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NUMBER OF PROPER TERNARY «-ICS.

By Lt.-Col. Allan Cunningham, R.E., Fellow of King’s Coll., London.

1. Introduction. A QUANTIC of nth degree in ic, y may be 
said to be complete when all the possible terms are present, 
and to be incomplete when some of the possible terms are 
absent, so that it contains a number of terms r less than the 
full number of terms of the complete quantic.

A quantic of nth degree may be said to be a proper 
quantic when it is not the product of algebraic factors of 
lower degrees. A quantic which contains a linear or other 
algebraic factor may be styled an improper quantic.

It is proposed to investigate in this Paper the number of 
incomplete proper ternary nth degree qualities, arising from 
the complete ternary nth degree quantic by erasure of some 
of its terms. This number is interesting as being the 
number of proper n-ic equations, and also the number of 
differential equations arising from an n-ic equation.

From the definitions it follows that:

(1) Every complete ternary quantic is (in general) a 
proper ternary quantic.

(2) Every binary quantic is an improper quantic.

2. Preliminary Formułce’.—
Let n be the degree of a function in x, y.
Let wn, Un be the types of binary and ternary quantic

for nth degree, where

= «„,<X + a^,p~'y + <l →,X^V +∙∙∙+ W1 + ‰yn 

...........................(1),
and

^1 = wn + wn-l + ⅝→÷∙∙∙'÷ m1 + m!÷m0 .................................... (2),
so that un = c (a constant) ...................................................................(3).
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2 LT.-COL. CUNNINGHAM, NUMBER OF

Let in, 71n = number of terms in wn, Un respectively; 

therefore tιι = (n + 1) ;

73 * * * 7lt = il(ft +1) + ft + (ft - 1) +...+ 3 + 2 + 1} = ⅛ (ft + 1) (ft + 2) 

...........................(4)∙
Let C (n, r) = number of combinations of n different things 

taken r together.

= n 11 r! (n — r) I ....................................(5).

Let S(n, r) = number of sets, containing r terms, formable 
from Un.

Let s (n, r) = number of sets, containing r terms, formable 
from Cξj, each set containing at least one term from un.

Let Σ (ft, z∙) = number of functions of ftth degree, containing 
r terms, (including improper qualities) formable from Un.

Let σ (ft, r) — number of improper quantics of ftth degree, 
containing r terms, formable from Un.

Let N"' (ft, r) = number of proper ternary quantics of ftth 
degree, containing r terms, formable from Uκ.

Lei N'" (n) = total number of proper ternary quantics of 
ftth degree formable from U*.

Thus N'" (ft, r) and N"' (ft) are the numbers sought.
[The accents in the symbols Nh, {n, r), N"'(n) indicate that these 

symbols refer to ternary quantics: this distinction is required for use in
a subsequent Paper (p. 8) on quaternary quantics.]

Then S(n, r) = <7(Γn, r) = Tn !∕r! (T - r) !................(6),

s (ft, r~) — S (n1 r) - S {(n — 1), r}...........................(7),

= C(Tm, r)-C(Tn,l,r)...........................(7α),

∑(ft, r) = s(ft, r) ............................................................. (8)p

jV"'(ft, r) = Σ (ft, r) - σ (ft, r) ...................................... (9),

= s (ft, r) — σ (ft, r) ..................................(9a).

The computation of σ (ft, r) will occupy most of the rest 
of this paper, and in fact presents the only difficulty.

3. Decomposition of σ (ft, r) into parts.
A ternary ft-ic is an improper quantic in following cases:

I. When containing x or y, or both x and y as factors.
II. When it is a function of x only (not of y∖ or of y only (not of x).

III. When it is a homogeneous function of nth degree (a binary n-ic).
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PROPER TERNARY ft-ICS. 3

These cases are to a considerable extent mutually in-
volved, e.g.

(an gxn + αnι 0xm + ap 0∙τp) falls under both Cases I, II,

0ln,<X+ ¼∕Υ+‰1p≈Υ)faHs under both Cases 1> 111>

and the only difficulty consists in avoiding counting such cases 
twice<

Let σ (ft, r, cr, y, xy) = the number of ft-ic functions of 
r terms, containing x or τ∕, or both x and y as a factor, 
form able from Un.

Let σ (ft, r, fx, fy) = the number of ft-ic functions of 
r terms, which are functions of x only (not of y), or of y 
only (not of a;), but not containing either x or y as a factor, 
form able from V.n

Let σ (n, r, un) = the number of homogeneous ft-ic 
functions of r terms, not containing x or y as a factor, nor 
functions ot x only or of y only.

Then σ (n, r) = σ (ft, r, at, yi xyy) + σ (w, r, fxjy}

+ σ(w, r, wn).....................(10).

Thus the three parts of σ (ft, r) are herein defined so as 
to exclude twice counting of functions falling under two of 
the Cases I, II, III.

It remains now to compute the three part3 of σ (ft, r).

4. Number of terms containing x, y.
Let ξn, Xn be the number of terms containing x in un, Un.

Let τ7, Γn be the „ „ „ y in wn, Z7n.

Let λιι,Ln be the „ ,, x and y in uβ, Un.

Then ξn=n = ηn] λn = ft-l..................................................(11).

Then Zn = Σ (‰) = {n + (ft - 1)+...+3 + 2 + 1}

= ⅛ft(ft + l)= Γ,= T_, ................(12).

Then Ln — Σ (λn) = {(ft — l) + (ft - 2) +... + 3 + 2 -J- 1 j

= ⅛w (« - 1) = ⅜,1 = ....(13).

5. Computation of σ (ft, r, x, y, xyy). This may be de-
composed into the algebraic sum of three parts, viz.

2 parts, when only one of x, y enter as factors.
1 part, when both x, y enter as factors.

B2

www.rcin.org.pl



4 LT.-COL. CUNNINGHAM, NUMBER OF

Let S(rc, r, α), S (rc, r, ^), S(w, r, xy) be the numbers of 
sets of r terms, containing x or τ∕, or both x and y as factors, 
formable from the X , Y, or L terms of U. which contain 
x or y, qy both x and y as factors in Un respectively.

Let s (n, r, x), s(n, r, y), s(n, r, xy) be the numbers of 
sets of r terms, containing x or y, or both x and y as factors, 
formable from the JΓn, I7n, or Ln terms of tζ1, which contain 
x or y, or both a  and y as factors; each set containing at 
least one term from un.

Let σ (w, r, z), σ (n, r, y)1 σ (z?, r, xy) be the number
of w-ic functions of r terms, containing x or y, or both x 
and y as factors, formable from Un.

Then
S(n, r, x) = C(Xn, r) = C( Γn, r) = S(n, r, y) ................(H),

s (77, r, a ) = S (n, r,x)-S {(w - 1), r,x} = s (w, r, y)..(15), 
σ(w,r, a) = s (w , r, x^)≈s(n, r,y) = σ(n,r, y) ..........(16),

= C(Z, r)-C‰r)....................................... (16α).

S (n, r, xy) = C(Ln, r)................................................................................. (17), .

s (n, r, xy) = S(n, r, xy) - S{(n- 1), r, xy}....................(18),
σ (n, r, Ay) = s (zz, r, τy) .................................................................. (19),

= C(Zm, r)-<7(Zn,1, r).......................................(19α).
And as the whole of the sets σ (n, r, xy) are clearly in-

cluded in both the numbers σ (n, r, x), σ (n, ri y), therefore

σ (n, r, x, y, xy) = σ (n, r, a ) + σ (n, r, y) - σ (w, r, xy)... (20),

= 2 jC(Λ,1∙)- C‰r))-{C(i.,r)-C‰,r)}...(21),

= 2C'(T..1, r) -3<7(Γm,,)+<‰ r)...........................(21α).

6. Number of terms containing only one variable.
Let Λh', Yn' be the number of terms of form am 0√n or 

an nm contained in U, where m takes all the values 
1, 2, 3, ..., n (but not zero).

Then Aγ = n=r,'.......................................(22).

7. Computation of σ (nr, fx, fy). This may be decom-
posed into the sum of two parts as follows :

Let σ (τι, r, ∕⅛), σ (w, r,fy) be the number of n-ic functions 
of r terms formable from ¾ which are functions of x only 
or of y only, and yet not containing either x or y as a 
factor.
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PROPER TERNARY tt-ICS. 5

It is clear that each set included in these numbers must 
contain the absolute term w0 (=c), and (r — 1) other terms 
taken from the Xn' or Yf terms of Art. 6 of form am 0χm
or at mym; therefore

σ (n A) = σ (n, r, fy) = c (χ'n - 1ι r “ 2)
= <7(n- 1, r-2) .....................(23).

Hence, as the sets included in σ (n, r1fxf σ (nt r,fy) are 
wholly different,

σ (zb r>A fy) = σ (n, r,fx) + σ Ob r,fy)
= 2C{(n-l'), (r-2)} ................................. (23α).

8. Computation of σ (n, r, un). By definition (Art. 3) 
this is the number of homogeneous quantics of r terms 
of nth degree, not containing x or y as factors, nor yet functions 
of x only or of y only.

It is clear that all the quantics included in this last 
number σ must be binary quantics, and must all contain the 
two terms an 0xn + a0 nyn and (r - 2) other terms taken from
the remaining (w — 1) terms of urι.

Therefore σ (n, r, wn) = C {(n — 1), (r — 2)j ................(24),

9. Reduction of σ (u, r). Combining the different parts 
of σ (n, r) by Results (10), (21α), (23α), (24), 
σ(«, r) = [2C(Γ,,,, r)-3C‰ r)+C‰ r)]

+ 3C((n-l),(r-2))............... (28*).

10. Final formula forN"'(n1r). By (9α), (7α), (28), 
the number sought is—
JV"'(zz, r) = [C(Γ, r) -3C(Tn.1, r) + 3(7(7∖,, r)

-C‰ r)]-3C{(n-l), (r-2)}..........(29),
wherein, by (4)

21h  = ⅜(w  + 1)(w  + 2)j ^7,,-ι = ⅜n (n+1)j rχn-2~ ⅛n (n~ 1)> 

^,→ = ⅛("-0("-2)....................................(30).

Hence, from the meaning of C, or from first principles, 
r not <2, nor > Tn i.e. not > ⅜ (n + 1) (n + 2)...(31).

* There is a hiatus here in the numbering of the Results, (Nos. 25 to 27 being 
omitted): this is to allow of the numbering of the Results in the subsequent 
Paper (similar to this) on the “ Number of Proper Quaternary n-ics,” agreeing with, 
the numbering of similar Results in this Paper.
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Al s o,  t h e g r e at e r  t h e v al u e of  r, t h e si m pl e r t h e g e n e r al  
e x p r e s si o n  ( 2 9) f o r N"'  ( n 1 r) b e c o m e s,  b e c a u s e

C{( n-  1), ( r — 2)} = ≈ 0, w h e n r >( n +l)  . *....( 3 2),

C  ( τ n- a ι r ) =  θ , w h e n  r  >  7 τn,8 .................( 3 2 α),

C  ( τ n- 2l  r ) =  θ 1  w b e n  r  >  τ ,, ~3 .................( 3 2 ^),

' C  (τ n- lΙ r) =  0 , w h θ n  r  >  T n-l ....................(3 2 β )∙

H e n c e,  t h e f oll o wi n g T a bl e  of  v al u e s of  N"'  ( n, r) f o r 
diff e r e nt  v al u e s  of  r.

V al u e  of  r.  G e n er al  e x pr essi o ns  f or T V' "  ( «, r). ∞ °

__________________________________________________________

=  2 3(r e-l)  ( 3 3 α)

=  3  ⅜  { 5 π *  - 9 «  +  6 }  ( 3 3 0)

=  4  ⅛(r a-l) { w( n  +  l) ( 7 «2 - 8)- 1 2 ( n- 2) } ( 3 3 c)

<( n  +  l) [ σ( Γt,, r)- ^ 3 C( 7 ¼, r) +  3 C( Γ n .i, r)-C( η,. i, r)]

—  3( 7 {( « — 1),  (r —  2) }  ( 3 3 < Z)∙

=  ( n +  l) [ C,( 7,n , r) ^ 3 C'( 7 ,n .υ  j,) +  3 C ,( 7,b -2 , r)- C,( 7 1n -3 , ? ■)] — 3  ( 3 3 e)

< T n -3  [ C( Γn , r)- 3 C ‰, r) +  3 C( Γ n 2 , r)- C { T n .3 , r)]

- 3 C >-Ι),(r- 2) }  (3 3∕ )

=  T n .t [ C( Γn ,r)- 3 C( Γ,,.1,r) +  3 σ( Γ n .2 , r)-ll
—  3 C ,{( w- 1),  (r — 2) }  W >

> T nz , < T n ~ 2 [ C,( 7 1n ,r)-3 C ,( 7 1b ,1,  i∙) +  3 C( 7 ,n- 2 ,r)]- 3 C,{( n- 1),  (r— 2) } (3 3 A >  

=  Γ n ,2  [ C( Γn ,r)- 3 C( Γn .1,r) +  3]- 3 G {( w -l), (r- 2) } ( 3 3i)

>  Γ n .2 , <  Γ n .1 [ C( Γ,,r)- 3 C( Γ..1,r)]. 3 C {( B-l),(r- 2)) ( 3 3 »

=  A-,  [ C( ‰,r)- 3]- 3 C {( n-l),(r- 2) }  ( 3 3 ⅛)

> 7 √ 1 , < Γ n [ Cf( Γn ,r)] ( 3 3 Z)

=  T n  1  ( 3 3 τr a)

N ot e  t h at t h e t er m C ,{( n- 1), (r — 2) } e nt ers ⅛t o  t h e g e n er al f or m uł ® 
( 3 3i Z... λ) eff e cti v el y o nl y  w h e n  n,  r ar e b ot h s pι all, a n d q ui c kl y dis a p p e ars  
as  r i n cr e as es,

1 1.  C o m p ut ati o n  of  N'"  ( n).
F r o m  t h e d efi niti o n s,  A rt  2,  t h e fi n al n u m b e r  s o u g ht,

N"'  ( n) - Σ  { N"' ( w, r)j f r o m r  =  2  t o r  =  T ..........( 3 4).

B ut,  b y  t h e t h e o r y of  c o m bi n ati o n s, ( m i s a n y  i nt e g e r ≥  r)  

g  [ C( w, r), f r o m r  =  2  t o r =  m]

=  Σ[ C (i n, r), f r o m r  =  1 t o r  =  w]  —  C ( w, 1)  

=  ( 2m -l)-m  ..................................................( 3 5 α),
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