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Normal shock reflection in rubber~like elastic material 

B. DUSZCZYK (PAPUA), S. KOSINSKI 
and Z. WESOLOWSKI (W ARSZA WA) 

USING a semi-inverse method, a normal reflection of a finite elastic plane shock wave at a plane 
boundary of a special elastic incompressible material is examined. Three kinds of boundary 
conditions are considered: 1) frictionless-rigid boundary, 2) clamped boundary and 3) free 
boundary. In all cases the reflection solution is, depending on the property of the material, either 
asing)e simple wave or a shock wave, in cases 1), 3) of unloading type, in case 2) of loading type . 

Plaska fala uderzeniowa propaguje sict w nie8cisliwym materiale spr'tZyStym scharakteryzowanym 
trzema stalymi materialowymi i pada prostopadle na jego brzeg. Na podstawie metody p6lod
wrotnej rozpatruje sict odbicie dla warunk6w brzegowych odpowiadaj~cych: 1) beztarciowemu 
podparciu sztywnemu, 2) brzegowi zamocowanemu oraz 3) brzegowi swobodnemu. We wszyst
kich trzech przypadkach w rezultacie odbicia powstaje w zalei:nosci od wlasno8ci materialu 
albo fala prosta albo fala uderzeniowa; w przypadkach J) i 3) fala odci~:Zenia, a w przypadku 
2) fala obci~nia ·· · 

ilJIOCI<IUI YA8PHIUI BOJIHa pacnpOCTparuieTCR B HeC>I<HM&CMOM ynpyroM MaTCpHaJie, oxapa
I<TepH30B8HHOM TpCMH MaTepHam.HhiMH DOCTOHHHbiMH, H D3A8eT nepDeHABJ<YJIRpHO B8 ero 
rpa.mnzy. Onupancb Ha nonyo6pa'l'Hblii MeTOA, pacCMaTpHB&eTCH oTpa>l<eHHe AJIH rp8.HB11-
HbiX yCJioBHii, ornetmro~: 1) )I{CCTI<OMY onupamno 6e3 TpeHHH, 2) aaJ<penneHHo:ii rpa
~e, 3) CBoOOAHOH rpaHHQe. Bo BCCX TpCX CJiyqaHX, B peayJibT&TC OTp&>l<eHHH, B03BHK8eT, 
B 33BHCHMOCTH OT CBOHCTB MaTCpua.Jia, HJIH npOCT&H BOJIHa, HJJH YABPH8H BOJIHa; B CJIY'IBHX 
1 H 3 - BoJIHa paarpy3I<H, a B cnyqae 2 - BoJIHa Harpy3I<H. 

1. Introduction 

WRIGHT in his paper on reflection of oblique shocks [7] presented a semi-inverse method, 
based on strictly mechanical considerations, of finding the reflected waves for a shock 
wave incident on a plane boundary of a nonlinear elastic body. In this method the incident 
shock wave is given a priori. The medium ahead of the shock has a fixed state; this means 
that the state behind the shock is also known. Then it is assumed that the state behind 
the wave and the state at the boundary (compatible with the boundary conditions) are 
connected by means of a sequence of one parameter families of reflected simple waves 
centered at a point of reflection. If the assumed reflection pattern fails the admissibility 
test, it is modified to include shocks or a combination of shocks and simple waves. 

In this paper the semi .. inverse method is used to examine a problem of reflection at 
a plane boundary of a plane transverse shock wave propagating through an elastic rubber
like ZAHORSKI's material [8] in a direction perpendicular to the boundary. The material 
region ahead of the incident shock is unstrained and at rest. The strength and direction 
of polarization of the shock are given; then the basic assumption is made that the reflection 
solution is a simple wave, with a fixed direction of propagation perpendicular to the bound-
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ary. The reflection problem then reduced to an initial boundary value problem for ordi
nary differential equations governing the variation of the deformation gradient and velocity 
in the region of a simple wave. Since the motion is restricted to one dimension, the reflection 
pattern includes a single (instead of two for incompressible materials) reflected wave only. 
If the obtained reflection solution fails the admissibility test, the shock wave replaces the 
simple wave in the assumed solution pattern. The differential equations for simple waves 
are then replaced by the jump conditions. 

Section 2 contains a summary of the necessary theory and derivation of the propagation 
condition for simple waves in incompressible materials. Since the reflected wave can be 
a simple wave or a shock, we present in Sect. 3 differential equations for simple waves 
and jump conditions for shock waves. Three types of boundary conditions and the corres
ponding initial-boundary value problems are considered in Sect. 4. 

2. Basic equations 

The motion of a continuum is given by xi = xi(Xoc, t) where x, and Xoc are the Cartesian 
coordinates of a material particle in the present configuration B and the reference configura
tion BR, respectively. The deformation gradient xioc, its inverse Xoc; and the velocity are 
defined by 

( ax; axiX . ax, 
2.1) x,IX = axiX' XIXl = ax, ' X;= u, =a(· 

It is assumed that the material is homogeneous, elastic and incompressible. The incom
pressibility constraint requires that 

(2.2) I = det(xioc) = 1 . 

The Piola-Kirchhoff stress tensor for such a material is 

(2.3) 

where a denotes internal energy per unit mass in B R, e R = e is the density and p = 

= p(X«) is an arbitrary scalar function (hydrostatic pressure). 
If the stress and velocity fields are differentiable, then the equations expressing balance 

of momentum and moment of momentum are 

(2.4) 

If the functions xi(XIX, t) are continuous everywhere but have discontinuous first 
derivatives on some propagating surface S = 0, Eqs. (2.4) must be completed ·by jump 
conditions on this surface: 

[Tta]N« = -e[ut] V, 

[xt«] = a1N«, [u;] = -at V. 
(2.5) 

Such a surface is called a shock wave. The vector N is a unit normal to the wave. Vis the 
speed of propagation along N and a is the amplitude vector of the jump. The bold square 
brackets indicate the jump in the quantity enclosed across S; thus 

[. ] = (· )B _ (. )F, 

http://rcin.org.pl



NORMAL SHOCK REFLECTION IN RUBBER-LIKE ELASTIC MATERIAL 677 

where the letters F and B refer to the limit values taken in the front and rear sides of S, 
respectively. 

Simple waves [7] are defined to be regions of space-time in which all field quantities 
are continuous functions of a single parameter, say, ). = 1p(Xco t). Regions of constant A. 
are propagating surfaces, called wavelets, with unit normal and normal velocity in BR 
given by 

(2.6) Na.(.A.) = ~~·;I ' U(.A.) = - -I:.A.I' 

The equation of motion (2.4) and the compatibility condition in the region of a simple 
wave are 

(2.7) 

x~pip = uj1p, 

where the prime indicates differentiation with respect to · .A. . If ip =I= 0, Eqs. (2. 7) may be 
written as 

(2.8) 

where 

(2.8') 

(Qu-eU2 blJ)uj = 0, 

Ux)p+u)Np = 0, 

is the acoustic tensor. For an incompressible material, substitution of Eq. (2.3) into Eq. 
(2.8), and the identity Xcxi. ex = 0 lead to the equation 

(Qil-eV2 biJ)u'i -p,a.Xa., U(IVV'I)-1 = 0 

or, since in the region of a simple wave P,cx = p'IVlJ'INcx, to the equation 

(2.9) 

We denote here 
(J2a 

(2.10) Qil = eaTfNcxNp, cttf = ---
ox1cxox1p. 

From the incompressibility condition (2.2) we have 

l,p =·Xa.tXta.'P,fJ = 0. 

Using this equation, together with Eq. (2.8) and the relation (cf. [6]) 

(2.11) 

where n1 is a unit normal and u the speed of propagation of the wave in B, the scalar p' 
can be eliminated to obtain 

(2.12) 

The tensor 

(2.13) 

is called the reduced acoustic tensor 
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3. Incident shock and reflection pattern 

The constraint of incompressibility restrict the propagating waves to transverse waves 

only. In general, the reflection problem may have no solution in terms of simple waves, 

as there are at the most two possible families of reflected waves in such a case; this means 

that there are two free parameters, with three boundary conditions to be met. However, 

, solutions may exist for some types of incompressible materials, with particular deformation 

and boundary conditions. In this paper we examine such special cases. 

Suppose that a plane transverse shock wave propagates through the half-space X2 > 0 

filled with an incompressible elastic material in a direction perpendicular to the boundary. 

Thus this travelling discontinuity surface belongs to a one-parameter family of paralle! 

{the m~:>dium 

vf 0 unstrained 
)io F and at rE.>st 

B 
{ t;,pd ;•n,. cogoon 

® ( ;x. 32) = - m 

(u 3 l 8 :-mV 

x2 =X2 

Fxo. 1. Incident shock. 

planes with normals N0 = (0, -1, 0) (Fig. 1). It is assumed that the material is isotropic 

and it is defined by the constitutive equation 

(3.1) W(/1 ,/2 ) = ea(/1 ,/2) = C1(/1 -3)+C2(/2-3)+C3(/r-9) 

proposed by ZAHORSKI [8] where 

are the invariants of the left Cauchy-Green strain tensor Bil. 

It is convenient to choose, with no loss of generality, the coordinate axes so that the 

%3-axis is parallel to the amplitude vector of the shock. Since the medium ahead of the 

shock wave is unstrained and at rest, the nonzero jumps in the relations (2.5b) are 

(3.2) [u3] = (u3 )
8 = -mV, [x32] = (x32) 8 = -m, 

where m = lal is the shock strength. Substituting the relations (3.2) into Eqs. (2.5), we 

obtain the equation for the shock speed [3] 

(3.3) V 2 = C(l + 1Jm2 ), 

where 

(3.4) 
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NORMAL SHOCK REFLECTION IN RUBBER-LIKE ELASTIC MATERIAL 679 

The shock wave may be specified completely by a single parameter, its strength m, 
thus fixing the state behind the wave. Equations (3.2) and (3.3) determine the deforma
tion gradient 

(3.5) 

and particle velocity 

(3.6) 

[
1 0 OJ 

(x1cx) = 0 1 0 
0 v 1 

u = {0, 0, u) 

in this state. Here v = (x32)
8

, u = (u3)
8

• 

Only some components of Tirx. and o'tf, evaluated in region 1 
(3.1) are required in this paper. These are 

(3.7) 

(3.8) 

and 

T" = o, T•2 = 2e( ::. + :;, )v, 
T22 = 2e (:;. +2 ;;, ) +P; 

It = lz = 3+vz. 

(Fig. 1) for the material 

The shock wave is reflected from the boundary X2 = 0 and the reflected wave propaga
tes into the state region just fixed (Fig. 2). The problem now is to fit this reflected wave 
so as to connect the state at the boundary that is compatible with the boundary cdnditions 
(region 0), with the state in front of the wave (region 2). Mathematically, the situation 
is similar to the problem of waves initiated by a impulsive load on the boundary [I, 2]. 

x'=X 1 

® 

a 

(!): 
I I 

v(Ol=-m ~ J Ur 
\J. (0) = - mV N ® --.1 b 

.A= 0 

x2=x2 

FIG. 2. Reflected wave. (a) in (X2, x2)-plane, (b) in (X2, t)-plane. 
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We assume that the reflected wave is a simple wave (region I, Fig. 2), propagating 
in the direction of the positive X2-axis. Its wavelets are parallel planes, with normals 
N = (0, 1 , 0). Since the components ni of the normals refered to the present configuration 
B remain the same : ni = Ni, the acoustic tensor (2. I 3) assumes a simpler form: 

- 22 QfJ = Qil = eaiJ for i =I 2, Q!i = 0 

which, together with Eqs. (3.8), leads to the propagation condition for simple waves 
(2.12) being reduced to a linear algebraic equation in U2

: 

The eigenvalue u: = an = C(1 + 3-1Jv2
), (ref. (3.8)), is a function of v 2 only. The require

ment that U,2 must be a single-valued real function imposes a restriction on the internal 
energy function a that the inequality C(1 + 31Jv2 ) > 0 holds in the whole region of a simple 
wave; it is necessary then that C > 0. We denote c2 = C and the equation for the speed 
of a simple wave, the propagation condition, is 

(3.9) 

The corresponding eigenfunction u' is given by 

(3.10) u' = (0, 0,[), 

where f is an arbitrary scalar function of A. The differential equation relating the particle 
velocity and the deformation gradient is obtained from the compatibility conditions 
(2.8h: 

(3.11) U,v' +u' = 0; 

here U, is the positive root of Eq. (3.9). 
The geometrical significance of the above relations is evident. Differentiating 1p(X2 , t) = 

= A along the line of the constant A we obtain (Ref. (2.6)) 

dx2 
-- = u,. 

dt 
(3.12) 

The curves given by Eq. (3.12) are the characteristics of the differential system (2.12). 
The trajectories of the wavelets in the (X2 , t) plane are given by the characteristics of the 
equations of motion in the region of a simple wave. The changes of the field of quantities 
in this region are governed by the ordinary differential equation (3.10) and Eq. (3.11). 

It is convenient to assume f = - U,. From Eqs. (3.1 0) and (3.11) it follows then that 

(3.13) v' = 1, u' = - U,. 

Since the deformation gradient and velocity are continuous throughout the regions 0, 
and 2, the initial values for the differential equations (3.13) that describe region 1 are the 
constant values of region · 2. Thus from Eqs. (3.2), (3.5) and (3.6) 

(3.14) v(O) = -m, u(O) = -mV, 

where the shock speed Vis given by Eq. (3.3), and m is the shock strength. 
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4. Boundary value problems 

4.1. Frictionless-rigid boundary 

Let us consider the case of "mixed" boundary conditions on the plane X2 = 0, when 
the normal displacement and the shearing stresses T12 and T32 are zero. Since the motion 
is in the direction of the X 3-axis, the displacement condition and the first stress condition 
(ref. (3.7)) are satisfied identically. The second stress condition: T32 = 0 is met when 

(4.1) v = 0 on X 2 = 0. 

Integrating the relations (3.13) with the conditions (3.14) and (4.1), we obtain now 
l 

(4.2) u(.A.) = - f U,(.A.)dA-mV, 
0 

(4.3) v(A) = A-m, 0 ~ ). ~ m. 

Both the velocity and the deformation gradient are constant along the wavelets ). = 

= const., 0 ~ A ~ m. Substitution of the relations (4.3) into Eq. (3.9) completes the 
solution. 

Whether the solution U 2 = c2 (1 + 31Jv2
), - m ~ v ~ 0, represents a simple wave 

depends on the sign of the constant which, by the relations (3.4), is clearly a property 
of the material (3.1). Each of the forward-propagating wavelets is identified by assigning 
to it a fixed value of v equal to ). - m. The leading wavelet is assigned here v = - m and 
the following wavelets are given by the increasing values of the deformation gradient v. 
Thus a wavelet {v} precedes the wavelet {v+ e }, e > 0. The trailing wavelet corresponds 
to v = 0. If 1J is positive, that is if U, is decreasing across the wave as v varies from - m 
to 0, then the wavelets given by higher values of v travel at lower speed. In the (X2 , t) 

plane (Fig. 2b) the corresponding characteristics form a fan of diverging rays issuing 
from the origin. In this case the solution (3.9) represents a simple wave propagating into 
a deformed material and unloading it to a state of zero strain. The region of a simple 
wave is given by 

(4.4) c · t ~ X 2 ~ c y'1 +31]m2t . 
If 1J is negative, the speed of the reflected wave is an increasing function of v. Conse

quently, the wavelet {v+ e} propagates at a higher speed than the preceding wavelet 
{v} and a solution (3.9) no longer represents a sim pie wave. 

Suppose that 1J < 0 and that region 1 (Fig. 2) connecting regions 0 and 2 is a shock 
wave propagating in the positive direction of the X2-axis; the wave front is parallel to the 
boundary X 2 = 0. The equations of motion (2.4) are now replaced by the jump conditions 
(2.5) connecting the corresponding quantities in regions 0 and 2 across the wave. 

The constant state ahead of the wave (region 2) is given by Eqs. (3.5), (3.6) and (3.14). 
The constant state behind the wave (region 0) has zero strain. Thus [v] = - (vl = m. 
Eliminating the velocity jump [u] from Eqs. (2.5) we obtain the equation for the reflected 
shock speed: [T32] = ev; [ v ], or 

(4.5) v; = c2 (1 +1]m2 ) 

which is exactly the equation for the speed of the incident wave. 
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Equation (4.5) represents a weak solution of the reflection problem considered in this 
section. As such, this solution does not possess the uniqueness property of the smooth 
solutions. According to LAX [4], for Eq. (4.5) to represent an admissible shock, it must 
also satisfy a stability criterion: 

(4.6) 

where u~ and u; is the characteristic (acoustic) speed (3.9) in the material region behind 
and in front of the shock, respectively. 

Since (U~2 = c2
, (U[) 2 = c2 (l +31Jm2

) and the 17 < 0 condition (4.7) is satisfied and 
Eq. (4.6) represents a shock X2 = V,t (Fig. 3), the shock unloading the material. 

0 b 

FIG. 3. Reflected wave, mixed boundary. (a) YJ > 0, (b) 1J < 0. 

4.2. Clamped boundary 

Let us assume that the incident shock is reflected from a rigidly constrained boundary; 
this means that 

(4.7) u = 0 on x2 = 0. 

In this case it is convenient to choose u as a parameter of the. reflected wave. From Eqs. 
(3.14), (4.7) and (3.11) it follows that -mV ~ u ~ 0 and that v is a decreasing function 
of u, v(O) < -m. As v has a fixed negative sign throughout the wave, the sign 
derivative of the wave speed (3.9) 

(4.8) 
dU 
--' = -3c2'YlU- 2v du ., r 

is the same as the sign of 17· If 17 < 0, then U, is decreasing as u varies from u = - mV 

to u = 0 and the solution u; = c2 (l +31]v2
), v = v(u), -mV ~ u ~ 0 represents a simple 

wave. The gradient v increases in absolute value across the wave, thus the wave is of the 
loading type. The region of the reflected wave is given by 

{4.9) 

where v0 = v(O) is a solution of Eq. (4.2) for u = 0. 
If 17 is positive, the speed U, is an increasing function of u and the solution (3.9) does 

not represent a simple wave. Let us suppose now that the reflected wave is a shock (region 
1). The constant state behind the shock (region 0) has nonzero strain, the deformation 
given by v0 . The jump of the deformation gradient across region 1 is [ v] = v0 + m. Since 

http://rcin.org.pl



NORMAL SHOCK REFLECTION IN RUBBER-LIKE ELASTIC MATERIAL 683 

[u] = -[v]V, and [u] = mV, it must be v0 < ·-m. From Eqs. (2.5) and (3.7) we obtain 
the equation for the reflected shock speed V,: 

(4.10) 
[T32] = e[v] v;, 

The characteristic speed U, behind and ahead of the wave can be found from Eq. (3.9) 
by substituting for v the value v0 or m, respectively. Thus (U~)2 = c2 (1 + 31Jv~), (Ut) 2 = 
= c2 (1 + 31Jm2 ). Also, since v0 < - m and m is positive, 

3v~ > v~-v0m+m2 >3m2
, 

and the stability condition · ( 4.6) for the solution ( 4.1 0) is satisfied for an arbitrary value 
of the incident shock strength m. Thus the reflection solution is a shock: X 2 = V,t, the wave 
loading the material. 

4.3. Free boundary 

Consider a case in which the stress vector t1 = T1a.Ka., Ka. = (0, -1, 0) vanishes on 
the plane X 2 = 0. The first stress condition (3.7)1 is satisfied identically. The second stress 
condition (3.7h leads to the condition (4.1). The third stress condition which must be 
satisfied on X 2 = 0 in both regions 3 and 0, (Fig. 2a) determines the hydrostatic pressure p 
in region 3: 

(4.11) 

and in region 0: 

(4.12) Po = P3. 

The function p is continuous throughout regions 0-1 -2 but it suffers a jump across 
the shock surface that separates regions 3 and 2. To find p7, in region 2, we use the jump 
conditions (2.5)1 • The condition [T12] = 0 satisfied iden'ically the second condition 
[T22] = 0 together with Eqs. (3.7)3 and (3.14}1 , give the jump of p. The function p2 in the 
region of constant state is 

(4.13) 

In region 1 the deformation gradient and velocity are completely determined by Eq. (4.2) 
as continuous functions of the wave parameter in the interval 0 ~ A. ~ m. The derivative p' 
of the scalar function can be computed from Eqs. (2.9) and (2.11) [3]. 

(4.14) p' = uU- 2QlJu'ln1• 

These equation was derived for an arbitrary homogeneous incompressible elastic material 
and arbitrary deformation. In the special case considered here this equation is reduced 
to the form 

(4.15) 

Direct integration with the aid of the expression (3.13)1 gives 

(4.16) p(A.) = -4C3 (v(A.) ) 2 +c. 
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Due to continuity throughout regions 0- 1 -2, the function p( ).) must satisfy two conditions 
p(O) = p2 and p(i) =Po where p2 and Po are given by the relations (4.11) and (4.12). 
Hence 

(4.17) 

and this equation satisfies the second condition. This implies that the reflection problem 
for the case of the free boundary coincides with the case of the frictionless-rigid boundary 
and has a solution in the form (4.2), (4.3) with the additional pressure distribution given 
by Eq. (4.17). 

5. Numerical solutions 

The reflection solutions for 'YJ > 0 discussed in Sect. 4 are examined here numerically 
for the material (3.1) with the constants: C1 = 0.64, C2 = 0.09, C3 = 0.07 (in kG/cm2

) 

and for some values of the incident shock wave strength: m = 0,1, 0.6, 1.1, 1.6, 2.1, 2.6. 
For the boundary conditions considered here the differential equation which govern the 
variation of the component v().) of the deformation gradient and the equation of the 
particle velocity u().) can be integrated directly with the initial conditions (3.14). 

5.1. Frictionless-rigid boundary 

As is seen from the relations (4.3), the component v().) of the deformation gradient 
is a linear function of the wave parameter A. The equation for the speed of propagation 
of the simple wave (3.9) with the relations (4.3) is 

(5.1) Ur().) = y'c2 (1+31)(A-m) 2 , 0 ~). ~ m 

u 20 
r 

m;s 

0.6 1.1 

Ur= c :15.77 

1.6 2.1 2.6 

FIG. 4. Speed of the reflected simple wave U,(.A.) as function of wave parameter and some values of m. 
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and represent one-parameter family of hyperbolical segments. The minimum value U, = c 
occurs for A = m. Figure 4 shows that the graphs of U,(A) for various values of the 
parameter m, become more curved with increasing m. 

The form of u(A) Eq. (4.2) is more complex. Direct integration of Eq. (4.2) with the aid 
of the relations (4.3) gives 

(5.2) u(A) ~ ~ }"3'] [m(tp-</>)- Atp+ 3~ In 1 ~!~:'~J -mV, 0:;; A:;;m, 

where 

<f>(m) ~ V 31'7 +m 2
, tp(A, m) ~ V ;'1-+(A-m) 2

• 

The numerical results show that the graphs u(A) become less "curved" with the decreasing 
values of the incident shock wave strength (Fig. 5). For a small values of m the curve 

100 

u(~) so 
mjs 

3 

FIG. 5. Relation befween particle velocity u(.A.) and wave parameter. 

u(.A) is almost a straight line. The function u(.A) is an increasing function of the wave par
ametr .A., when A ranges from 0 to its extreme value X > 0. In the case of oblique reflection 
the component x~ = v(A) vanishes on a frictionless rigid boundary plane X 2 = 0. The 
other component x~(A) and particle velocity u(A) are decreasing with A changing from 0 
to X< 0. 

In the case considered here only the functions u(}.) and v(.A) can change in the region 
of the simple wave. The values of the function v(.A) on the plane X 2 = 0 change rapidly 
from v = -m to v(X) = 0 and the work of el~stic forces causes the increment of the 
kinetic energy which can be realized probably at the growth of the particle velocity u(.A). 
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5.2. Free boundary 

· The numerical solutions for v(l) and u (A) are such as for a frictionless-rigid boundary. 
The pressure p(l) in the region of the simple wave is given by Eq. (4.17). Using the 
relations (4.3), this equation can be written as 

(5.3) 

The graphs in Fig. 6 form a one-parameter family of parabolical segments. For ). = m 
the function p(A) reaches its minimum value p(1) = p0 = -2.48 kGjcm2 • 

- 4 

p 
f<GA:rn2 

-3 

0.6 1.1 1.6 
A. 

2 3 
2.1 2.6 

FIG. 6. The pressure distribution in region of simple wave. 

5.3. Clamped boundary 

According to the discussion given in Sect. 4, for 'YJ > 0 the solution in the form of the 
simple wave fails and the reflection solution is a shock wave. The jump of the deformation 
gradient across region 1 is [v] = v0 +m. Since [u] = -[v]V, and [u] = mV, we obtain 
the equation for the component v 0 of the deformation gradient behind the reflected shock 
wave 

(5.4) -(v0 +m)V, = mV. 

Now, using Eqs. (4.10}, the above equation can be written as the algebraic cubic equation 
for v0 , with the coefficients depending on 'YJ and m. This equation is solved numerically 
by the Newton-Raphson l?rocedure for some values of the incident shock wave strength. 
Some results are presented graphically in Fig. 7. The inequality v0 < -m selects uniquely 
the real roots. Figure 8 refers to a stability criterion (4.6) and presents the reflected shock 
wave speed V, the acoustic speed (U,)8 ,. (Ust in the material region behind and in front 
of the reflected shock wave as functions of the parameter m. 
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10~----------------~--------------------~----------------~ 
0 2 3 

m 
FIG. 7. The component of the deformation gradient v 0 behind the reflected shock wave. 

rn 
FIG. 8. Wave speeds (U,)•, V,, (U,)' as functions ?f m. 
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