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I n a si mil a r m a n n e r  it c a n b e s h e w n t h at if f ( x, y,  i) b e  
a  s ol uti o n of  t h e e q u ati o n

θ < α v a √ +  ⅜ sJ,

t h e n t h e e x p r e s si o n

-, x 1 -∖ - yt . 1
∖∙- ∙̂ -J)

i s al s o a  s ol uti o n. I n p a rti c ul a r,  w e  h a v e  t h e s ol uti o n

μ- ⅛∙f f( s ±i),∕( ⅛ l),

gi v e n b y E a r n s h a w  i n hi s T h e o r y  of G e r ms. It w a s  i n 
att e m pti n g t o t e st t h e g e n e r alit y of t h e r e s ult s gi v e n b y  
E a r n s h a w  t h at 1  di s c o v e r e d  t h e a b o v e  t h e o r e m.

O N  S O M E S Q U A R E R O O T S  O F  U NI T Y  F O R A  
P RI M E  M O D U L U S.

B y  H.  W.  Ll o y d  T a n n er,  M. Λ.,  F. R. Λ. S.

1. A n  e x a m pl e of  t h e s q u a r e r o ot s i n q u e sti o n i s t h e 
p o w e r  x ⅛ p ~f  w h e r e  p  i s t h e p ri m e  m o d ul u s  a n d x i s a n y of  
t h e n u m b e r s 1, 2,  ..., p —  1; t h e v al u e 0 b ei n g e x cl u d e d.  
T hi s  p o w e r  i s +  1 f o r all  t h e v al u e s  of  x c o n si d e r e d ; vi z.,  it 
i s 1 w h e n  x i s a  q u a d r ati c  r e si d u e, m o d.  p y a n d —  1 w h e n  x  
i s a n o n- r e si d u e. I n t h e f oll o wi n g p a p e r  it i s p r o p o s e d t o 
d et e r mi n e  all  t h e e x p r e s si o n s

A  +  B χ  +  C x 2  +... +  D x pf =  F x,

w hi c h  h a v e  a  si mil a r p r o p e rt y,  vi z.  F x  ≡  ±  1 f o r e v e r y p r o p e r  
(i. e. n o n- v a ni s hi n g) v al u e of  x. T h e  di st ri b uti o n of t h e 
si g n s +  of  F x  f o r t h e diff e r e nt  v al u e s  of  x  i s h o w e v e r  a r bit r a r y,  
a n d e v e r y s u c h di st ri b uti o n  gi v e s ri s e t o a p a rti c ul a r  f o r m 
of  F x. Si n c e  t h e r e i s a  c h oi c e of  t w o v al u e s  f o r. Fl, f o r F 2,...,  
a n d  f o r F( p-  1),  t h e r e a r e  2 p ^ 1 diff e r e nt  f o r m s of  F r. *

* Si mil arl y,  if ό  is a n y f a ct or of  p  - 1 ( M,~ p  γ  1  s a y), t h er e ar e  < 5 p  1 diff er e nt  
< 5 t h r o ots of  u nit y, m o d.  p. Als o  t h er e ar e 2 i' diff er e nt  s q u ar e r o ots of t h o 
f or m F( x 2 ) a n d  o < 5 diff er e nt  < 3 t b r o ots of  t h e f or m F( χ iΙ.
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2. The p — 1 coefficients of Fx are given by the p - 1 
linear congruences,

∠l +j 5.1 + <7,la+...+ B.lp~2≡Fl, mod. pi 

A + B.2 + C.2' + ...+ D.2p-3≡F2,

where the values Fl1 F2, ..., are supposed to be known.
The system is consistent; for its determinant, being the

product of the differences of 1,2,...,/?—], cannot be 0. (It 
is in fact +1, being a square root of the discriminant 
of xp~~1 — 1). It follows that a square root, 7⅞, actually 
exists for every one of the 2p^1 different arrangements of 
signs in Flj F2} ...1 F(p- 1).

3, There is an interesting modification of this process.
We can write Fx in the form

Fx = α + bx'2 +...+ cxp~3 + xq (α + βx2 +...+ 72p~3) 

=∕(aO + aM (O>

where q is an odd number, namely the greatest odd factor
of p — 1; so that

T> = 2λ.^ + 1.

The definition of 7⅞ gives

(∕α, + ic?.φxτ)'i≡ 1, mod.p ............(1),

and, since this congruence is true also for — xj 

(∕ic* - xq. φx')' ≡ 1.

By subtraction, we get

xq. φxa.fx, Ξ 0 .......................................(2).

From (2) and (1) it follows that for every proper value 
of x either

φx, Ξθ, and fxt≡Fx^ 

or fxl ≡ 0, and φx' Ξ x~qFx.

It is obvious that the former case, φx'i ≡ 0, arises when 

Fx Ξ -F(- x)f

and the latter, fx2 = 0, when

Fx = - JF7(- x).
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FOR A PRIME MODULUS. 141
Now suppose that fxi ≡ 0 when x=± y, + A,..., + k(2r values), 

and φx3 when x = ± s, ±t, ..., (p — 1 - 2r values). Then fx3 
is divisible by (⅛s - ∕) (x3 - A2) ... (x3 - k3), that is to say

fx1 = (√ - ∕) (x' -h‰ (√ - A2)√>2............... (8).

To calculate the ⅜ (7? — 1) — r coefficients of ∕lxβ, we have 
the congruences

{x3 - gi} Os - A2) ... (x3 - kr) flxi ≡ Fx,

when x3 = + r, ± s, &c. When∕1αs is found, fx3 is given by (3). 
In the same way φx is obtained, and thus Fx. It will be 
observed that in this process only ⅜ (τ> — 1) coefficients have 
to be calculated from congruences instead of p - 1.

Although it is so easily explained, the property indicated 
by (2)—that for each value of a?, the value of Fx is determined 
solely by the even powers of x or solely by the odd powers— 
strikes me as worthy of remark. In the particular case of 
x = 1 it gives the theorem that in any square root Fx, the 
sum of the coefficients of the even powers, or the sum of the 
coefficients of the odd powers is divisible by y. The sum 
which is notuso divisible is = + 1, mod. p.

4. A third method is based on the remark that Fx, Fix 
being two square roots, then F(ax) (where a = 1, 2,..., orp — 1), 
F(x'"), and Fx × Fpc are also square roots. Now we have

(χx=) (xi,"1 — l)∕(α — 1) ≡ - 1, when x = 1
= 0, when ic = 2, 3, ...,p — 1;

therefore aχx ■+ b≡-a + b, when x = 1
= A, when x =2, 3, ..∙,p — 1.

Thus, putting α = 2, A = l, we find that

2χx + 1, = 3 + 2x + 2x3 +...+ 2xp~3, = F1x say,

is a square root of 1, mod. p. The distribution of signs may 
be denoted by

Fpc =—l·· +...÷,
meaning that Fpc = — 1 when zc=l, and =+l for other 
values.

Another square root of 1 is
F(n-1Λ,) = 3 ■+ 2α-1ic + 2α 2x3 +...+ 2axp 3∙

Now Fλ (α^1Λ∙) = (1) ≡ - 1, when x = a and is + for all
other values of x.
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Hence F1 (a~1x) = + -1- +
the solitary — occurring in the αth place.

To obtain a square root whose sign symbol contains — in 
the αth, δth, ..., and cth places, and nowhere else, we form 
the product

Fl (Λ) Fl (0"1zr) ...Fl (c~lx).
It is clear that in this way all the forms of Fx can be 

calculated.

5. It would be very laborious to perform the multipli-
cations indicated; but an artifice gives the result without 
much trouble.

For all proper values of x,

(1 + x + ...+ xp-2) (α + βx +...+ 8xp~2)

≡(1 + x+...+ xp~2) (a + β +...+ 7), mod. pt

For, when x≡l the two sides become identical in form, 
and when x is not ≡ 1 the first factor of each side vanishes, 
mod. p.

Now F1x = 1 + 2 (1 + x + xi +...+ tfp-2).

Hence F1x × (α + βx + ...+ 7<^p*a)
= a + βx +... <γxp~2 + 2σ (1 +∑c+...+ xp~2)
≡ a + 2σ + (∕3 + 2σ) a;+...+ (7 + 2σ) xp~2i

where σ is the sum of the coefficients a, β, ..., 7.
The sum of the coefficients of Fl (ax) is F1ot, and this is 

+ 1 save in the useless case when a= 1. Hence, the product
Flx. Fi (αic)

can be written down by adding 2 to each of the coefficients of 
Fx (ax). In this change x into bx, where b may or may not 
be equal to a. The sum of the coefficients, = Flb.Fx (ab)i is 1 
(unless b or ab is 1). Therefore the product

Fγx. Fχ (bx) Fx (abx)

is formed by adding 2 to each of the coefficients of the 
previously found product Fx (bx) .Fx (abx). Thus, by 
alternately replacing x by a suitable multiple, and adding 2 to 
each of the coefficients, we can obtain any one of the products 
required in the preceding paragraph. There is a certain 
range of choice in the multipliers α, b, c, ..., and the derivation 
of F (ax) from Fx is facilitated by processes on which it is 
not necessary to enlarge.
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6. The function

F1 (a≈3)j = 1 + 2δ (1 + a? +'a?a +...+ a?-1-i),
which will be indicated by F§ (a:), has properties similar to 
those of F1x. It may be used as a multiplier for functions 
of a?3, the product being formed by adding 2δσ to each 
coefficient of the multiplicand, σ being, as before, the sum of 
these coefficients. Thus all the square roots, F(xi), can be 
independently found. These can now serve as multiplicands 
for Flx, and probably this would be the most rapid process 
for obtaining the complete set of roots.

In illustration, the square roots, Fx1i for modulus 11 are 
here determined.

We have Fjx = 5 + 4a?2+ 4a?+ 4a:8 + 4a?... (A);

therefore 7ζ (2x) = 5 + 5a?2+ 9a?+ la·8 + 3xβ.. .(B) ;

therefore Fix.F3 (2a?) = 9 + 9a?2+ 2a?+5a? +7a?...(C);

therefore F3(2x^) .Fi(⅛x')==3-± 3a?+10a?+4a? ■+8a? ...(D),

and Fi (4a?). F3 (8x) = 9 + la?2 4- 6a?+ la;8 + 6xt...(E).

The powers of x are here arranged with the indices in 
geometric progression, (mod. 10), to take advantage of the 
fact that (j9-l)∕δ is in this case a prime number. The 
substitution of 2x for x is effected by multiplying the last 
four coefficients by 4, 5, 3, 9 respectively. It so happens 
that this is the only substitution required. But if it were 
required to multiply x by any other number the multipliers 
would still be a cyclic substitution of 4, 5, 3, 9. For instance, 
to get (7Q independently, we might proceed thus:

F3 (6a?) = 5 + la;2 4∙ 3a? + 5a∙8 + 9 a;6, 
the multipliers being 3 (= 62), 9,4,5; 
therefore Fix. F36x = 9 + 5a?2 + 7a? + 9a?8 + 2xβ;
therefore FaSx. F34x = 9 + la:3 + 6a?4 + la? + 6a?,
the multipliers being 9 (≡ 82), 4, 5, 3.

To complete the determination, in each of the functions
marked A, B, C, D, F, replace a? by a?3, (2 being a primitive 
root of 1, mod. 5), and repeat the operation.

It is seen that this is equivalent to a cyclic transposition 
of the last four coefficients.

For example, (B) gives the functions whose coefficients 
are (5; 9, 1, 3, 5), (5 ; 1, 3, 5, 9), and (5; 3, 5, 9, 1). There 
are thus four distinct functions implied in (F>), and as each
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m a y  h a v e  eit h e r  si g n p r efi x e d,  B  gi v e s 8  s q u a r e r o ot s. S o  
li k e wi s e ( C ,), ( 7 7) gi v e  8  ; 7 £,  4  ; a n d  ∠ 1,  2.

T h e r e  a r e  al s o  t h e t ri vi al r o ot s +  1 ; a n d  i n all  w e  h a v e  

3 × 8  +  4  +  2 +  2  =  3 2

s q u a r e r o ot s. T hi s  i s t h e f ull n u m b e r,  2 s, of  s q u a r e r o ot s,  
m o d.  1 1,  w hi c h  a r e  f u n cti o n s of  x 1 .

7. T h e  s q u a r e r o ot s f o r jp  =  3,  5,  7 a r e  gi v e n  b el o w. T h e  
n u m b e r s a p p e n d e d i n di c at e t h e n u m b e r of s q u a r e r o ot s  
i m pli e d b y t h e f o r m ul a o n t h e s a m e li n e. I n e x pl a n ati o n  
it m a y  b e  a d d e d  t h at a n  e x p r e s si o n

m a y  b e aff e ct e d wit h  +  ; x m a y  b e  r e pl a c e d b y —  x,  s o t h at 
t h e si g n of  t h e s e c o n d t e r m m a y  b e  c h a n g e d i n d e p e n d e ntl y 
of  t h e fi r st; a n d w h e n  ( p —  l)∣2  =  q r, ( = a n o d d n u m b e r),  
f xi a n d φ x 2 m a y  b e i nt e r c h a n g e d, t hi s b ei n g  e q ui v al e nt t o 
m ulti pl yi n g  b y  x ⅛ p ~ 1 > w hi c h  i s a s q u a r e r o ot of 1. * T h e s e  
a r e t h e o nl y c h a n g e s u n e x p r e s s e d  i n t h e f oll o wi n g li st, a n d  
t h e y gi v e  eit h e r  2,  4  o r  8  r o ot s f o r e a c h  f o r m ul a.

/ >  — 3,  + 1, +  x  4,

j p =  5,  ±  1, ±  x i 4j

x  ( 3 +  x i), x  ( 1 +  3 x s)  4, _ lθ.

3  +  2 x i +  x  ( 2 ÷  2 x i) 4,

2  +  2 x 2  +  x ( 1-  x s ) 4

p  =  T i ±  1 ) ±  x 3  4 j''

5  +  4 x 2  +  4 λ 4  4,

5  +  2 x i + x i 4 j

5  + x i -}- 2 λ ∙4  4,

( 3 +  2 x τ · +■ 2 λ 4 ) +  x 3 ( 2 +  2 x  ∙ + 2 x  ) 8 j 

( 3 +  x 2  +  4. r 4 ) +  x s ( 2 + x i +  4 x 4 ) 8,

( 3 +  4 z , + x i) +  x 3 ( 2 +  4 x 4  + x 4 ) 8,

( 2 +  2 x t ÷  2 √)  +  x 3  ( +  3 √  - 3 √)  8,

( 2 + x i+ ⅛ x 4 ) +  x 3 ( 2 x 1  —  x 4 ) 8,

( 2 +  ½ χ 2  + x 4 ) +  x 3  ( x 2  —  2 x 4 ) 8,

* It m a y  b e  n ot e d t h at, w h e n  q ~ ∖ [ p- 1),  +  i∕½ 2 + φ x 2 is a s q u ar e r o ot, a  
t h e or e m w hi c h  gi v es  a n e as y  c h e c k u p o n  t h e c al c ul ati o ns. T h e  r o ots f or p  =  7  
f ur nis h e x a m pl es.

U ni v.  C oll.,  C ar diff.

w w w.r ci n. or g. pl




