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As far as I know the only remark of Fermat which 
bears directly on the problem of Mersenne’s numbers is the 
one referred to above in Art. 8 : namely, that the prime factors 
of 2p — 1 are of the form np + 1. I think it probable that 
Fermat was aware of the forms of n corresponding to various 
numerical values of p (see Art. 9); and it is possible that 
these are particular or partial cases of some general theorem, 
from which the results enunciated by Mersenne are deducible. 
It is manifest, however, that Fermat’s remark would be 
insufficient by itself to enable anyone either to answer the 
question asked by Mersenne or to prove the assertion given 
above in Art. 2; nor are such propositions on the 
determination of whether a given number is prime as have 
been enunciated subsequently sufficient for these purposes. 
Hence the riddle as to how Mersenne’s numbers were discovered 
remains unsolved,

NOTE ON A FORMULA IN SPHERICAL 
HARMONICS.

By JR. Fujisawa.

It  is well-known that 

1 — αi------------------- 7=31 + 2a c0s7 + 2ai cos2γ + ...+ 2an c0sw7+....
1 — 2a cos 7 + a

If (I — 2acos7 + a2)~i be expanded in a series of ascending 
powers of α, the coefficient of an is denoted by Pn(c0s7). 
Thus, by definition, we have

~rr---- 77--------- , "77 = Po + Λ* ÷ ^ua∙i ÷∙ ∙ ∙÷ -Pna" +∙∙∙∙√(1 — 2a cos 7 4-a ) 01a

Squaring,

——--------- ——5= Q ÷ Qla, + Q ai -t-...+ Q an+...,1 —2acos7 + a 1 2 n ’

where Ο -2ΡοΡ^ + 2ΡιΡη-ι+'·'+ 2Pi(n-x)Pi(n^) (n θdΦ, 
where ^-2P0Pn +2P1Pw+...+2Ρ’έΛ (n even).
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M ulti pl yi n g  b y  ( 1 - α 2 ),

1-  2 a c o s γ  +  a 4  =  ̂ θ +  +  a “+ — + ($ » “ Q n-J  a "  +  —  ∙

H e n c e,  w e  o bt ai n

2 c o s n y =  Q n  - Q n ~ i.

T hi s i s t h e f o r m ul a w hi c h  a p p e a r s t o h a v e hit h e rt o  
e s c a p e d n oti c e. T h e  f o r m ul a will  of  c o u r s e still h ol d  g o o d  
aft e r  r e pl a ci n g c o s γ b y

c o s  θ  c o s  θ'  +  si n  θ  si n  θ'  c o s  ( φ' —  φ).

T hi s  f o r m ul a m a y  b e u s e d wit h  a d v a nt a g e o n s e v e r al  
o c c a si o n s. F o r  e x a m pl e,

∏
2 τr  z∙ 7r  ∣ ∙ 2τr

c o s 2 n y  s m θ d θ d φ =  I I ( ζ ζ n - ‰. 2 ) s m θ d θ d φ  
) J 0 J 0

∏
2ιr  r∙ π [ 2 π

P n 2 β m θ d θ d φ- P ∖ ~ 1 e,ι n θ  d θ  d φ.  
) ∙' 0 J 0

G e o m et ri c al  c o n si d e r ati o n s s h o w t h at, o n t h e l eft- h a n d 
si d e, w e  m a y  r e pl a c e γ  b y  θ. T h u s

ψ ___________ 1 1

( 2 n + 1  2 n-  1 ∫

∏
2 τ τ  fi r ∕∙ 2ι r

P n 2  si n  0 d 0 d φ- 1 P ,n ~lsι n Θ d θ  d φ.  
) J Q J Q

H e n c e  it f oll o w s t h at

∏
2 w  4 7 r

a  w ell- k n o w n  r e s ult.

T o ki o,  M a y,  1 8 9 1.
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