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NOTE ON THE SUM OF FUNCTIONS OF 
QUANTITIES WHICH ARE IN ARITHMETICAL 

PROGRESSION.
By H. W. Richmond, King’s College, Cambridge.

In No . 11, Vol. xx. of the Messenger of Mathematics, 
Dr. Glaisher points out that if the sum of any power of the 
series of numbers 2, 4, 6, ..., n be expressed as a function 
of n, the sum of the same power of the series 1, 3, 5, ..., n 
will be the same function of n, save for a numerical constant. 
More generally, if

Φ (θ) + Φ (?) + Φ (⅜) ÷∙∙∙+ Φ (n) 
be expressed as a function of n, then the sum of the series

φ(f) + φ(r + q)+ φ(r+ 2j)+...+ φ (n)

will be the same function of n increased by a numerical 
constant. I wish to discuss some properties of this constant 
numerical quantity.

1. If φ (ri) be a rational integral function of w, the series
Tffn+2_  ∣

Φ (0) + Φ (2) + Φ (4) +∙∙∙+ Φ («) = Φ (.O')·

Jj]n+1 — J
Now if n be any integer, odd or even, the operator —7^------

Jh — 1
may be expanded in ascending positive powers of Δ, and

j B"+2 - 1
therefore —— φ (n) can be expressed as a rational integral

finite function of n, = φ (n). Thus 

φ (0) + φ (2) + φ (4) + ...+ φ (n) = φ (ιi).

Then
τ,n+i_  τι

φ(l)+φ (3) + φ (5) +...+ Φ (n) = -gf-r φ (0)

T^n+3_  J -
= ^Ei- 1 ≠ (θ) “ΪΓ+1 ≠

= ≠ (n) ~ λ,
∙⅛≠(θ)'where λ is a constant, viz,
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Should φ (n) contain only even powers of n1

∕(^)≠(o)=∕(^-1)≠(o).

Hence λ = ^fl≠(0) = -^τ≠(0) = φ(0)-λ,

That is λ = ⅜φ(0).
Hence if φ (n) denote any rational integral function 

of na, and if

Φ (θ) + Φ (2) + Φ (4) +...+ φ (n) = φ (n)t 
then φ (1) + φ (3) + φ (5) +...+ φ (n) = φ(n)-⅜φ (0).

2. When φ (n) contains uneven powers of nj the value 
of λ is less simple.

λ=Γ⅛Ψ(°)=I⅛≠W

- [*-⅛A^+⅛A^-⅞⅛^∙∙∙]*(θ)>

where Bl1 B3, B<n ... are Bernoulli’s numbers.
Hence, if φ («) = a0 + aln + a3ril + atn3 +...,

, a 2^ -1 d 24- 1 d 26~1 n
λ=2------2~ ∙sΛ + -7-‰- -y-‰∙∙∙∙

and in particular, if
0ip + 28p + 42p +...+ w2p = φ (rc),

then l,p + 3ip + tfp +...+ nip = φ (n),
But if

θ⅛-l + 2∙2p-l + 4⅛-l + <>1 + nip-l = (w),

O⅛ _ I
then l2p^1 + 32p~1 + 52p-1 +...+ n,p~1 = ψ(n)- (- l)p------- - B .2p p

3. In the same way, φ (n) being a rational integral 
function of w, the quantities

E"+3 - 1 En* - 1 En+'l - 1

are all rational integral functions of w, which I denote by
≠s(w)> ^4(n)) ∙∙∙) ≠i(wλ

respectively.
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Then τpn+3_  -∣
Φ (θ) + Φ (3) + Φ (θ) +..∙+ Φ (n) = β3 _ 1- Φ (θ) = ψ3 (n)>

77,n+3^ π
Φ CO + Φ (4) + Φ (?) +∙∙∙+ Φ GO = £3 _ j' Φ (0) = Ψϊ (w)-∖ι

T^W+8_  7^2

Φ(2) + Φ (5) + Φ (8) +·”+ Φ 00 = Φ(0) = Φ,3 00~λi>

where λl and λ2 are constants,

λ∙ = E‘-l * (θ) = E, + E+l $

∖⅛≠(θ)=j⅛⅛Tι≠0)∙

Should φ (w) contain only even powers of w, we may 
replace E by E~li and therefore

λ'= E’ + E+l $ ® = E' + E+l ψ

and λ. + λ.=f⅛fτι≠(θ) = ≠(°)∙

4. Generally, we have
≠(0) + </>(?) + Φ(¾) +∙∙∙+≠OO=^‰zf ≠(θ)=⅛(wλ

≠(1) ÷ ≠(<Z+1) +Φ(2<Z+l) + ∙∙∙+Φ (w) = ≠2(w)-λ1,

≠(2) + <∕>(<∕+2) +φ(2^+2)+...+φ(n) = ^(n)-λ2,
............................................................................. . ..........................................ι
Φ(j-1) + ≠(22-1) + φ(⅜-l)+.. .+φ (n) = φ3 (w) - λ?_„

£r— 1
where λ1, λ2, λ3,..., λ?_, are constants, such that Φ (θ)∙

Should φ (n) contain only even powers of ni we may 
replace E by 2√^^1,

Er - 1 E~r - 1 Eq - Eq~rλ'=2^ι≠(θ)=‰^ι≠(°)=⅞er ≠(°)

= Φ (0) - ¾∈Γ Φ (°) = Φ (°) - ∖-r∙

Hence φ (0) = λl + λfl,1 = λs + λa,2 =...= λr + λa,r =....
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B ut  if φ  ( ri) c o nt ai n o nl y o d d p o w e r s of n, w h e n  w e  

r e pl a c e - E,b y a c h a n g e of  si g n i s i nt r o d u c e d; i n t hi s c a s e

φ  ( 0) i s n e c e s s a ril y  e q u al  t o 0,

E r- 1 E q  —  E r r

= =  - φ  ( 0) +  ∖ - r =  ∖- r∙

H e n c e  λ 1 =  λ ff,1 , λ j =  λ ? _ 2 , ..., & c.

δ, W h at e v e r  b e  t h e f o r m of  φ  ( w), p r o vi d e d  it b e  r ati o n al  
i nt e g r al a n d  fi nit e,

≈  “ > ⅜ Γι]  ≠

=  - e⅛lf]  ≠  (°)

= ⅛ a - ⅛ A ^ +  ⅛ A ^ 3 - ⅛1 A ∙̂∙∙] ≠( θ)∙

H e n c e  if φ  ( n) =  a 0  +  a ln  +  a a n 2  +  a 3 n 3 ...,

∖  +  ∖  +  λ 3 +∙∙∙ + ∖-,

=  ⅛ ~  « ο  - ⅛ ~  A α ι +  ⅛-  b Λ  ~  x - θ- ‰  ∙∙ ∙ ∙

M o r e o v e r,  if s b e  a n y  f a ct o r of  g,

8  ( ∖ +  λ ⅛ +  ∖ β +∙  ∙ ∙ + λ 2 -.) - ⅛ ~  α β - A α ι + ̂ ~ Γ ~  B 2 a a ∙∙∙ ∙

6.  T h e  v al u e of  t h e c o n st a nt λ c a n n o w b e f o u n d i n 
c e rt ai n c a s e s.

It f oll o w s f r o m ( 4) t h at w h e n  φ  ( n) c o nt ai n s o nl y  e v e n 
p o w e r s  of  n i if

φ( q) ^  φ( 2 q)  +  φ( ^ q')  +... +  φ( n)  ≈ F( n) i 

t h e n φ  ( r) +  φ  ( q +  r)  +  φ  ( q +  2 r)  +... +  φ  ( n,)

+  φ  ( q- r)  +  φ  ( 2 q - r)  +... +  φ  ( w,) - F( nι') +  F( n i) i 

a n d  w h e n  φ  ( n) c o nt ai n s o nl y  o d d  p o w e r s,  if

φ  ( r) +  φ  ( q + r) +  φ  ( 2 q +  r) +  ... + ≠  ( «) = /( «),  

t h e n φ  ( q- r) +  φ  ( 2 q - r) + φ ( 3 q - r)  +... +  φ  ( n) = f ( n) al s o.
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A g ai n  w h e n  q  =  2,  it h a s  al r e a d y  b e e n  s h o w n t h at, if 

φ  ( n) ≈ a 0  +  a ln  +  a in 2  +...,

λ  =  2 -----b Λ  +  - 7- b Λ  ~  - ξ- b Λ +  ∙ ∙ ∙ ∙
N e xt  s u p p o s e φ  ( n) t o c o nt ai n o nl y  o d d  p o w e r s  of  n f t h e n

φ  ( n) =  b in  +  b 3 n a  +  b B n 6  +  b in 1  +  ....

L et  7 = 3,

λ A 1 Λ 3 " - 1 7 >  7  3 4  - 1 7,, 3 β  —  1 r,, ∖
λ l - λ 2  =  “ i  2  B fil--- £  %  +   θ  %  ∙∙ * J < i

L et  7 = 4,

∕ 48  —  2 i 4 4  - 2 4  4 β  - 2 β  ∖2 λ ∙ =" ( ⅛iA ξ- 1 √ % + i√ %∙∙∙).

a n d

2 λ 1 +  λ a  —  —  — —  B lb l------- - —  B 3 b i +  — -—  B a b a ... J .

T h e r ef o r e

λ x n ∕ 4z + 2 ,- 2di  4 4 +  2 4 - 2 nι  , 46 +  2 6 - 2 d 1
4 λ, =  4 λ  =  - ----- - ------B lil-------- - -----¾ + ----- ----- B,i,...  J

L et  2  =  6,  3 λ t =  Σ  (- 1)'  B riτ,

2( λ 3  +  λ 4 ) =  ∑(-i y ^ v - B rb r,

∖  +  ∖  +  ∖  +  ∖  +  ∖  —  2  (- l)r — - B rb r ;

t h e r ef o r e λ 3  =  ⅜ Σ  (- l)r θ y  3 - B rb r 1

r∙'ir_ _  cι 2r

∖ = ∖ = ⅛ ∑ c-ι y b- √- B Λ.

. . λ 6 2 r  ÷  2. 3 2 r  +  3. 2 3 r  —  6 n 7
∖ = ∖ = ⅛ 2(-ι)  ------------ 7 -------------b Λ i

a n d  si mil a rl y f o r hi g h e r  v al u e s  of  7.
A s  p a rti c ul a r  c a s e s, w e  h a v e,  if

3 2 p- 1  +  θ ∙ ⅛-ι +  θ 2 p- 1  +t  t + n 2 p- 1  = y  ( zj ) j 

t h e n l2i, -1 +  4 2i, -1 +  7 2i, " 1 +... +  n 2 p -1 =∕( n)-(-  1 /

a n d 2 i*- 1 +  5 2i > ~ 1 +  8 2f 1 +... +  √f 1  = ∕( w) - (- l)p ¾  

V O L.  X XI.  D
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If 4,p^1 + 8'2p~1 ÷ 12,p'1 +...+ √p~1 =∕ (w),

then 22p"1 + 62p'1 +...+ nip~1 ≈f(n) - (- l)p - If,

j Sp , nip _ n
l⅛-x + 52*→ + ...+ √*→ =∕(zz) - (- l)p —-gj— ⅞ 

32p-1 + 72pξ1 +...+ n!p" = f(n) - (- l)p--±∣------ ¾.

MERSENNE’S NUMBERS.

By W. W. Rouse Ball.

Amo n g the unsolved riddles of higher arithmetic is the 
discovery of the method by which Mersenne determined 
values of p which make 2p — 1 a prime. This formed the 
subject of a note by M. Lucas in 1878 in the Messenger of 
Mathematics, Vol. V∏, and it may be interesting if I sum 
up here the facts established at present, as far as I know 
them.

2. Mersenne asserted (Cogitata Physico-mathematica, Paris, 
1644, Praefatio generalis, Art. 19) that the only values of p, 
not greater than 257, which make 2p- 1 a prime are 1, 2, 3,
5, 7, 13, 17, 19, 31, 67, 127, 257 : to which list Herr Seelhoff 
has shown that we must add 61.

3. This has been verified for all except twenty-three ∖ 
values of/?; namely, 67, 71, 89, 101, 103, 107, 109, 127, 137,
139, 149, 157, 163, 167, 173, 181, 193, 197, 199, 227, 229, 241,
257. It remains to prove thatp — 67,/? = 127,and/? = 257 make
2p — 1 prime, and that the other values of p here given make 
2p — 1 composite.

4. It is evident that if p is not a prime then 2p-1 is 
composite, and two or more of its factors can be written 
down by inspection. I confine myself therefore to prime 
values of p. It may be noted that if p = 12n + 1 or 12rc + 5, 
then the last digit in 2p - 1 is 1, but if p = 12w — 1 or 12n — 5, 
then the last digit in 2p -1 is 7.
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