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I. T h e  ni n e- p oi nt s  ci r cl e of  a t ri a n gl e A B C  i s t h e l o c u s 
of  t h e mi d dl e  p oi nt  I of  a v e ct o r  f r o m t h e o rt h o c e nt r e  X  t o 
t h e ci r c u m- ci r cl e.

D e ni.  T h e  ni n e- p oi nt s  ci r cl e i s k n o w n  t o bi s e ct  t h e v e ct o r s  
A Π,  X B,  X C. H e n c e  X  i s t h e c e nt r e of  si milit u d e of  t h e 
ci r c u m- ci r cl e a n d  ni n e- p oi nt s  ci r cl e. H e n c e  if A T  b e  a  v e ct o r  
t o a n y  p oi nt  0  o n  t h e ci r c u m- ci r cl e, it s mi d dl e  p oi nt  I t r a c e s 
t h e ni n e- p oi nt s  ci r cl e.
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WITH THE COMPLETE QUADRILATERAL. 189

II. The nine-points circle of a triangle ABC is the locus 
of the intersection J of a vector X0 from the orthocentre X to 
any point 0 on the circuιn-circle with the line EFG of 
collinearity of the feet E, F, G of the three perpends 
OE, OF, 0G from the point 0 upon the sides α, 6, c.

Dem. This follows from Casey’s Sequel, III. 14, wherein 
the intersection I is shown to be the middle point of XO.

III. Produce the three perpends AX, BX, CX of the 
triangle ABC to meet the circum-circle again in points 
a, β, γ. Let the vectors Oa, Oβ, Oy from any point 0 on 
the circum-circle cut the sides a, b, c respectively in e, f, g. 
Then e,f, g, lie in a straight line passing through X, parallel 
to EFG and at twice the distance from 0.

Dem. This follows from Casey’s Sequel, III. 14, wherein 
it is shown (as regards the side c) that Xg is parallel to 
EFG, and at twice the distance from 0. Similarly, Xe, Xf 
are parallel to EFG, so that e, f, g, X are in one straight line 
parallel to EFG, at twice the distance from 0.

The three points α, β, y will be called the circle perpend- 
feet.

The above properties may now be extended to quad-
rilaterals.

Preliminary, a, b, c, d are four straight lines, forming 
a complete quadrilateral, and forming also the four triangles 
bed, cda, dab, abc. The four circum-circles of these triangles 
are known to meet in a point, say 0, which may be called 
the common circum-circle point (Casey’s Sequel, III. 12, 
Co r . 3).

Let E, F, G, E be the feet of perpends from 0 upon 
a, b, c, dj and let X, Y, Z, W be the orthocentres of the four 
triangles. Then EFGH, XYZW are known to be two 
parallel straight lines, and EFGH is at half the distance 
of W2TF from 0 (Casey’s Sequel, III. 12, CθR. 2, and 
III. 14, CθR.). The line EFGH may be called the axis of 
perpend-feet, and the line XYZW may be called the ortho-
central axis.

IV. The axis of perpend-feet EFGH of a complete quad-
rilateral abed passes through the middle points x, y, z, w of 
the vectors OX, OY, OZ, OW from 0 to the orthocentres 
X, Y, Z, W of the four triangles bed, cda, dab, abc, and these 
points x, y, z, w lie on the nine-points circles of the four 
triangles.

Dem. This is evident from Theorem II.
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190 LT.-COL. CUNNINGHAM, ON THE QUADRILATERAL.

V. Produce the twelve perpends of the above four triangles 
δc<7, c<∕α, dab, abc, each to cut the circum-circle of its own 
triangle again in the twelve points styled α circle perpend-feet,” 
which may be denoted as below.

Cir c l e per pen d -f eet  
upon perpends to side

a.cβ ,----------------- —----- —s
h  a b c d

bed . βl γ1 δ1
acd α2 . 7,
abd a3 βz . δ3
abc ai βi γ4

The notation shows that the three points α2, a3, a4 are the 
intersections of the three perpends upon the side a, of the 
three triangles acd, abd, abc with their circum-circles. Similarly 
of the rest.

Then α2, aa, a4 lie in one straight line through 0.
J, βtf β»Ί β* » 5’ !>

n 7∏ 72j 74 „ » )»
)) *1, δ2, δ3 „ 11 „

Also these four lines cut the lines a, b, c, d respectively 
in four points e,f, g, h, lying on the axis XYZW.

Fern. By Theorem III., the three vectors Oα2, Oy3, O83 
from 0 to the “ circle perpend*∙feet ” α2, γ2, δ2 of the 
triangle acd cut the sides a, c, d respectively of that triangle in 
three points, say e'', g", h", which lie on a straight line through 
Y parallel to EGH, i.e. on the line XZW.

Similarly the three vectors Cta3, Oβ3, OS3 cut the sides 
a, b, d of the triangle abd in three points, say e"', ∕''', A'", 
which lie on a straight line, through parallel to EFH, i.e. on 
the line XYW. Likewise the three vectors (9α4, Oβ4, 0y4 
cut the sides a, b, c of the triangle abc in three points, 
say e'", ∕'", y'κ, which lie on a line through W parallel to EFG, 
i.e. on the line XYZ.

Thus the three lines 0α2, Oa3, Oa4 cut the line a at its 
intersections e", e'", e'κ with the three lines XZW, XYW] XYZ", 
but these last form one line XYZW. Thus the three points 
e", e", e'κ coincide in one point, say e, the intersection of a with 
XYZW-, and the lines Oα2, Oa3, Oa4 form one straight line.

Similarly 0, β3, β3, βi are in one straight line cutting b in 
a point /which lies on XYZWj and so on.

www.rcin.org.pl



M R.  S E G A R,  A  R E M A R K A B L E  S E RI E S  O F  N U M B E R S. 1 9 1

T h e s e p r o p e rti e s m a y  b e e x p r e s s e d i n t h e f oll o wi n g 
t h e o r e m:—

T h e  t w el v e ci r cl e p e r p e n d-f e et ( β t, 7 1 , δ 1 ), ( α 2 , 7 j, δ 2 ),  
( α 3 , β 3 , δ 3 ), ( a 4 , β i, 7 4 ) of  t h e f o u r t ri a n gl e s δ c <∕,  a c d,  a b d,  a b c  
f o r m e d b y  t h e si d e s of  a c o m pl et e q u a d ril at e r al  li e b y  t h r e e s 
u p o n  f o u r li n e s O α 2 α 3 α 4 , 0 y 1 y 2 y 4 , O δ 1 δ 2 δ 3 f o r mi n g
a  p e n cil  w h o s o  v e rt e x i s t h e c o m m o n ci r c u m- ci r cl e p oi nt  0;  
a n d t h e s e f o u r li n e s c ut t h e si d e s α,  6,  c, d  r e s p e cti v el y i n 
t h e p oi nt s e, ∕, g i h all l yi n g u p o n t h e o rt h o c e nt r al a xi s  
X Y Z W.

N O T E  O N  A  R E M A R K A B L E  S E RI E S O F  
N U M B E R S.

B y  H.  W.  S e g ar.

T h e  diff e r e n c e s  of  t h e n u m b e r s

1,  2,  5,  1 3,  3 4,  8 9,  2 3 3 ................................( 1)

a r e  1,  3,  8,  2 1,  5 5,  1 4 4,  3 7 7 ..........................( 2).

L et w l, m j, t z3 , ... d e n ot e t h e t e r m s of  t h e fi r st, a n d  
ιυ,, v 2 , b s , ... t h o s e of  t h e s e c o n d s e ri e s.

T h e  s e ri e s ( 1) i s t h e s e ri e s of  l e a st n u m b e r s  s ati sf yi n g

u.  u, u,
—  >  —  >  —  >  ..., 
m 2  u 3 u t

a n d ( 2) i s t h e s e ri e s of  l e a st n u m b e r s  s ati sf yi n g

v 1 v v  
—  <  —  <  —
v , v 3 υ ,

B et w e e n t h e t e r m s of t h e t w o s e ri e s t h e r e e xi st t h e 
f oll o wi n g r el ati o n s

‰  = u n ÷ < ∖

^ 2 n +l w n +l d ^ J

V 2 n + 1 V m + 1 - V n 5

t h e s e c a n b e  v e rifi e d  b y  s u b stit uti n g t h e v al u e s

_ √ 5  +  1 / 3  ÷  √ 5 √ ^ 1 1 √ 5  - 1 / 3  - √ 5 ∖ n " 1  
- 2  √ 5 ∖  2 J + 2  √ 5 ∖  2  )  ’

3  1 f∕ 3 + √ 5 √l ∕ 3- √ 5f)
a n d ≈ ," =  √ H K H  -H ~ H ,
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