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O N  A  T H E O R E ΔI  I N T H E  DI F F E R E N TI A L  
C A L C U L U S.

B y  E.  W.  H o bs o n.

S u p p o s e  it Is r e q uir e d t o e x pr ess t h e r es ult of t h e 
o p er ati o n  

w h er e φ  ar e a n y f u n cti o ns, a n d Is a  r ati o n al I nt e gr al 
h o m o g e n e o us  f u n cti o n of  d e gr e e  n  i n t h e diff er e nti al  o p er at ors ; 
it is cl e ar  t h at t h e e x pr essi o n  c a n b e  e x hi bit e d  i n t h e f or m

w h er e  ..., d e n ot e  f u n cti o ns of  t h e p  v ari a bl es,
t h e f or m of  t h es e f u n cti o ns b ei n g I n d e p e n d e nt of  t h e f or m 
of a n d d e p e n di n g  o nl y  o n a n d φ. T o  d et er mi n e  t h e 
f u n cti o ns χ, w e  m a y  t a k e #  t o b e of a n y f or m w hi c h  is 
c o n v e ni e nt ; l et F  [ φ ∖ = ■  φ ”  t h e p o w er  of  φ,  ∙ w e h a v e  t h e n 

n o w  

w h er e  o n  t h e ri g ht- h a n d si d e A,,  A,,  ∙∙∙↑ ar e all p ut  e q u al  
t o z er o  aft er  t h e o p er ati o n  is p erf or m e d.

Usi n g  t h e Bi n o mi al  T h e or e m,  w e  h a v e
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operating on both sides of this equation with 

we obtain an equation which must be equivalent to (1); 
comparing the coefficients of <f∕j we have 

where A,, ⅛,, ..., ¾ are all put equal to zero after the operation 
is performed.

We have thus obtained the following theorem—

and A., A , .... A are all put equal to zero in the result, l> 3' ∙ P * F
It is clear that the coefficient of in (2) may be

expressed in the form
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T h e  p arti c ul ar c as e of  t h e t h e or e m ( 2) i n w hi c h  t h er e is 

o nl y o n e v ari a bl e λ γ , s o t h at ) gi v e n i n

S c hl o mil c h ’s C o m p e n di u m  d er  h ∂ h er e n  A n al ysis ^  N o ∖.  II.

I s h all n o w  c o nsi d er  a c as e i n w hi c h  t h e t h e or e m ( 2) t a k es 
a  si m pl e f or m; l et ≠  ( x,, ∙∙∙, λj  ) =  λ t∕ +λ γ ∕ +... +z c∕ =  √ ; i n

t his c as e  t h e c o efl 5 cι e nt of or

w h er e  Λ,  =  0,  Λ  = 0,  ..., h ^  =  < S∙ t h e o nl y t er m i n t his e x 
pr essi o n  w hi c h  d o es  n ot  v a nis h  is 

f or t his is t h e o nl y  t er m i n w hi c h  t h e d e gr e e  of  t h e o p er a n d  
i n Aj,  Aj,  ..., is t h e s a m e as  t h at of  t h e o p er at or  i n

It is e asil y  s e e n t h at if/,, ar e  t w o f u n cti o ns of  t h e s a m e 

d e gr e e  m .

it f oll o ws t h at t h e c o efl S ei e nt of  τ τ-jrr τ  is e q u al  t o 
, «( p)
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then the above expression is equal to

the only terms which

do not vanish are

■we have thus obtained the following theorem:—

where

and----- f I ■ 9 it·
The theorem (3) I have given in a paper* “ On a theorem 

in Diiferentiation, &c., ” where it is deduced from the theory 
of Spherical Harmonics.

* See Proe, Lond. Math. Sac., Vol. xxιv., p. 67
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In the particular case = the theorem (3) becomes

It 13 well known that is a solution of the equation 

V^F=0, and it follows at once that

satisfies the same equation, we see therefore that the expression 
on the right-hand side of (4) satisfies the equation 
now it can be verified at once that if ..., is a
solution of the differential equation, so also is 

we see therefore that the expression 

satisfies the differential equation ν’* F= 0, when denotes any 
homogeneous integral function of degree n in the variable»

...f x^. All the solutions of v^l^=0 which are rational 
algebraical functions of the variables may be obtained by 
giving various values; for example, the zonal harmonic is 
obtained by putting/’^ =

A case of (3) which is of considerable importance 1» 
obtained by taking jζ (.r,, .*., zr ) to be a solution of
v’F=0; denoting the solution by zr^, ..., the
theorem f3) becomes

tn particular, we have

where, as before, p* denotes zr∕ + + ...+
Christ’e CoUegθ, Cambridge.
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