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Yield surface of material subjected to combined cyclic loadings
J. MIASTKOWSKI (WARSZAWA)

In THIS PAPER the results of investigations on the mechanical properties of the material subjected
to combined multiple loadings are presented. Experiments are performed on the plane specimens
cut off from the sheet of aluminium alloy for plastic forming PA2N (ALMg2) in a soft state.

Initial combined cyclic loadings are realized by the uniaxial extension in two mutually proportion-
al directiods. Experiments are performed for three different values of loading. Analysis of the
experimental data is carried out by comparing yield surfaces obtained after successive half-
cycles of loadings. It was confirmed that with the increase of the number of half-cycles of loading,
the differences between compared surfaces disappear. The growth of loading has a small influence
on the number of cycles necessary for the secondary yield surfaces to stabilize. Theoretical analy-
sis of the results was performed on the basis of the kinematic work-hardening hypothesis.

W pracy przedstawiono wyniki badan wiasnosci mechanicznych materiatlu poddanego zlozonym
wielokrotnym obcigzeniom. Doswiadczenia przeprowadzono na plaskich probkach wycinanych
- z blachy, ze stopu aluminium do obrobki plastycznej PA2N (ALMg2) w stanie migkkim. Wstepne
zlozone obciazenia cykliczne realizowano metoda jednoosiowego rozciagania w dwoch wzajem-
nie prostopadlych kierunkach. Do$wiadczenia przeprowadzono dla trzech réznych wartosci
obcigzenia. Analize wynikow dos$wiadczalnych przeprowadzono przez porownanie powierzchni
plynigcia, otrzymanych po kolejnych poélcyklach obciazenia. Stwierdzono, ze w mlare
wzrostu liczby polcykli obciazenia, roZnice miedzy porownywanymi pomermhmaml zacieraja sie.
Wazrost wielkosci obcigzenia ma niewielki wplyw na liczbg cykli koniecznych do ustabilizowania
wtornych powierzchni plastycznosci. Teoretyczna analiz¢ wynikow badan przeprowadzono

na podstawie hipotezy kinematycznego wzmocnienia.

B pabore mpefcraBneHs! pe3y/IbTaThl HCCNEJOBAHMI MEXaHWUECKHX CBOHCTB MaTepHalna mog-
BEPTHYTOr0 CJ/IOMKHBIM MHOTOKDATHBIM HArPY3KaM. DKCIEPHMEHTHI [IPOBEJEHLI HA IUIOCKHMX
o0pasiax, BbIPe3aHHBIX U3 YKECTH M3 CIUIaBa aIOMHUHUA, [IJTA IUIacTHYecKoit o6pabotku PA2N
(AIMg2) B markom cocrosuud. IIpemBapuTencHble CIO)KHBIE LMKIMYECKHE HATPY3KH pea-
JIM30BAHBLI METOOM OHOCHOTO PACTSIKEHHA B [IBYX B3aAMHO IEPNEHIAKY/IAPHLIX HampaBie-
HUAX, DKCIIEPHMEHTBI MPOBEMEHBI [UIA TPEX PA3HBIX 3HAUCHWI HATPYSKH. AHAIN3 KCIEPH-
MEHTAJIBHBIX PEe3YJIBTATOB NPOBEJeH IyTeM CPABHEHWA TNOBEPXHOCTEH TEUEHMSA IMONYYeHHBIX
MOCJe OUEpEeJHBIX MONYLMKIAX HArpyskd. KoHCTaTHpOBaHO, YTO MO Mepe POCTa KOJIHYECTBa
NOJYUHKIJIOB HATPYSKM PasHHLBI MEXIY CPAaBHMBAEMbIMH IOBEPXHOCTAMH HcuesaroT. Pocr
BE/IMYHHB] HATPY3KM HMeeT HeGOJIbIIOe BIHAHHE HA KOJHUYECTBO LHKJIOB HEOGXOMMMBIX JIA
CTabHTH3aLMY BTOPUYHELIX MOBEPXHOCTel TutacTHuHocTH. TeopeTHuecKkuit aHAIA3 PE3YIIETATOR
HCCJIEOBAHHH ITPOBE/eH OMHPAsCh HA THIOTe3Y KUHEMATHYECKOrO YIPOUYHEHH.

1. Introduction

THE LOADING exceeding elastic limit repeating cyclicly with small frequency is one of the
characteristic features of the work of many modern structures. Therefore, apart from the
classic investigations of the fatique characteristics, much attention is paid to problems of
material resistance at the so called lcw-cyclic fatique. In this kind of fatique the structure
element, generally under the static kind of loading, gets fracture after some thousands,
hundreds or a significantly smaller number of loading cycles.
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In the analysis of the work of structure the consideration of changes of the mechanical
properties occurring in the material after successive cycles of loading plays an essential
role. As MOSKVITIN [1] has shown, the consideration of these changes may give the cor-
rection in the magnitude of stresses in the limits 50%~100% in comparison with the value
determined for a single loading at the inhomogeneous state of stress.

Consideration of the changes in mechanical properties of the material after successive
cyclically repetitive loading has also an essential significance for the determination of the
shake down loadings of statically indetermined elastic-plastic systems, when the bearing
capacity of the structure is determined by the magnitude of the variable loading at which,
after a small number of cycles, the plastic deformations become evanescent.

Studies on the elastic-plastic deformation at cyclic loadings were carried out for several
years. The first experiments were performed with the aid of relatively simple equipment
recently applied for small investigation progr:ims only. Expansion of the range of studies
and growth of the requirements concerning the exactness of the results has caused contin-
uous change in the technique of the experiments performed. Contemporary methods are
characterized by full automation of the loading processes and strain registration [13].

The majority of studies of elastic-plastic deformations under cyclic loadings is perform-
ed in conditions of uniaxial loading. In these examinations the repetitive cyclic loadings
realized in extension and compression or oscillatory torsion of the sample are typical

FiG. 1.

schemes of experimentes [1, 9, 10, 14, 18]. In the papers [1, 9, 10] certain analytical rela-
tions describing the curves of the cyclic loading in uniaxial conditions were presented.
Studies concerning the influence of the plastic strains at cyclic loadings on the yield
surface still make up a small group [2, 5-8, 15, 16]. In the paper [5] the retults of the in-
fluence of the cyclic torsion on the secondary yield surface of brass are given, while in the
papers [6, 7] this surface was investigated after initial cyclic loading, excited in the brass



YIELD SURFACE FOR MATERIAL SUBJECTED TO COMBINED CYCLIC LOADINGS 205

tube samples through the combination of the axial force and internal pressure. In the other
two works [8, 15] the yield surfaces of the steel samples were evaluated after previous cyclic
torsion of samples. Finally, in the paper [16] the influence of the two-axial cyclic loadings
on the shape of the yield surface of the aluminium alloy was examined. Theoretical analysis
for this kind of loadings may be found in the papers [11, 17].

In the presented paper the results of the study of changes of the yield surface in a plane
state of stress under the influence of the multiple combined cyclic loadings are presented.
This is the first work in which the change of the PLENR ellipse on the three-axial ellipsoid
(Fig. 1) subjected to the experimental verification at cyclic loadings, was investigated.

2. Program of examinations

Examination of the yield surface of the material was performed on the basis of the exper-
imental verification of the PLENR ellipse lying on the three-axial ellipsoid (Fig. 1). This
ellipsoid, as it is well known, constitutes the geometrical image of the HUBER-MISES-
HENcKY yield condition for the plane state of stress [4]. The particular points of the PLENR
ellipse are determined from the uniaxial extension tests of plane samples cut out from the
sheet in different directions with respect to the x-axis [2, 3]. The table in Fig. 2 shows the

Loading Number of series
path and manner of inifiol loading
00 (01 |02 |03 |04 |05
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" 12 13 14 15 17
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FiG. 2.

schemes of cyclic loadings in two mutually perpendicular directions making it possible
to examine the influence of these loadings on the behaviour of the yield surfaces of the
material in the space of stresses. Each of the big samples was initially loaded differently
according to the programs described in the particular windows of the table.

Experiments were performed for three different values of loading. They allowed for
an analysis of the influence of the magnitude of the cyclically repeating loadings on the
behaviour of the yield surface of the material.
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Before loading on the surfaces of the big samples the scratches were traced in two mu-
tually perpendicular directions [2]. From the measurement on the microscope of thedis
tance between scratches before and after successive loading the strain components of the
material are evaluated in two directions. The third component of strain was determined
from the measurement of the depth of the samples. After initial preparation, from each
big sample the seven small samples are cut out under the angles: « = 0°, 15°, 30°, 45°, 60°,
75° and 90° with respect to the fixed x direction. From the uniaxial extension test of these
small samples the point of secondary yield surfaces, corresponding to the points of the
PLENR ellipse for the material in the initial state [3], were evaluated. The strains of the
small specimens were measured by means of the electric resistance gauges sticked to the
surface of the specimens.

3. Experimental results

On the basis of the uniaxial extension tests performed on small specimens the stress-
strain diagrams were evaluated. As an example, in Fig. 3 the set of the extension curves
for the small specimens cut out from the deformed material are shown. The series of points
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corresponding to the conventional plasticity limits are demonstrated on the diagrams.
Oprop denotes the proportionality limit corresponding to the origin of the inclination of
the diagram from the rectilinear segment of the elastic region. The limits denoted by
00,015 s 00,5 correspond to the stresses responsible for the plastic strains ¢, = 0,01%, ...,
..., 0,5% in the material. Knowing the values of the conventional plasticity limits the stress
state components o,, ¢, and 7., were computed. These components determine the situation
of the experimental points lying on the correspondingly defined yield surfaces of the deform-
ed material in the plane state of stress. In Figs. 4-7 the diagrams of the yield surface for
one of the three series of experiments are shown. They are presented in two projections.
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On the left-hand side of the figures the projections are placed on the 0,0, plane, on the
right-hand side the projections on the MOG plane going through the axis 7, perpendic-
ularly to the longer axis of the ellipsoid are presented (Fig. 1).

3.1. Influence of combined cyclic loadings on the yield surface of material

Analysis of the experimental investigations was carried out by comparing the yield
surfaces obtained after successive cycles of loading. In Fig. 4 the yield surfaces of the
initial material are compared with the yield surfaces of the material loaded along the x-
axis. In Fig. 5 the surfaces after single loading of the material along the x-axis and the
surfaces of the material after triple loading along the path OMONOMO are shown. In
Fig. 6 the surfaces after three and five initial loadings are given. Finally, in Fig. 7 the
surfaces after five and seven half-cycles of loading of the material are compared.

From the figures above it is clearly seen that with an increase of the number of cycles
of the initial loadings of the material the differences between the surfaces compared vanish.
One may assume that for the case considered the yield surfaces become fixed after seven
half-cycles of loading; further repetition of loadings has no essential influence on their
course.

3.2. Influence of the magnitude of cyclic loading on the yield surfaces of the material

The experimental examinations discussed above were performed for three different
values of loading (Fig. 2). In Figs. 8 and 9 the yield surfaces for two remaining loading
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parameters are shown. Similarly, as in the first case here also the differences between com-
pared surfaces evanesce with an increase of the number of cycles. For o0x = ¢y = 10 kp/mm?
it happened after 5 half-cycles of loading, for op = og = 15 kp/mm? — after seven.

On the basis of the results obtained it was confirmed that the growth of the magnitude
of loading causes an increase of the number of half-cycles necessary for the evanescence

//{ Gp=69=75fkpmﬁz}
oy [kommi?] Gyy

FiG. 9.

of the differences between compared yield surfaces. It should be stressed out, however,
that the growth is small and is not in a form of the linear relation.

4. Analysis of the state of strain

In Fig. 10 a diagram of the extensional stresses versus the strain intensity function ¢;
during initial loading was shown schematically. It can be seen that the strain has a maximal
value during the first loading. At the successive loadings the strain gradually decreases
so that after some half-cycles it stabilizes for a certain determined magnitude. Stabilization
of the strain magnitudes occurs following the same number of the loading halt-cycles
after which the yield surfaces almost do not change (Fig. 7). Similar results were also
obtained for the two remaining values of the cyclic loading.
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5. Theoretical analysis of the problem on the basis of the kinematic work-hardening hypothesis

In the present paper an attempt was made to describe theoretically the behaviour of
the yield surface of the material subjected to repetitive cyclic loadings on the basis of the
kinematic work-hardening hypothesis. In Fig. 11 the travel of the yield surfaces during
the cyclic loadings along the path OMONQ was shown. In the considerations presented
the proportionality limit o,,,, was assumed. Points M and N correspond, similarly as in
the experiments, to the extensional stress equal to 12 kp/mm?. From the theoretical descrip-
tion it results that the stabilization of the yield surface has already occurred practically
during the fifth half-cycle. In the case of a loading magnitude 10 kp/mm? the stabilization
of the surface occurred after 5 cycles. But for loadings o = g = 15 kp/mm? stabilization
took place after three cycles (Fig. 12). It is worth mentioning that the yield surfaces were
considered as stabilized when the transition of their centers did not exceed 5% of the
initial plasticity limit. Comparing the theoretical results obtained with the experimental
data, from which it was obtained that seven, five and seven halt-cycles are necessary for
the evanescence of the differences between compared surfaces, one should confirm that
although for the loadings ox = o, = 10 kp/mm? and oy = oy = 12 kp/mm? the results
were in agreement for the larger loadings op = o = 15 kp/mm?; however, the discrepancy
between a theory and experimental results is significant (three half-cycles from a theory,
seven half-cycles from the experiment) [2].

Much better results were obtained using the analogous theoretical analysis performed
on the basis of the conventional plasticity limit oy,, (Fig. 13). For loading OMONO,
similarly as for two the remaining loadings, the theoretical prediction of the yield surface
stabilization after 7 half-cycles is in good agreement with experimental data.
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Assuming the kinematic work-hardening hypothesis for the description of the material
behaviour at the combined cyclic loadings one should pay attention to the fact that this
hypothesis is very sensitive to the direction of loading. This is easily observed in Fig. 11
considering the situation of the centers of the ellipses after successive half-cycles of loading.
The ellipses after the third and fifth loadings have a consistent course, while after the
fourth and fifth half-cycles their situations are extremely different. This is caused by the
fact that in the first case the terminal segments of the loading paths of the compared ellipses
have the same direction (along the x-axis) while in the second case they are different
(directions of the x and y axes). In the meantime the results of the experimental investiga-
tions indicate that the discrepancy between the surfaces obtained after the fourth and
fifth half-cycles of loading is small (Fig. 14).

The results presented in the paper indicate that the character of the processes occurring
in the material during cyclic loadings is very complex. For their description, even in a frame
of the same theoretical concept, the conclusions appear different, sometimes inconsistent.
Therefore, consideration of the particular cases of cyclic loading on the basis of the kine-
matic work-hardening hypothesis requires great care.

6. Conclusions

On the basis of the performed analysis of the results of investigations it was confirmed
that after multiple cyclicly repetitive loadings of the material along two different paths
the difference between the yield surfaces gradually decreases. The growth of the loading
magnitude is associated with a solely insignificant increase of the number of half-cycles
necessary for the effacement of the differences between two compared surfaces.

On the basis of the proportionality limit the kinematic work-hardening hypothesis is
not able to describe the behaviour of the material for every magnitude of loading. Instead,
on the basis of the conventional plasticity limit g,,;, the concept of the kinematic work-
hardening predicts the changes occurring in the material for all cases considered in the
paper.
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