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N O T E  O N  S E RI E S W H O S E  C O E F FI CI E N T S  
I N V O L V E P O W E R S O F  T H E B E R N O U L LI A N  

N U M B E R S.

B y  J. W.  L.  Gl ais h er.  ∣

§ 1. D e n o t i n g  t h e B e r n o ulli a n  n u m b e r s  b y  2 ? (, B v  B 3 , ... 
w e  k n o w  t h at

lo e ∙3i n a ?  —  _ A  2 2 a < i _ - A 2 4 i κ4  - - ^8 2 β x θ  - & c  
* θ g x 2. 2 Γ° , 4,il j∙c 6. 6! 2 x  * c ∙

B y  w riti n g  i n t hi s e q u ati o n ⅜ aj,  ⅛ jj, ⅜ x 1 ... f o r x, a n d  
a d di n g,  t h e ri g ht- h a n d m e m b e r  b e c o m e s

^ ⅛! 2H 1 +  S i +  5 i +  P  +  * c ∙}

-⅛ 2 v { 1  +  i +  ⅛ + ii +* c ∙}

" 6 ¾!  2 "χ,  { 1  +  ?  +  ⅛  +  ?  +  & O j

& c.  & c.,
a n d,  si n c e

1  1  1  1 e ( 2 π Y n B
1  +  2 , « +  3 ,,, +  4 ,„ +  Oi C. 2  ,

t h e a b o v e  s e ri e s

=  - 2 ⅛ y >  - 2 ⅛ s < 4 π * >, - ∑ ⅛∕ < 4 mf  ~  & c ·

N o w  t h e l eft- h a n d m e m b e r

1 f si n a; si n- k e si ni a; )-l o*∣-∙ ≠∙ ≠ ~ b

a n d,  b y  E ul e r ’s f o r m ul a, t hi s p r o d u ct

x x x x  
= c o s- c o s- c o s- c o s —  ...

2  4  8  1 6

X X  X X
×  c o s- c o s- c o s —  C O S —  ...

4  8  1 6  3 2

a; a; a; a;
× C O S- C O S- C O S- C O S-  ...

X  ( x ∖ 2 X  f x & χ ( χ ∖ Y X
=  c o s- ( ∞ s-J c o s-  ̂ c o s-j  c o s-  ( c o s — J C O S-  ...,
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t h e e x p o n e nt  of  e a c h  c o si n e  b ei n g  e q u al  t o t h at of  t h e hi g h e st  
p o w e r  of  2  c o nt ai n e d i n t h e d e n o mi n at o r  of  t h e a r g u m e nt.

W e  t h u s fi n d

l θ g{ c O S 5( c os ^)  C O s 5( c O 8 ∣) =

w h e n c e,  b y  diff e r e nti ati n g,

⅛t a n ^  +jt a n ^ + ⅞  t a n ^ +  ⅛  t a n∣ +  & c.

=  2 π  {( ⅛ 4 7 γ λ  +  ⅛' i 4 π^ 3 +  ⅛ ( 4 7 n r)’+  & C } * 

If w e  d e n ot e  b y  r t h e e x p o n e nt  of  t h e hi g h e st  p o w e r  of  2  
w hi c h  i s a di vi s o r  of  2 n (i. e. s o t h at 2 n  =  2 rm 1 m  b ei n g a n
u n e v e n  n u m b e r),  w e  m a y  w rit e  t hi s r e s ult i n t h e f o r m

T 3  2
n = ∞ T X  κ , n ~ ∞ J J,, . . λ 2 n-ι

∑ n =ι  - t a n—  =  4 τ r ∑ n =ι ∑π ( 4 τ π ¾)  ,
n 2 n  {(J r c) Ij

o r,  m ulti pl yi n g  b y  x  a n d  t r a n s p o si n g t h e si d e s of  t h e e q u ati o n,

∏, ~ O O f β  ) ∕ , ∖  n n λ —  T O ” 0 0  . a. .∙.
2 ”= ‘ t( 2 ⅛ ∫ ( , = 2 ≈ s ',= 1 ⅛ t a n‰'2 n 2 n

§  2. I n t h e p r e c e di n g  f o r m ul a, p ut  f o r x s u c c e s si v el y ⅞ a 7,  
⅜ 1r,  .... T h e  g e n e r al t e r m o n t h e l eft- h a n d si d e t h e n
b e c o m e s

{( ⅛i}  { 1 ⅛  +  3 5 5  +  ir∙+  & C  j

= i( ⅛ι) < 8 π '" >"∙

T o  o bt ai n t h e v al u e of  t h e ri g ht- h a n d m e m b e r  of t h e 
e q u ati o n,  c o n si d e r t h e e x p r e s si o n

< W Θ ÷* θ ÷ Mi) ÷*( a ÷ Mffl
+  ≠  ( π) + 4 ≠  (f θ) + 2 ψ  ( ⅛) + 6 φ  ( 2 0)+ & c ·

i n w hi c h  t h e c o effi ci e nt of  e a c h t e r m i s e q u al  t o t h e e x p o n e nt  
of  t h e hi g h e st  p o w e r  of  2  c o nt ai n e d i n t h e d e n o mi n at o r.

*  I s et t his f or m ul a i n P art  II of  t h e M at h e m ati c al  Tri p os,  1 8 8 7 ( Fri d a y 
m or ni n g,  J u n e 3,  Q u esti o n  7).
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140 DR. GLATSHER, SERIES WHOSE COEFFICIENTS INVOLVE

By putting ⅜rr, ⅜r, ... for xi in this expression, and
adding, we obtain the expression
*(><)÷<)÷<)÷<W(½)

+ 2√∏) + lθ≠(f6) + 3≠(ι⅛) + β√Γo) + fe- 

The law of these coefficients, which is a rather curious one, 

may be stated as follows:—the coefficient of φ is equal

to ⅜r (r + 1) δ1 (2w), where, as before, r is the exponent of the 
highest power of 2 contained in 2w, and δ1(2w) denotes the 
numbqr of uneven divisors of 2w.

If, therefore,
2n = 2rabβc, ...i

where α, δ, c, ... are uneven primes, then
δ1 (2n) = (α + 1) (∕3 + 1) (γ + 1)...,

and the coefficient of φ

= 2±±A(α+1)(,9+1)(γ + 1)....

e γ i p _|_ {)
The quantity ——- is the rth triangular number. ThusXU

the coefficient of φ is equal to the product of the rth

triangular number and the number of uneven divisors of 2n.
If we denote this coefficient by λ1 (2n), we have 

n=∞ f -Z? )a,- 2 ∖2n i ^,n=∞ λ1(2tt) , X2 ∙=l t(∙2,i>!} <8Λ> =4"ς≈1 ⅛ΓtanΓn∙

§3. Proceeding as before (f.e. substituting ⅜x, ⅜x, ... 
for x, and adding), we find that the left-hand member of the 
equation becomes

4s? {⅛P16λ Γ∙
To obtain the value of the right-hand member, we consider 

the expression

≠ (!)+3≠ (!)+2≠ (!)+6≠ (I)+2≠ (⅛)+&c->

and substitute ⅜x, ⅜x, ... for x.
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The expression obtained therefrom by addition is

√i)÷<)+<)÷Mf)+<o)÷MS)

+ 3φ(⅛)+w(⅛) + Gφ(^ + t2φ^)+⅛c.

The coefficient of φ ) in this series is

r(r+l)(r + 2)6 2∖ Ji

where r has the same meaning as before, and δa denote 
the sum of the divisors of each of the uneven divisors of 2n.

Thus, if 1, ∕>, 2, ..., m are all the uneven divisors of 2«, 
then

δa(2rc) = δ1 (1) + δ1 (2?) + .δ, ⅛) +∙∙∙+ δι H∙

If 2n = 2rαW,...,
a, b, c, ... being uneven primes, it is easy to see that

s ∕n x (α + l)(α + 2) (β + l)(β + 2) (y+l)(y + 2)
¾ (2«) =-------- 2-------- ∙ ---------V--------- ---------- 2-------- - ’

and therefore the coefficient of φ is

r(r+l)(r + 2) (a+l)(a + 2) (∕3 + 1) (β + 2) ,
6 ’ 2 ’ 2

Denoting this coefficient by λ2 (2n), we have

§ 4. It is evident that, if p and q be any two numbers 
which are prime to each other,

ξ (p} δι (?) = δι (Τ’?)) 

and δ2(27)δ2⅛) = δ2(^)∙
These formulae would greatly facilitate the actual calcula-

tion of the coefficients.
If n is an uneven prime number,

δ1(w)-2, δ2(w) = 3,
λ1(2n) = 2, λ2(2n)=3.and
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If 2 w  =  2 rα,  a  b ei n g  a n u n e v e n  p ri m e  n u m b e r,

λ 1 ( 2 n) = ⅛ ±i >, λ ,(2 n ) =i ± ± ψi ± ^

§  5. B y  w riti n g  2 x  f o r x,  a n d  r e pl a ci n g λ 1 ( 2 w) a n d  λ 2  ( 2 r c) 
b y  ot h e r  f u n cti o n s θ l ( r c) a n d θ, i ( n) d efi n e d b el o w,  w e  m a y  
w rit e  t h e s y st e m of  f o r m ul a s i n t h e f oll o wi n g f o r m :

½ P 8 t o > ," = 2 -γ ς'v ⅛

w h e r e,  if n  =  2 9 a a b ^ c γ ...,

a, b,  c, ... b ei n g  u n e v e n  p ri m e s,  t h e n

0 θ ( w) = s +l,

a r ∖  (s ÷  1)  (s  ÷  2)  sf z
θ x (w ) = -------- 2 -------- δ,

=  t*+ l ζt 8 +  ⅝ +l)( g +l H 7 + 1 )∙.., 

⅛ i wJ ,÷ 1 iι' ÷iiι, x¾ 8 ι⅛)

_ ( s +l)( s +  2)f s  +  3) ( α +l)f α  +  2)  ( £ +l)( £  +  2)

6 ' 2 ' 2

If p  a n d b e  r el ati v el y p ri m e,  w e  h a v e  

θ λ v}  θ M  =  θ < Λ p q),

⅛  ω  < ∖  ̂ = θ λ p ^  

θ Λ p y)θ Afi  =  θΛ pti ∙
T h e  g e n e r al l a w of  t h e s e ri e s i s e vi d e nt : t h e v al u e of  

θ r ( w) b ei n g

f r ÷ 1) < r + υ ( α + l)( r) (∕ 3 +  ι)(r >

( r + 1)  1 r! ’ rl

w h e r e  a ( 6) d e n ot e s  t h e f a ct o ri al a  ( a +  l)...( α +  Z > - 1).
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§ 6. The formula, corresponding to those in the last 
section, in which the first powers only of the Bernoullian 
numbers are involved, may be written:

2" ⅛2*>,"=*ς' ⅛ta4

= 1 — £C cot X.
The two expressions on the right-hand side are at once 

seen to be equal by differentiating logarithmically Euler’s 
formula

sin a: x x x----- = COS- cos- cos- ... .
x 2 4 8

It is perhaps worth noticing how readily the above 
expansion of 1 — zrcota; in powers of a; is derivable from the 
expression for the Bernoullian numbers in terms of the sums 
of the reciprocals of the even powers of the natural numbers. 
For

1 — x cot x = — ∑Γ —s----- j—»
1 X — ft*7Γ

y∞!≤√1 ± +± +
— Λ 7r2n ∖k1 "t^ 2*n "r 3'2" 42n ∕

v∞ 2aji" (27γ)2 Bn _ 0θ Bn ∕c, >3»
- 2· ϊ"· τw-1'

§7. We may deduce by integration from §5, or obtain 
independently as in § 1, the following formulae:

⅛⅛P8rar ~ή *ΚΓ· 

ς" έ {⅛Γ ll6π'∙r>i"=- 41ogπ' (cθ8^)θ'w ’ 

2rr„&F^)’‘=-8l0gn'(c<,sS%w-

&c. &c.

§ 8. By differentiating the formulae in § 5, we find
ς≈" <2" - » i⅛), <8→" “ 2"'ς' ⅛t, ta"s I'

K <2n - 1> {(&}’ (16λγ = 4**2∙ tan' ιn ’

ς" (2n -1> (⅛f{32ΛΓ = 8*'2^ tan' '«;

&C. &C.,
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144 DR. GLAISHER, SERIES WHOSE COEFFICIENTS INVOLVE 

together with
ς

n l

0Jn) = g5, 4
1 n l

∑Γ^ = 8B1⅛*,

&c. &c.

§ 9. These latter formulae are easily verified; for 

Σ* ■ may be derived from

, 1 1 1 1 1 + Γ- + i5 + 8i + i6, + lδc∙,

by dividing it by , , ..., and adding; whence
J O 4:

2“ = (1+?+ ?+&c·) (1 + ?+ ? + ff+&c·)

= (1_?) (1 + 5i +? + ? + &c·)

4 _ τr8 27γ2
= 3 ’ 6^ = V

Similarly
2"⅛^ = (1 + ? + | + &c·) (1⅛ + ⅛ + Γ't*0∙)

_ 2τra ττa _ τr4 
“ V x ^6 “ 27 ’

and
θ2 (n) = τr4 tγ 2 t γ 6

l na 27 6 162 ’

§ 10. It may be remarked that, in general, if 
φ (#) = a1xi + a,2xi + a3x6 + &c.,

then, by substituting ⅜x, ⅜aj, ..., for ar, and adding, we find

ΣΛ⅛!M^2r4g.
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Similarly we find that

where r1 (rc) denotes the number of divisors of n.

Thus, if w —αα0^cy...,

a, 6, c, ... being any primes, then

y1 (w) = (a+l) (∕3 + l) (y + l)....

We also find that

2>∙{⅛P8^)i,=8ς>>w ≠0-
where v2 (w) denotes the number of the divisors of all the 
divisors of n. Thus, if 1, p, q, ..., n be the divisors of w,

v2 (w) = >,ι (1) + vι (7,) + vι (2) + ∙∙∙+ vl (w) i 
and, if n = αα0^c7...,

α, bi c, ... being any primes,

, . (α + l)(α+2) (∕3+l)(∕3+2) (y + l)fy + 2)
j,2σii- 2 ∙ 2 ∙ 2

The formula involving Bni is

2““” {(⅛i} <16π'∙cr=16ς^',∙ w φ ©1 

where, if n = alb^cy

l _ fa + 1) fa + 2) (a + 3) (∕3 + 1) (∕3 + 2) f/3 + 3)
r3 W - 6 ’ 6 ∙,' ’

and similarly we find

2^≈.(⅛P32λ γ=32s>.w ≠0'
where

, ∖ _ (α + 1) fα + 2)...fa + 4) (β + 1) (β + 2)...f∕3 + 4) 
vΛn>~ J] “· 41 ∙∙∙j

the general law being evident.
VOL. XIX. L

www.rcin.org.pl



146 DR. GLΛTSHER, EXPANSIONS OF Zf, Z, <7, E

Thus v1, v2, v3, ... all satisfy the equation

∣'(∕>)''(i)=¾), 
p and <∕ being prime to each other.

§ 11. In the case of the formulas considered in §§1-θ> 
we have

a. — B,' 2*n
n ~ (2zι)! ’ .

and ≠(a>) =α∑f^,tan^.

The fact that φ (x) is itself a series of terms in which the 
denominators are the successive powers of 2 is the cause of 
the distinction which occurs in the formulae of § 5 between 2 
and the other prime factors of n. In the formation of the 
functions θ the exponent of 2 gives rise to a factorial which is 
one order higher than the factorials depending upon the 
exponents of the other primes.

EXPANSIONS OF K, Z, G, E IN POWERS OF ∕∕3-A3. 

By J. W. L. Glaisher.

Th e object of this note is to give the expansion of K in 
ascending powers of k'1-k2. I have also added the corre-
sponding expansions of I, G, and E.

Expansion of K1 §§ 1, 2.

§ 1. Let A and h' denote k1 and k'3 respectively, and let 

λ = A'-A = A'2-A2.
If therefore α be the modular angle, so that A = sinα, then 

λ = cos2α.
We have*

K= Γ Γe-^-yi-^n2dxdy, 

whence, expanding in powers of λ,

~E=∣ ∣ e~χ4~^ 11 - 2λafy, + a?y - afy6 + &c. j .

* Proceedings of the London mathematical Society, γol. XIII. p. 92 (1881).

www.rcin.org.pl




