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O N D E FI NI T E  D O U B L E I N T E G R A TI O N, S U P P L E M E N T A R Y  

T O A  F O R M E R P A P E R O N  T H E M O TI O N  A N D  R E S T  

O F  F L UI D S.

[ P hil os o p hi c al M a g azi n e,  xι v.  ( 1 8 3 9), p p. 2 9 8 — 3 0 0.]

In  a  p a p er  o n  Fl ui ds  w hi c h  a p p e ar e d i n t h e D e c e m b er  N u m b er  of  t his 

M a g azi n e,  I h a d  o c c asi o n  t o r e m ar k, t h at t h e m ass  of  a n ar e a  h a vi n g  at  t h e 

p oi nt  { x, y) a  d e nsit y + c θ ul d  b e  e x pr ess e d  b y  t h e si m pl e f or m ul a

I b ei n g  t h e l e n gt h, a n d ds  a n el e m e nt of  t h e b o u n di n g  c ur v e  : t his m a y  b e  

t h o u g ht t o r e q uir e s o m e e x pl a n ati o n.

( 1) L et  A P B q  r e pr es e nt a n y o v al; P p L,  Q, q M  a n y t w o c o nti g u o us
or di n at es  c utti n g  t h e c ur v e  i n r p, '. p] 
r es p e cti v el y, A G,  B D  t h e t w o e xtr e m e  
t a n g e nts p ar all el t o 0 y,  a n d p t h e 
d e nsit y  at a n y  p oi nt  ( x, y). T h e  e x 
pr essi o n  ∖ ∖ ρ d x d y  will  s er v e t o d e n ot e  

t h e m ass  of  t h e o v al  ar e a A P B q,  a n d  
t h e li mits m a y  b e  t wi c e t a k e n, t h at is, 
(i) t h e t w o v al u es  of  y c orr es p o n di n g  
t o a n y o n e of x ; a n d (ii) t h e t w o 
v al u es  of  x  c orr es p o n di n g  t o C  a n d  D.  

T his  m et h o d  is i n f a ct t a nt a m o u nt t o 
t a ki n g t h e s u m of  t h e c ol u m ns P p  
q Q∙, b ut t his is n ot n e c ess ar y, f or

A P B q  m a y  b e c o nsi d er e d as t h e al g e br az c al  s u m ot t h e mι xtιlι n e ar  ar e a  
A P Q B D G,  a n d t h e mi xtili n e ar  ar e a B D G A p q,  o x (if a n y li n e 0' G' D' b e  

dr a w n  p ar all el  t o 0 G L M D}  of  A P Q B D' G'  a n d  B D' G' A p q.

T h us  t h e n t h e m ass  =  ̂ d x  { ^ ρ d y },  ̂ p d y b ei n g  l eft i n d et er mi n at e, a n d  t h e 
e xtr e mit y  of  x  tr a v ell e d r o u n d fr o m G  t o D,  a n d  b a c k  a g ai n  fr o m D  t o G.
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This will be better expressed by transforming the variable, and summing 
with respect to some quantity, such as the arc of the curve, which contin
uously increases, or if we please, with respect to θ, the angle subtending any 
point taken within the curve.

The mass is then

always remembering that no constant need be added to ∕pcZy, and that the 
doubtful sign arises from the choice of ways in which θ may be measured 
round. If the area be not included by one line; but by several, as for 
example, by a curve and a right line, the above integral, if broken up into 
as many parts as there are breaches of continuity, will still apply.

(2) Let us suppose that we have two areas exactly coinciding with, and 
. overlapping one another; but the density of the one at (ic, y) to be ρ, and of 

the other p'.

Let the mass of the first be treated as the sum of columns parallel to 0y, 
and that of the second as the sum of columns parallel to Qx,

The one will be represented by 

the other will be represented by 

and the sum of the two, or the joint mass, by

So long as these two operations are performed separately, the doubtful 
signs may be preserved in each term, because s need not be travelled round 
in the same direction for the two summations; but if we perform the second 
integration conjointly for the two masses, their sum

the mark of interrogation denoting that one or the other, but not &ither of the 
signs + must be used, and the question is, which ?

This will be answered by taking different points in the bounding line 
which may be continuous or not. Now every line returning into itself, 
whether continuous or not, will naturally divide with respect of any given
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system of axes, into at most four parts, or sets of parts; two in which dx and 
dy both increase or both decrease, and two in which one increases and the 
other decreases.

Take Pl, P^, P^, Pi, any points in the four quadrants respectively, it
will be observed that.

At Pl the ρ column enters ad
ditively, and the ρ' column subtrac- 
tively.

At P2 both columns are additive.
At P3 the p' column is additive 

and the ρ column subtractive.
At Pi both columns enter subtrac- 

tively.
Again, reckoning round in the 

direction of the arrows.

At Pl, a; and y are both increasing.
At Pg, a; is increasing and y decreasing.
At P3, a: and y both decrease.
At P4, a: is decreasing and y increasing.
Thus when jpdy and ip'dx are affected with the same signs, dx and 

dy βxe of opposite signs; and when ipdy, jp'dx of opposite signs, cZa; and 
dy are of the same sign.

Hence it appears that the mass of the area, whose density at (x, y} is 
p -I- p', is capable of being represented by
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