1.8) T, = 7 =‘“N"_—_l"’ T, = F% ='”N"_‘_’_f"
* V2+Vy)? * Vi+viz

Regarding ¥V, V, as small displacements, the function D defined by Eq. (1.7) can be
treated as elastic energy due to contact action; the variational principles of elasticity can

Ty
N
N
f=0
Tx
b
Ty
v c Vy

T

o)

T
Tx &__// "Wy
D=const
f=0
N=const N=const

F1G. 1. a) Coulomb limit condition in the force space T, Ty, N; b) orthotropic friction condition in the
plane N = const; c) dissipation function in the plane V,, ¥,.

be extended by adding the term (1.7) to the elastic energy of the body. Such variational
principles have been discussed by DuvAuT and Lions [11], and reviewed by KALKER [12].
In [10] KALKER formulated the maximum dissipation principle for contact sliding which
is equivalent to the normality rule (1.5).

The case of anisotropic contact friction was discussed by HUBER [6] and MOSZYNSKI
[7]1. In [6] the analogy between the transformation of the plane stress tensor and force
acting on the block was applied, whereas in [7] a heuristic assumption was made claiming
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that the potential velocity rule (1.5) applies also when surface asperities have preferred
orientations.

Consider for instance the case of orthotropy and assume that the principal axes of
orthotropy coincide with the reference axes x, y. Let the limiting friction condition have
the form

2 2
(1.9 ST Ty N) = 54 22—N* = 0
x y
and the velocity components be
: df 2T, s of 2T,
(1.10) Vimd—=4——, V,=1A—= Y Y,=0,
0T, - ’ oT, Hy '
where
i 1
(1.11) A= %N"‘[(ux?;)’%w Vo).
The dissipation function is expressed as follows:
% 1
(1.12) D = T,V +T,V, = 2AN? = N[(u:V)*+ (5, V).
The inverse relations are generated by the dissipation function, that is,
2 2
(113) T, = :f =N waVs  _ p - gf =N L —
& [ V) + (uy V)12 = (V) + (s V)P

Denoting the inclination angle of the force T to the x-axis by § and that of the velocity
vector V by a, Fig. 1, it follows, from Eq. (1.10) or Eq. (1.13), that

tga _ ui
(1.14 i PR s
! tgf
Let us denote by T, the value of force T associated with the velocity vector V inclined
at the angle « to the x-axis. In view of Eq. (1.13) we have

1
picos?a+ ugsin?a )z
picos?a+ plsin?a
where u, is a directional coefficient of friction. The value of y, defined by Eq. (1.15) is
different from that derived in [6], namely,

(L.15) T, = pN, m:(

(1.16) Ha =ty COS2a+p,sine
or the value

1
(1.17) Ba = (uZcos?a+ ulsina)?

following from the assumption that the limit condition (1.9) can be reduced to Eq. (1.4)
by using the transformed variables Ty = Ty/u,., T, = Ty/u, and applying the relation
(1.8), that is,

(1.18) BuTeagp. Ve . adEo g

-
S (28 5 SO S

V!"
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Obviously, the relations (1.16)-(1.18) do not satisfy the normality rule in the sliding
Plane and do not follow from any physical model of the contact surface. On the other
hand, the gradiental laws (1.10) and (1.13) can be generalized to any limiting conditions
S =f(T«, Ty, N) and any case of anisotropy and thus can be accepted as general sliding
rules. It remains an open question, however, if such normality rules as suggested by Mo-
szynski are theoretically or experimentally substantiated. To investigate this question we
consider a simple model of anisotropic asperities and show that potential flow rules in
the sliding plane are not valid in general. Thus the non-associated velocity rules should
be employed, using the potential function different from the limit friction condition.
Moreover, the concavity of the limit surface occurs and it is related to a non-associated
local sliding rule. In the next section we discuss two simple examples to illustrate this
property. Next, the configuration hardening and softening effects will be briefly discussed
and a phenomenological description of hardening or softening contact friction will be
presented.

2. Example: a simple model of surface with unidirectional wedge asperities

The phenomena occurring at the contact surface and within the boundary layer are
associated with large elastic and plastic deformation of randomly distributed asperities,
thus resulting in the so-called Amonton’s or Coulomb’s laws of dry friction [14, 15]. In this
section we shall discuss a model where, besides “small” isotropically distributed asperities,
there exists a set of “large” unidirectionally orientated asperities on which the two sur-
faces slide, whereas the interaction of small asperities is simulated by the Amonton’s law
of friction. Thus the anisotropy of friction is simulated by the sliding mechanism on large
asperities and the global velocity rules will be derived as a result of both local isotropic
friction and sliding on inclined planes. Such a model has usually been used in simulating
the relative motion of two layers of spheres or cylinders in order to derive the effective
angle of friction (cf. Rowe [13]). It is believed, however, that it is also applicable in
simulating anisotropy of machined metallic surfaces.

Let us consider a prototype model shown in Fig. 2. The rigid block of weight Q rests

FiG. 2. The coordinate system and the corresponding forces acting on the block resting on the inclined
plane.
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on the plane 7 inclined at angle « to the horizontal plane. It is acted on by a horizontal
force T whose components in the x, y coordinate system in the horizontal plane are 7%,
T, and in the local system #,, ¢, in the inclined plane are T;, T,. Note that the 7,-axis
coincides with the y-axis. The equilibrium conditions of the block require that

2.1) T, = Txcosa—Qsina, N = T,sina+Qcosa
and the limit friction condition (1.4) is expressed as follows:
2.2
f(Tx, Ty, Q) = Ti(cos’a—u?sin®a) — Tx Qsin2a(1 +p?) + T2 + Q(sina — ucos?q) = 0,

which is valid for N = T, sina+Qcosa > 0. The condition is represented by a conical
surface in the space T, T, O, whereas in the plane Q = const we obtain an ellipse when

a+o < —:—, a parabola when ¢+p = —;ﬁ and a hyperbola for a+p > % Here g is the

angle of friction, p = arctgu. Assuming that sliding occurs within the n-plane along the
maximal tangential force, we obtain

Trcosax—Qsina

@3 v,=1i :v Vam=k- & .
[(Txcosa—Qsina)*+ T2 [(Txcosa—Qsina)*+ T?J2

and

@4 Vs _ (Tycosa—Qsine)cosa )

13 T

It is seen that this ratio is different from that following from the associated flow rule,
namely,

Ve T.(cos*a— u?sin?a) — Qsinacos a(l + u)?
@59 X =

V? TJ’

. and the velocity potential has the form
1
(2.6) g(Ty, Ty, Q) = [(Txcosa—Qsina)?+ T2i—C = 0
so that
N 1 _; % _ _3. 08

(2.7 V,—A~a—j,,—x, V, = T V.= 1aQ'

The velocity potential is represented by the ellipse on the T, T, — plane. Figures 3a
and 3b show the elliptical and the parabolic yield conditions as well as the velocity po-
tential. Connecting the typical point P on the limit surface f = 0 with the centre of the
ellipse g = 0, we determine the associated point R on the velocity potential and the
horizontal velocity vector is directed along the gradient vector at R. Note that the poten-
tial (2.6) generates also the vertical velocity ¥, and the “dilatation” angle is defined by
the relation

2.8) siny = Vs - (Tycosa—Qsina)sina

=
[(Txcosa—Qsina)*+ T7]2




u(:%n
p=10

Tx
glny=0

fix)=0

'(:%ﬂ
p=0577

g™ty =0

f{T:.Tg] =0

FicG. 3. a) Elliptical yield condition f = 0 and the velocity potential g = 0; b) parabolic yield condition
f =0 and the velocity potential g = 0.

1265)
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Consider now the model of two rigid plates shown in Figs. 4a and b. The upper plate
is acted on by the horizontal force inclined at the angle ¢ to the y-axis and the wedge
asperities at the contact are aligned along the y-axis. The three mechanisms of motion
may occur depending on the angle ¢:

i) motion with active contact on the left flank of the asperity, N, > 0, N, = 0, ii) mo-
tion with active contact on the right flank, N, > 0, N, = 0, iii) sliding along the y-axis

a b

FiG. 4. a) ; b) A simple model of parallel asperities; c) the forces acting on the single asperity.
with the two active asperity flanks, N, > 0, N, > 0. The first two cases correspond to
the previous example and the limit condition takes the form
(29 fi(Tx, T,, Q) = Ti(cos*a;— pu?sin?a;)— T, Qsin20;(1 + )+ T?

+Q?(sin?a; — pcos?a;) = 0,
where i = 1 when N; = 0 and i = 2 when N, = 0. In order to investigate the third

mechanism, consider the plate portion with single asperity shown in Fig. 4b. The equi-
librium equations for this portion are

(210) T, = N,sin«; —N,sinet;, T, = u(N,+N,;), Q@ = N,cosa, —N,cosa,
and since T, = Tsing, T, = Tcosgp, from Eqgs. (2.10) we obtain

cos sin sino
@ + V4 ) 2

N] = T v . 0 ’
u ‘Slﬂdz sine; +sina;

.11)

N, = T( cosg S:m(p) _sinay
i sino, / sina; +sina,
and the limit condition can be expressed in the form

(2.12)  f5(T%, Ty, Q) = Tx(cosa, +cosay) u+ Tysin(e, — o) — Q(sinay +sinaz) u = 0.
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The condition (2.12) applies when N, > 0 and N, > 0, that is, when

@.13) _sina, —— sino _
The velocity potentials now are
1
(2.14) gi(Tx, Ty, Q) = [(Ticose;—Qsina) >+ TZP-C =0, i=1,2
and
(2']5) gS(Tx; Ty! Q)= T,;C=0.

Figure 5 presents the limit curve f = 0 and the velocity potential g = 0 on the plane
T:, Ty (Q = const) for a, = %:rz, o =-g~n and z = 1.0, and Figs. 6a and b show the
limit and potential surfaces in the space Ty, Ty, Q. The velocity potential in the T, T,

lT,,

f,(.7) =0

P =10

91(1:: ,Ty} =0

FiG. 5. The limit condition f= 0 and the velocity potential g = 0 for single asperity.

plane is composed of two ellipses and two horizontal lines. Thus, sliding on one wedge
flank is represented by the elliptical potentials and motion along asperity by linear po-
tentials.

It is interesting to note that the horizontal sliding along the y-axis, is also described
by the non-associated rule when a, # 180—«,, that is, when the wedge flanks are in-
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clined at different angles to the horizontal plane. The vertical component of velocity is
given by Egs. (2.7) and the dilatation angle for mechanisms i) and ii) is determined from
Eq. (2.8). In the case of the associated local velocity rule (1.6), the limit conditions (2.9)
remain unchanged. It takes, however, a different form when simultaneous sliding on both
planes occurs. The equilibrium equations for Ny, > 0, N, > 0 can now be derived from

q‘rl _TF‘QI =0

fyr1,0=0

f{1,T,01=0

Q=const

d,= *ﬂ: d.f-i-ﬂ'. pP=10

(1,7,0)=0
g! ¥ 9,(":?!9‘] =0

g/ 1y 0)=0

- e b ——— A= e e o —— —
o \

4 -~

A <

Q=const

<

v

/ df-l-n; d.la.a.'l'l.

FiG. 6. a) Limit surface f = 0 in the space T, Ty, @; b) velocity potential g = 0 in the space T, T,, Q.

the condition that the velocity vectors on both planes are parallel and the angle of inclina-
tion of these vectors to the planes is o = arctgu. The limit condition (for N, > 0, N, > 0)
can be expressed in the form

(2.16) fi(Tx, Ty, Q) = Tu(A+B)mu+ T,(AC—BD)—Q(C+D)mp = 0
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which applies when

C i D
(2-17) -_HE < tg(P < m—p,
where
A =cosa;—n u, k, =kcosé+nsiné,
B = cosa,+n,u, ny = —ksiné+ncosé,

C= Sinaz"'kzﬂ, kz = —kcosf'l'ﬂsiﬂls,

D = sina; +k;pu, n, = ksiné+ncosé,
and

1
k = sindtgp, m = arcsin(tgdtge), n= (1—-k*-m?)?,

o= —% (At+o,~a;), &= % (m—a;—a;), o = arctgu.

The limit condition computed for the associated local sliding rule (1.6) is shown in Fig. 7
where the limit surface corresponding to the non-associated velocity rule and defined by
Egs. (2.9) and (2.12) is presented by the broken line.

It is seen that the concavity of the limit surface, Eqs. (2.9) and (2.12), results from
the non-associated local velocity rule. Thus, whereas local convexity and normality result

Ty

=<

Fi16. 7. Limit condition f = 0 for associated and non-associated sliding rule (broken line).
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also in global convexity and normality in the force space, the departure from the normality
rule in local contact sliding results in the concavity of the global limit surface and the
non-associated sliding rule for the whole system, both in the sliding plane and in normal
direction.

3. Sliding of cylinders and spheres: contact “softening”

Figure 8 illustrates the mechanism of sliding of a cylinder on the layer of cylinders
of the same diameter. The coordinate axes are used to represent the displacement com-
ponents ., u,, whereas the force components T, T, are represented in the local system
translating along the displacement trajectory. Points 1-6 correspond to origins of the

r =Ux

=}

@ \/
FiG. 8. Evolution of limit conditions in the displacement plane for a cylinder sliding on the layer of cylinders.

force reference system. It is seen that the limiting friction lines which are described by
Eq. (2.2) with varying « and constant Q undergo modification in the course of motion,
exhibiting the effect of contact “softening” due to varying a. Thus the force T acting
on the cylinder will be a decreasing function of the displacement |u].

Figure 9 shows the solution of a similar problem for a sphere sliding on a layer of
spheres of the same diameter (the combined rotation and sliding is not considered here).
Now the modification of the yield surface is more complex, and both its translation and
rotation are observed.

For a specified translation trajectory in the x, y-plane, the solution is obtained by
solving incrementally the sliding rules (2.7) and accounting for the varying limit condi-
tion due to the variation of the sliding plane tangential to both spheres.

Mathematically, the problem can be formulated in a similar way as incremental rela-
tions in the theory of plasticity with account for hardening and softening [2]. Now the
limit friction condition can be expressed as follows:

{3'1) f(T, v, a) =0,
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and the velocity potential is
(3.2 gT,p,0) =0,

where « and y are the Euler angles of the vector normal to the plane tangential to both
spheres at the contact point with respect to the z and x axes. Note that « can be identified
with the angle of inclination of the tangential plane with the x, y-plane. In the previous

Uy y

nol=

r Uy

E
wi=

F1G. 9. Evolution of limit conditions in the displacement plane for a sphere sliding on the layer of spheres.

example, both ¢ and o were fixed; however, « now varies in the case of a sliding cylinder
and both y and a vary for the case of a sliding sphere. Hence we have

s g _ s Og o o3 0F

(3'3) Vx — _'g'ITx) Vy — Aa—n, Vz = A—a"'@-
and

9 = AV.+ BV,,
34 .

o = CV.+DV,,
where 4, B, C, D are functions of T, «, and . The consistency relation

of w, . o .

(3.5) —a7r—T+'%'jJ+—éE~d =0
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together with the relations (2.2), (2.6) and (3.3) form the system of equations which
enables to determine A. Since instantaneous motion occurs in the tangential plane, the
proper use of Eqgs. (2.2) and (2.6) is justified. In the case of a cylinder we have

- — - —— Vx
(36) y=0, «= Rcosa
and
Rcosa .
3.7 A= ﬂfr,
oo 0T,
where
o of -
(3.8) Jfr= T ; R T T,

and R is the diameter of the cylinder. The functions f = 0 and g = 0 are identical with
Egs. (2.2) and (2.6) with varying a. The rate @ can be expressed as follows:

o
(3.9) = ﬁga

or, after using Eq. (2.2), in the explicit form
[2T,(cos?a— u2sin?a) — Qsin2u(1 + p?)] To+ 2T, T,

(14 p?) [sin2a(Q? — T2)—2T,Q cos24] '
The translation and shrinkage of the yield surface can now be computed for the given
increments dT, = T.dt,dT, = T,dt when the active process is performed (see Fig. 8),
or increments of forces can be found for prescribed displacement increments du, = V. dt,

du, = V,dt(*). In the case of a sphere, the yield condition (2.2) must be written in new
coordinates Ty, T, where

(3.11) Ty = Txcosy—Tysiny, T, = T,siny+Tycosy

(3.10) o <

and y is the angle between the vertical plane, perpendicular to the plane tangential to
both spheres, and the x-axis. Now we have

(3.12) o _ Wicosly+d) . _ V'Isin(y+9)
v Rcose Rcosa  ’
where

r

1 V.
VI = (Vi2+ V2?2, &= arctg-F’:-,
¥y

and R is the diameter of the sphere.
Using the consistency relation

o i

o ., o .
= 0

'I‘+~~—-i-‘,j Y=

(*) The rate formulation can be transformed into an incremental formulation by selecting any time
scale. Then dT, = T,dt, dT, = Tydt, duy = Vidt, du, = V,dt, du, = V.dt.
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together with Egs. (2.2), (2.6) and (3.3), we can determine A in the form

oT, oT, ( T oty \ -,
—(A?i-FZT,-éT—;)T A——r 6T, + 2T, ot} T

(3.13) A=

Rcosu,

: of aT ,)]
H[s1n(e,u+ 6)-3-; +cos(yp+0) (4 " Ty
where T, 7, are derived from Egs. (3.11) and

= 2T, (cos?a— u?sin?«) — Osin2a(1 + pu?),
1

2 2 2v2
T . 0T, 0T, a:r,) [(a:r) (aT :
2 2|1 22y y
i B[( ) (ar*)] 28T a:r ar: Yo ory) O |\ar) t oT;
= 2 ’
( 5 )+r,:
coso

B = (Tycosa—Qsina)cosa

and

T, aTy
Bt o
T aT,
Bor*Trar
Now, using Egs. (3.12) and the non-associated velocity rule (3.3) the modification of the
yield surface can be computed (see Fig. 9 where the solution is presented for the specified

trajectory of motion in the x, y-plane).

tgd =

4. Elastic-plastic constitutive laws for contact sliding

The preceding discussion of sliding rules for rigid materials can be generalized by as-
suming that both elastic and plastic deformations occur at contact asperities together
with a sliding mechanism on “large” asperities. Assume that normal and tangential rates
of displacement are decomposed into reversible (elastic) and irreversible (plastic) com-
ponents
@.1) 8, = dc+88, b =d+op
with the corresponding constitutive laws

& 1 - . 1 . - 1 .
(42) 6:1 = N, 6:1 =——-T, ‘5:2 =T,
K, t
4.3) é‘f = :lgm 3:’1 = 3-8:1. .rpz = i&'rz’
where 9, d;, are tangential displacement components in the orthogonal system 1,2

and d, denotes the normal displacement component; K, and K, are the elastic stiffness
moduli of the contact layer. The contact yield condition has the form

(4°4) f(N: Tl.r T29x)ﬁ)=0
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where the hardening parameter x describes the contact hardening due to tangential sliding
and p describes the hardening and softening due to variation of the effective contact area,
Acont. = PAiorar- Let us postulate that

1 - -
4.5) %= [(0h)*+(6R)*, B = BB,
where B(f) > 0. Differentiating the relation (4.4), we obtain

) jetr Lt +aty+ L B(ﬁ) ign = 0,
where
r_Of o O of .

fT BN N+ 6Tl T1+'a—T2Tz.
From (4.6), we have
4. A = = —,
e of ( .9 B H

&l e gh+eh)l + =5 B B)gn

and the friction hardening modulus H is expressed by the denominator of Eq. (4.7). The
value of this modulus is thus governed by two processes: hardening due to tangential
sliding on asperities with associated plastic deformations which are localized in the sur-
face layer, and variation of the effective contact area manifested macroscopically by the
normal displacement component with associated hardening and softening.

A more particular form of the relations (4.3) is obtained by postulating that the
sliding is governed by the normality rule, that is, normal and tangential rates of transla-
tion are proportional to components of a vector normal to the surface f = 0, that is,

_ o _ o _ o
(4.8) gn——éw, &1 _—é-f':’ 8:2——6?2-

These sliding rules correspond to the isotropic contact surface. Whereas » increases with
translation, the parameter f may increase or decrease depending on the rate of change
of the normal component 6 which represents plastic deformation of asperities during
compression.

Figure 10a presents the yield surface in the space Ty, T,, N. In particular, it may
be assumed that this surface is a rotational ellipsoid whose expansion or contraction
and translation along the N-axis depend on one parameter, for instance,

T? T3
(4.9) SN, Ty, Ty, %, ) = (N—A)+—3 +—~ —4*=0
with the constant ratio of semi-axes m = c/a = bja = tgo. The parameter 4 may depend
on both » and B, and this dependence is schematically shown in Fig. 10b.

Using Eqs. (4.8), the relations (4.3) and (4.7) take the form

l 2T1 1 2T,

@10  B=2N-Afr, B=poifr, Oh=graih
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Fic. 10 a) Proposed yield surface in the space Ty, T2, N; b) variation of characteristic contact function
A(B, x) with B and »; c) tangential force — displacement curves for fixed values of N.

where, according to Eq. (4.7),
f T3+ 13\

(4.11) H = [aﬁ 4- N)B(ﬁ)——— T) ]
Figure 10c presents schematically the relation between T and & for two fixed values of N
corresponding to points 4 and B in Fig. 10a. In the first case, we observe contact dilata-
tion with corresponding instability after reaching the maximum value at 4’; in the second
case, 7 monotonically increase to B’ and, next, slowly diminishes to the asymptotic value
at B,. The lines connecting the asymptotic points 4., B, and the lines corresponding to
the maximal points are shown in Fig. 10a. Depending on particular forms of A(x, f), the
details of such behaviour may vary, although the general feature of contact behaviour
remains unchanged. A similar yield condition depending only on one parameter g was
discussed by CALLADINE [16] and applied in the derivation of incremental constitutive
laws for clays.

The anisotropy may be described similarly as in the previous section by expressing
the yield condition in terms of external forces Q, T, T,, that is,
(4.12) F(Q, T, Ty, 2, Bi, o4, 9;) = 0,
where «; and ; define the tangential plane to the contact i (i = 1, 2, ..., n) with respect
to the global coordinate system x, y, z. Now, local contact properties are described by
the parameters x;, f; whereas the configuration contact hardening and softening is de-
scribed by rate equations for ; and y;. An application of such flow rules to the analysis
of the motion of granular materials will be discussed in subsequent papers.

5. Concluding remarks

The present paper has an introductory character and applies the concept of plasticity
in the description of sliding rules of rigid or elastic-plastic bodies with frictional contacts.
Due to the non-associated character of a local sliding rule, the rigid body motion on
wedge asperities does not obey the normality rule in the horizontal plane and, similarly,

4%
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the rate of dilatation is predicted by the velocity potential different from the limit condi-
tion. Thus there is no reason to expect that sliding rules for anisotropic contacts will
obey the normality rule and this case calls for further study, both theoretical and ex-
perimental. The theoretically obtained concavity of the limit surface results from the non-
associated local flow rule. Further, by introducing a more accurate description of the
contact layer based on two state parameters » and S, the velocity rules can be derived
similarly as flow rules in hardening plasticity. The problem of multi-body contact sliding
can be solved, in principle, by using an incremental procedure and tracing the history
of #x;, fi, o;, w; for each contact and satisfying simultaneously equilibrium and com-
patibility conditions. Simple examples of contact softening are discussed in Sect. 3. It
is believed that further development of multi-body unilateral contact mechanics with
proper sliding rules will constitute a uniform formulation for a systematic study of the
behaviour of granular materials and other frictional systems.
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