
67.

ON A FUNDAMENTAL RULE IN THE ALGORITHM OF 
CONTINUED FRACTIONS.

[Philosophical Magazine, vι. (1853), pp. 297—299.]

Let &c. be any continued fraction, and let the successive

convergents &c. be called &c., and let Di be denoted

by (o⅛, a^.-.ai)*, then the following identity obtains which I regard as the 
fundamental theorem in the theory of continued fractions, but which I have 
never seen stated in any work where this subject is treated [cf. pp. 530, 618 
above].

Theorem.

Corollary 1.

This is the well-known theorem

which, however, is only a case of a much more general theorem easily deduced 
from the fundamental theorem given above. In fact, we may derive im
mediately from the latter, the equation

s.
* It is essential to notice that (oj, ∙∙∙ β») = (®*) <ϊ»-ι···«ι).
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H e n c e

(f e e. & c.

C or oll ar y  2.

S u h- c or oll ar y. If all t h e s e v er al q u a ntiti es  a-ι,  a ,̂  a ^  ... ar e e q u al  t o o n e  

a n ot h er,  t h e q u a ntit y  Df Dj ^  —  D g D ^  is c o nst a nt i n m a g nit u d e,  b ut  alt er n ati n g  
i n si g n, s o l o n g as t h e diff er e n c es of t h e i n di c es f, g,  ∖  k ar e c o nst a nt;  

a n d  as  a n  e as y  d e d u cti o n  fr o m t his s u b- c or oll ar y, if

b e t h e c h ar a ct eristi c e q u ati o n of a r e c urr e nt s eri es, a n d if f + k ≈ q +  h,

will  b e c o nst a nt ; a n d as a p arti c ul ar  c as e of  t his d e d u cti o n

fr o m t h e s u b- c or oll ar y t o t h e s e c o n d c or oll ar y of  t h e f u n d a m e nt al t h e or e m, 

w e  h a v e

t h at is

a  c o nst a nt.

a  c o nst a nt,

w hi c h  is E ul er ’s t h e or e m. S e e  T er q u e m ’s N o u υ ell es  A n n al es,  V ol.  x.  p.  3 5 7,  
a n d  N o v e m b er  1 8 5 2.

I w as  l e d u p  t o a k n o wl e d g e  of  t h e f u n d a m e nt al t h e or e m ( b e it n e w  or  

ol d) b y s o m e r e c e nt r es e ar c h es c o n n e ct e d w dt h  m y  n e w ’ R ul e  of Li mits,  

c o nsi d er e d wit h  r ef er e n c e t o t h e c o n diti o ns w hi c h  m ust  b e  s atisfi e d w h e n  o n e  

of t h e li mits f o u n d b y  t h e r ul e c o m es i nt o a ct u al c o nt a ct wit h  a r o ot; 

a  c o nt a ct w hi c h  I c a n  d e m o nstr at e  is al w a ys  p ossi bl e,  as  w ell  f or t h e s u p eri or 

as f or t h e i nf eri or li mits, a n d wit h  s o m u c h  t h e f e w er e q u ati o ns ( as dis 

ti n g uis h e d fr o m i n e q u ati o ns) of  c o n diti o n b et w e e n t h e c o effi ci e nts of t h e 

ass u m e d a u xili ar y f u n cti o n w hi c h  t h e a p pli c ati o n of t h e r ul e of li mits 

r e q uir es, as t h er e ar e f e w er p airs  of  i m a gi n ar y r o ots i n t h e f u n cti o n w h os e  

r o ots ar e  t o b e  li mit e d.
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I may add that the fundamental theorem is an immediate result of the 
representation of the terms of the convergents to a continued fraction under 
the form of determinants. Thus, for example, the determinant 

is obviously decomposable into 

or into 

or into 

that is

Thus the whole of the properties of continued fractions are deduced 
without algebraical calculation from a theorem which itself springs im
mediately by inspection from the well-known simple rule for the decom
position of determinants.

If instead of a simple set a triple set of quantities be taken, as
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which, when i = 1, i = 2, i = 3, i = 4, &c. is to be interpreted to mean

&c. respectively, the value of the determinant represented by any such set 
being called Ti, we have in general 

which, when and li∏i are constant, becomes the characteristic equation 
to an ordinary recurring series. The theorem corresponding to the funda
mental theorem for such triple sets will be
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