
34.

AN ESSAY ON CANONICAL FORMS, SUPPLEMENT TO A 
SKETCH OF A MEMOIR*  ON ELIMINATION, TRANSFOR
MATION AND CANONICAL FORMS.

Since the above paper was in print I have succeeded in obtaining a 
canonical representation of the quadratic and cubic functions adjunctive to 
the general quintic (5th degreed) functions of two letters.

Let F the quintic function of x, y.

and
au + bv + cw = L>,

Fl being the modulus of the transformation, whereby transition is made from 
X, y to u, V. Then the quadratic adjunctive is 

and the cubic adjunctive is simply

Hence we can, in accordance with what I ventured to predict in the preceding 
sketch, find u, υ, w, by means of a simple and practical co-process. To 
wit, call

[∙ p. 184 above. See p. 201, note J.]
+ The knowledge of the existence of these lower adjunctive forms is mainly a consequence 

of Mr Cayley’s splendid discovery of hyperdeterminant constants. In fact, they are respectively 

the quadratic and cubic hyperdeterminants in respect to ξ and η of jΛj 345 ’
X and y being treated as constants.

The fortunate proclaimer of a new outlying planet has been justly rewarded by the offer of 
a baronetcy and a national pension, which the writer of this wishes him long life and health 
to enjoy. In the meanwhile, what has been done in honour of the discoverer of a new and 
inexhaustible region of exquisite analysis ?
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F or m  t h e d et er mi n a nt

L et  t his c u bi c f u n cti o n, b y s ol vi n g it as a c u bi c e q u ati o n, b e m a d e  

e q u al t o 

t h e n

B y  m e a ns  of t h e i d e ntit y, F  =  w ®  +  if +  vf, mf,  ιf, ar e k n o w n b y t h e 
s ol uti o n of  li n e ar e q u ati o ns, a n d t h us u, v, w,  ar e d et er mi n e d b y  s ol vi n g  

a c u bi c e q u ati o n i nst e a d of  o n e  of  t h e ei g ht h  d e gr e e,  as i n t h e m et h o d  first 
gi v e n,  a n d  t h e pr o c ess  of  c a n o nisi n g  a  q ui nti c  f u n cti o n is r e n d er e d pr a cti c all y  

p ossi bl e.

F or  br e vit y  s a k e l et c r e pr es e nt u nit y. T h e  c o nst a nt d et er mi n a nt  of  t h e 

c u bi c  a dj u n cti v e  will  b e  f o u n d t o b e

C alli n g,  t h e n, t h e c u bi c a dj u n cti v e of  F,  G  ( F), w e  h a v e  t h e r e m ar k a bl e 

e q u ati o n

It m a y  als o b e  s h o w n t h at if w e  c all t h e H essi a n  of  F,  H  ( F), w e  s h all h a v e  

t h e f oll o wi n g e q u all y  r e m ar k a bl e e q u ati o n  :

A g ai n,  c alli n g  t h e q u a dr ati c  a dj u n cti v e  of  F,  Q  { F }, w e  s h all e asil y  fi n d 

or,  if w e  pl e as e.

W h e n  u,  v, w  ar e k n o w n,  a,  h,  c, w hi c h  ar e t h e r es ult a nts of  υ,  w ; w,  u ∖ u, v  

r es p e cti v el y ar e k n o w n. B ut  t h eir r ati os, or,  if w e  pl e as e  t o s a y s o, t h e r ati os 

of  a ’; 6 ’ : c ®, m a y  b e  f o u n d i n d e p e n d e ntl y a n d v er y  el e g a ntl y  as  f oll o ws :—

L et ∙ ×  pr o d u ct  of  t h e 4  f or ms of  a ^  +   + =  A,

M " ^  ×  pr o d u ct  of  t h e 1 6  f or ms of  a ^  +  +  =  B,

A F × a ^ ∖ b ^ ∖ c ^ °  = G.
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34] On Canonical Forms. 205

A, B, G are known quantities, being respectively what we have called

It may easily he shown that

Hence J/’a®, Jf®6®, Ji®c® are the roots of p in the cubic equation

A, B, G, it will be observed, are independent and, as they may be termed, 
prime or radical adjunctive constants. Hitherto much mystery and un
certainty have attached to the theory of hyperdeterminants, from its having 
been tacitly assumed that they were always either of lower dimensions than 
the ordinary determinant, or else algebraical functions of such, and of the 
determinant. Whereas we now see that, whilst the determinant of a function 
in two letters of the fifth degree is of eight dimensions, one of its radical or 
primitive hyperdeterminants is of four, but the other of twelve dimensions. 
This is a most valuable consequence, and would seem to indicate that the 
number of radical hyperdeterminants to a function, over and above the 
common determinant, is always equal to the number of parameters entering 
into its canonical form. The importance of this ascertainment of an un
suspected third radical constant, adjunctive to a quintic function of two 
letters, in making to march the theory of hyperdeterminants, can hardly 
be over-estimated.

From the equation last given we are enabled to assign the conditions in 
order that tλvo functions of the fifth degree may be capable of being linearly 
transformed either into the other. For if we call F and F' two such linearly 
equivalent quintic functions, they must be capable each of being thrown 
under the same form m® + ϋ® + {lu + ?zw)®, where I and m shall be the same for 
each. Consequently we must have the roots of ρ in the same ratio for F 
and F', which conditions may be expressed by means of the two equations

* More strictly speaking (and this correction should be supplied throughout in the “ Sketch”), 
B is the negative determinant of ⅜F. After finding, by the method of characteristics, or any 
special artifices, the algebraic part of the value of a resultant or determinant, a process frequently 
of some complexity remains over in assigning its numerical multiplier; this part of the operation 
being analogous to that which occurs in the Integral Calculus, of determining the constant to be 
added after the general form of an integral has been determined. In the “ Sketch,” a correction 
for the numerical multiplier remains also to be applied to the expressions given for the successive 
Hessian determinants.
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206 On Canonical Forms. [34

Λ', B', C', of course representing the same functions of the coefficients of 
F' as A, B, G, respectively of F.

The two conditions required in their simplest form are accordingly 

or 
that is to say, all quintic functions of two letters of which the determinant 
is to the subduplicate power of the radical hyperdeterminant of the twelfth 
order and to the sesquiduplicate power of the radical hyper determinant of the 
fourth order in given ratios, are mutually convertible.

So for the quartic (that is, biquadratic) function of two letters, calling B, 
and >S the radical adjunctive constants of the second and third orders, the 
condition of convertibility between different forms of the same is, that 
B?: shall be a given ratio. And, in general, we may infer that the
condition of convertibility between different functions of any degree is, 
that the several radical adjunctive constants of each raised respectively 
to such powers as will make them of like dimensions, shall be to one another 
in given ratios. Of course all cubic functions of two letters, according to this 
rule, are mutually convertible without any condition, they having but one 
radical adjunctive constant; and in fact all such functions, being represent
able as the sum of two cubes of new variables linearly related to those given, 
are necessarily convertible.

I have further succeeded in obtaining the canonical form of the quadratic 
adjunctive to any odd degreed function of two letters, which presents a 
wonderful analogy to the theory of relative determinants of quadratic 
functions of any number of letters, and constitutes an important step towards 
the construction of the theory of relative byperdeterminants.

Let a function of two letters of the odd degree wι(=2n-1) be thrown 
under its canonical form.

and let there exist the n — 2 equations,

(1)
(2) 

(n-2)

Then, if M be the modulus of the transformation which converts u^, u∙i into 
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34] On Canonical Forms. 207

X, y, and if, on making θ^, θ^... θn disjunctively equal to 1, 2 ... n 
use (^n-ι> to denote in general the determinant 

, the quadratic adjunctive of

N. B. By means of this formula, and of the theorem for finding relative 
determinants of quadratic functions, we can obtain the general canonical 
form for one set of the biquadratic adjunctive constants (hyperdeterminants 
of the fourth order in Mr Cayley’s language) of any odd degreed function 
of two letters ∙f∙.

Thus, for the fifth degree, preserving the notation of the “ Sketch,” we 
have the biquadratic adjunctive constant

For the seventh degree, if we suppose the function to be equal to 

and

the biquadratic adjunctive constant will be multiplied by the

determinant

* The condition nι = 2n-l is only necessary in order that Σ√ (w*") may be a canonical, 
because a possible and determinate, form for any given function of the mth degree. But the 
theorem in the text, so far as it serves to obtain the quadratic adjunctive of Σ√ (w*"), is true for 
all odd values of m, whether greater or less than 2a - 1.

+ See Note (A) of Appendix.
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208 On Canonical Forms. [34

The determinants of the Hessian, the post-Hessian, and the praeter-post- 
Hessian of F will be found (in the case of the quintic function) to be always 
multiples of powers of the determinant of the given function, and of its cubic 
adjunctive; and I believe that in general for a function of two letters of any 
degree the determinants of all the derived forms in the Hessian scale*,  will 
be necessarily algebraical functions of any two of them.

* I use the term Hessian (more properly speaking the Boolian) Scale, to denote the deter

minant» in respect of f and η of

Neither Hesse, however, nor any other writer up to the present time, had thought of con
structing, and still less of turning to account, the functions (the first only excepted) which figure 
in this scale.

I hope very shortly to accomplish the reduction of functions, as high as 
the seventh degree of two letters, to their canonical form, and also to present 
a complete theory of the failing or singular cases of canonical forms.

Since the above was in print I have discovered the following

General Theorem

for reducing a function of two letters of any odd degree to its canonical 
form.

Let the degree of the function be (2n — 1); then its canonical form is

with (n— 2) linear relations between u^, ... Un.

To find Ml, ^2, ∙∙∙ Uny proceed as follows. Let the given function of the 
(271— l)th degree be supposed to be

Form the determinant

This determinant is a function of x and y of the nth degree, and by resolving 
an equation of the τιth degree, may be decomposed into n factors, say
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we shall then have

where the Z’s and m’s are known, and the (2n — l)th powers of the p's may 
be found linearly, by means of the identical equation = F {x, y). Thus
for example a function of the seventh degree of two letters may be reduced 
to its canonical form 

by the resolution of a biquadratic equation. My demonstration of this 
extraordinary and unexpected consequence rests upon the following lemma*,  
itself a very beautiful and striking theorem (no doubt capable of much 
generalisation) in the theory of determinants. Form the rectangular matrix 
consisting of n rows and (n + 1) columns 

where

Then all the n + 1 determinants that can be formed by rejecting any one 
column at pleasure out of this matrix are identically zero.

In order the better to realise the proof, suppose
n = 4, so that 2n — 1 = 7.

Let

Suppose

Then, if M is the modulus of transition from x, y to u, υ the hyper-

* See Note (B) of Appendix.
s. 14
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210 On Canonical Forms. [34

determinant, or, to adopt my new expression, the permutant (meaning 
thereby)

which is a constant adjunctive in respect to ξ and η of will,

according to the principles laid down in the preceding “ Sketch,” be the 
product of a power of M multiplied by the corresponding adjunctive constant

of , and is therefore a multiple of the determinant

where

In this determinant the coefficient of is

which is numerically equal to

= 0, because the second factors of the products are all zero by the lemma. 
Hence the permutant Pi vanishes when t = 0, and consequently it contains 
t as a factor, and in like manner it may be proved to contain u, v, w.

Hence t, u, υ, w are the algebraical factors of P^, and precisely the same 
proof applies to show in the case of a function in x and y, say F^n-i, of any
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o d d  d e gr e e  "( 2 n  —  1) w h at e v er,  t h at t h e c orr es p o n di n g p er m ut a nt will  

c o nt ai n  t h e f a ct ors i Zj, ... U n  li n e ar f u n cti o ns of  x,  y,  s u c h t h at . .

as  w as  t o b e  s h o w n.  ∙ . . ‘

W h e n e v er  h as  e q u al r o ots, t his will  d e n ot e  eit h er  ( w hi c h is t h e m or e  

g e n er al  c as e)  t h at t h e us u al  c a n o ni c al  f or m f ails a n d  gi v es  pl a c e  t o a si n g ul ar  

f or m, ( o wi n g t o s o m e of  t h e c o effi ci e nts of  tr a nsf or m ati o n b e c o mi n g  i nfi nit e), 

or,  w hi c h  is t h e m or e  s p e ci al .s u p p ositi o n,,t h at t h e c a n o ni c al f or m b e c o m es  

c at al e cti c b y  o n e or  m or e  of  t h e li n e ar r o ots*  dis a p p e ari n g. T h us  i n t h e 
c u bi c f u n cti o n, if P a  h as e q u al r o ots, a n d c o ns e q u e ntl y its d et er mi n a nt  

( w hi c h is c oi n ci d e nt wit h  t h at of  t h e f u n cti o n its elf) v a nis h,  t h e n t h e c a n o ni 

c al f or m i n g e n er al  f ails; s o t h at, f or e x a m pl e,  α ar*  +  b a ^ y  c a n n ot i n g e n er al  

b e  e x hi bit e d as t h e s u m of  t w o c u b es  : if, h o w e v er,  c ert ai n f urt h er r el ati o ns 

o bt ai n  b et w e e n  t h e c o effi ci e nts  of  F,  t h e c a n o ni c al  f or m r e a p p e ars c at al e cti c all y,  

t h e f u n cti o n b e c o mi n g  i n f a ct r e pr es e nt a bl e as a  si n gl e c u b e. S o,  a g ai n, f or 

t h e q ui nti c f u n cti o n (r ef erri n g b a c k t o t h e n ot ati o n a b o v e [ p a g e 2 0 5]),  

if P g  h a v e  e q u al r o ots, t h at is if ( 7 =  0,  t h e c a n o ni c al f or m f ails, u nl ess  at  

t h e s a m e ti m e B  — =  0, i n w hi c h  c as e t h e f u n cti o n b e c o m es  t h e s u m of  

t w o fift h p o w ers;  b ut  if fιιrt h er m or e √l  = 0,  t h e n t his c at al e cti c f or m a g ai n  

gi v es  pl a c e  t o a  si n g ul ar f or m, w hi c h,  o n  t h e s atisf a cti o n of  a  f urt h er c o n diti o n  

b et w e e n t h e c o effi ci e nts, a g ai n i n its t ur n gi v es  w a y  b ef or e  a ( bi c at al e cti c, 

t h at is) d o u bl y  c at al e cti c f or m, n a m el y,  a  si n gl e fift h p o w er.

* Mj,  M g ... m a y  b e  t er m e d t h e li n e ar r o ots of  t h e f or m

1 4 — 2

It is r e m ar k a bl e, t h at t h e f or m t o w hi c h  Mr  J err ar d ’s m et h o d  r e d u c es t h e 

f u n cti o n of  t h e fift h d e gr e e,  e x pr ess e d  h o m o g e n e o usl y  as  a x ^  +  b x y*  + c y ∖  is a  
si n g ul ar f or m, b ei n g  i n c a p a bl e of  b ei n g  e x hi bit e d  as  t h e s u m of  t hr e e c u b es ; 

s u c h, h o w e v er,  is n ot  t h e c as e wit h  t h e f or m a x ^  +  b F y ~  +  c y ®. It m a y  f urt h er 

b e  r e m ar k e d, t h at alt h o u g h  t h e si n gl y c at al e cti c  f or m of  t h e q ui nti c  f u n cti o n is 

e x pr essi bl e  b y  t w o c o n diti o ns  o nl y,  n a m el y,  C = 0,  it will  b e  i n di c at e d

b y  7 %  ( w hi c h b ei n g  a  c u bi c f u n cti o n of  λ ; a n d  y  c o nt ai ns  f o ur t er ms) c o m pl et el y  

dis a p p e ari n g,  s o t h at a p p ar e ntl y  f o ur c o n diti o ns w o ul d  a p p e ar  t o b e  r e q uir e d 

or i m pli e d. B ut  of  c o urs e t h es e m ust  b e  c a p a bl e of  b ei n g s h o w n t o b e  

n o n-i n d e p e n d e nt,  a n d  t o b e  m er el y  t a nt a m o u nt t o t h e t w o i n d e p e n d e nt o n es,  

C = 0,  B  —  √ 1 ≡  =  (). T h e  t h e or y of  t h e c at al e cti c f or ms of f u n cti o ns of  t h e 

hi g h er  d e gr e es  of  t w o v ari a bl es  pr es e nts  m a n y  str o n g p oi nts  of  r es e m bl a n c e 

a n d of c o ntr ast t o t h at of t h e c at al e cti c f or ms of  q u a dr ati c f u n cti o ns of  
s e v er al v ari a bl es.

O n e  i m p ort a nt a n d i m m e di at e c or oll ar y fr o m t h e G e n er al  T h e or e m  is, 

t h at t h e c o nst a nts  w hi c h  e nt er i nt o t h e li n e ar f u n cti o ns a p p urt e n a nt t o t h e 

c a n o ni c al f or m of  a n y f u n cti o n of  a n o d d  d e gr e e f or m a si n gl e a n d u ni q u e  

s yst e m ; or,  i n ot h er  w or ds,  t h e c a n o ni c al f or ms f or s u c h f u n cti o ns ar e v oi d  of
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multiplicity, a result contrary to what might have been anticipated, and 
to what we know is the case for the canonical forms of functions of an even 
degree.

It may further be shown that if we have the (n — 2) equations 

and call M the modulus of transformation in respect to Wj, u^, and if we 
make 

then 

is equal to the product of the ⅜π (n — 1) factors of the form

^ι, θs... 0n-s being any (n — 2) numbers out of the n numbers 1, 2, 3 ... w. 

It may hence be shown that

tn being a number which is a function of n, and which may be shown to be 
equal to o y + ÷ product of the squared differences of the roots
of = 1, that is 

and thus

* □ means the determinant in respect to x and y. a?, y
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As  a n  e x a m pl e  of  t h e m o d e  of  fi n di n g u- ,̂  ‰  ... w „,  l et

t h e n

H e n c e

T o  fi n d f, g,  h,  ∖ n q  h a v e jF ’, h e n c e

w h e n c e  w e  h a v e

A g ai n,  w e  fi n d

a n d  a c c or di n gl y

a c c or di n g  t o t h e g e n er al  f or m ul a a b o v e  gi v e n.

As  a  s e c o n d e x a m pl e l et

t h e n

a n d  a c c or di n gl y w e  s h all fi n d

M or e o v er

a n d

T h us

a gr e e a bl e  t o t h e g e n er al  f or m ul a.
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As a corollary to our general proposition, it may be remarked, that if 
/’zn-i be a symmetrical function of x, y of the (2w — l)th degree, (#211-1) 
will be also a symmetrical function of x and y, and may therefore be resolved 
into its factors by solving a recurring equation of the nth degree, which may, 
by well-known methods, be made to depend on the solution of an equation 
of the ⅜nth or ⅜(n — l)th degree, according as n is even or odd.

Hence the reduction of a function of two letters of the degree 4w + 1 to 
its canonical form as the sum of powers may be made to depend on the 
solution of an equation of the ?nth degree; so that, for example, a symmetrical 
function of x, y, as high as the fifteenth or seventeenth degree, may be 
reduced by means of a biquadratic equation only.

In a short time I hope to present to the public a complete solution 
of the canonical forms of functions of two letters of even degrees, and possibly 
to exhibit some important applications of the principles of the method to the 
theory of numbers.

APPENDIX.-

Note (A).

The permutants (meaning, in Mr Cayley’s language, the hyperdeter
minants) of #2w+i (^, 2/) θf fourth dimension in respect to the coefficients 
of F, may be all obtained by taking the quadratic permutant in respect to x 
and y of the quadratic permutant in respect of ξ and η of

I having any integer value from 1 to n.
In extension of a theorem in the foregoing Supplement, which applies 

only to the case of l = n, I am able to state the following more general 
theorem, in which the same notation is preserved as above [page 207]. 
The quadratic permutant in respect to ξ and η of 

is equal to

If now we proceed to form the quadratic permutant of the above sum 
in respect to x and y, we know ά priori, by reason of Mr Cayley’s invaluable 
researches, that we shall not get radically distinct results for all values, but 
only for certain periodically changing values of I.
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I have not yet had leisure to seek for an explicit demonstration of this 
remarkable law, founded upon the above given canonical representation.

Note (B).

The lemma, upon which the general method for reducing odd degreed 
functions to their canonical form is founded, may be stated rather more simply 
and more generally as follows :—

The determinant

where Tθ denotes + + ∙∙∙ + ^m(^rn provided that m is less than n,
is identically zero. In the theorem, as thus stated, there is no substantial 
loss of generality arising from the omission of the 6’s.

Thus stated the theorem and its extensions evidently repose upon the 
same or the like basis as the theory of partial fractions.

Note (C), referring to the original “ Sketch.”

The Boolo-Hessian scale of determinants furnishes a very pretty general 
theorem of geometrical reciprocity in connexion with the doctrine of suc
cessive polars. Let F {x, y, z}, a cubic homogeneous function of x, y, z 
equated to zero, express in general a curve of the third degree; then 

express its first polar in respect to the point α, δ, c, 

that is, the conic which passes through the six points in which the tangents 
drawn from a, b, c to touch the given curve meet the same.

Again, if we take I, nι, n the coordinates of any new point.

will express the polar, that is the chord of contact of the above conic, in 
respect to the last named point. If now we eliminate I, m, n between the 
three equations
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it is easily seen that the resultant of the elimination is the square of the 
determinant 

multiplied by the Hessian of the given function. And, moreover, that if we 
eliminate x, y, z we shall obtain precisely the same result with the letters 
I, m, n substituted for x, y, z. Hence it follows, that if we take the doubly 
infinite system of first polars to a given curve of the third degree, in respect 
to all the points lying in its plane, and then from any point in the Hessian 
to the given curve, draw pairs of tangents to each conic of the system so 
generated, then all the chords of contact will meet in one and the same point, 
which will itself be also a point situated upon the Hessian and conjugate to 
the former.

So, in general, for a function of any degree of any number of letters, 
viewed with relation to the doctrine of successive polars, the determinants 
of the Boolo-Hessian scale take one another up in pairs; namely the first 
takes up the last but one, the second the last but two, and so on ; and 
consequently, if the degree of the function be odd, that function which 
(making abstraction of the constant determinant at the end) lies in the 
middle of the scale pairs with itself, and, in a sense analogous to that above 
exhibited for a function of the third degree, may be said to be always 
its own reciprocal.

P.S. I have just discovered the method of reducing functions of two 
letters of even degrees to their canonical form, which will shortly be published 
in a second Supplement.

At present I offer the annexed theorem (which strikingly contrasts with 
the law of uniqueness demonstrated of functions of an odd degree) as a 
foretaste of the enchanting developments with which I hope shortly to present 
my readers :—

If a given homogeneous function of x and y of the degree 2n be supposed to 
be thrown under its canonical form,, 

then will have n^ — 1 in general distinct values, to each of which will 
correspond a single distinct system of the linear functions of x and y,
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