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BRIEF NOTES 

On the existence and uniqueness of solutions in the linear 
theory of Cosserat elasticity. 11 

1. Introduction 

V. GHEORGHIT A (IA$0 
r 

IN [1] THE NOTION of generalized solution with finite energy (in the sense of VISHIK 
and LADYZENSKAYA [2]) to the dynamical problem of linear Cosserat elasticity 
is defined. The existence and uniqueness of a generalized (weak) solution in the case 
of zero initial conditions is proved. The present paper is concerned with some existence 
and uniqueness theorems in the dynamic theory of Cosserat elasticity for the general 
case of non-zero inttial conditions. The existence theorem is derived by energy 
arguments. A uniqueness theorem of the classical solution for the mixed dynam
ical problem is given too. The approach of proof depends upon convexity 
arguments. 

LET Q BE a bounded domain and properly regular in the sense of FICHERA [3] in the Euclide
an space R3 with orthogonal coordinates x = (x1 , x2 , x3). 

By iJQ we denote the boundary of Q. Let (0, T) be a time interval with 0 < T < + oo 
and Q the right-hand cylinder Q = Q x (0, T). 

We shall consider the spaces C"'(Q), L2 (Q), C"'(Q), L2 (Q) of scalar and vector functions 
as defined in the usual way. We denote by Wi(.Q), and Wi(.Q) the completions of the 

spaces C"'(Q) and C"'(Q) in the norms induced by the inner products: 

(1.1) 

and 

(1.2) 

respectively. 

m 

(cp,1p)wT = .2; J 'P,k 1k2k3 'P.k 1k2k3 dx, k = k1 +k2+k3 
k=OD 

4 

( u, v)~~ = }; (uJ, v)w~<D>' 
j= I 

Here as well as further we employ the summation convention for repeated indices; 
a comma followed by a subscript indicates differentiation with respect to the space variables 
Xt (i = I, 2, 3). 

We shall consider the spaces C"'(Q), C1(Q), W~(.Q), WHQ), !l'2 (Q), ~1 (Q), ~1 (Q), 

C"' ([0, T]; H), LP ([0, T); H), ~(Q), ff(Q), Jf1(Q), £ 1{Q), ff~(Q), defined in ~he same 

manner as in [IJ. In addition, we denote by 'iri(Q), ,Y·i(Q) the Sobolev spaces 1f"1(!J)= 
= Wi(Q) X W1(Q); "/lri(Q) = W1(Q) X Wi(Q). 
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2. Formulation of the dynamicaJ problem 

The basic equations in the linear theory of non-homogeneous and anisotropic Cosserat 
elastic solids are: 

the equations of motion< 1> 

(2.1) 

the constitutive law 

(2.2) 

the kinematic relations 

, 1,,1+F, = eu,, 
f.tJi,J+eiJk+ M, = el;k(/Jb 

''J = EiJkl'Ykz+K,Jkt~k, 
P,;J = KkliJ'Ykt + MiJkt ~k,, 

(2.3) /'i} = Uj,i-Eijk(/Jb ~ij = (/Jj,k· 

In these equations, T 1j(x, t) and P.ii(x, t) represent the stress tensor and the couple
stress tensor, respectively; u1(x, t)- the displacement vector; qJ;(x, t)- the microrotation 
vector; F;(x, t)- the body force vector; M 1(x, t)- the body couple vector; y;j(x, t)
the strain tensor; ~ii(x, t)- the microstrain tensor; e(x)- the mass density; J,k(x)
the microinertia coefficients; E;1k1(x), K11k1(x), M;1k,(x)- the characteristic constants 
of the material; eiik- the unit antysymmetric tensor. 

The tensors E11k 1, M,1k,, l;k are assumed to meet in fJ the following conditions of sym
metry: 

(2.4) E;1kz(x) = EkliJ(x), MlJkt(x) = Mkz;j(x), J;k(x) = Jki(x). 

Let fJ c R3 be a bounded domain and C 1 - smooth. By o!J we denote the boundary of !J. 
DEFINITION 2.1. By a classical solution for the dynamical problem of the linear theory 

of Cosserat elasticity in the cylinder Q = Q x (0, T), we mean a pair (u, cp) E [C2(Q)fl 

flC1 (Q)] x [C2 (Q)flC1 (Q)] satysfying the system (2.1)-(2.3) for (x, t) E Q, together with 
the boundary conditions: 

(2.5) u = 0, cp = 0 on o!J x (0, T) 

and initial conditions 

(2.6) (u(x, 0), u(x, 0), cp(x, 0), cp(x, 0)) = (uo(X), Do(x), cpo(x), cpo(x)), 

where u0 (x), u0 (x), cp0 (x), cp0 (x) are prescribed functions on !J. 

3. Tbe existence and uniqueness of a generalized solution 

In the present section we establish the existence of a unique generalized solution for the 
dynamical problem of linear Cosserat elasticity (2.1)-(2.6) in the general case of non-zero 
initial conditions. 

We make the same assumptions as in Sect. 3 [1]. 

We define the linear functionals ~(y, z), ~(f, z), G(Jlo, z) for z E J--(Q) as in Sect. 3 
[1]. 

<I> A superposed dot is used for time differentiation. 
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We recall the definition of the generalized weak solution for the dynamical problem 
of linear Cosserat elasticity (2.1)-(2.3), (2.5)-(2.6) in the sense of VISHIK and LADYZEN

SK~YA (2]. 
DEFINITION 3.1. The pair y = (u, cp) E £'1(Q) will be called a finite energy solution for 

the dynamical problem (2.1)-(2.3), (2.5)-(2.6) with the initial condition (y0 , .Yo) E "/lti(Q) x 

x !£ 2 (Q), the body source being f = (F, M) E L1 ( [0, T]; !!' 2 (Q)) if y satisfies the following 
conditions: 

(3.1) 

(3.2) 

!l'(y, z) = ~(y, z)+8(Y0 , z), z E £'1.(Q), 

limy(t) = y0 {limit in 2 2 (Q)). 

Now we are ready to state and prove the existence theorem for general initial conditions. 
It is proved that the solution is stronger than required by the definition of a finite energy 
solution. 

THEOREM 3.1. Let the following conditions 1)-2) be satisfied: 

1) f = (F, M) E ~m+1 ([0, T]; !!' 2(Q)), 

2) Yo E ~m+J(Q), Yo E ~m+ 2 (.Q). 

Then there exists a unique finite energy solution y = (u, cp) of the dynamical problem 

(2.1)-(2.3), (2.5)-(2.6) in Q and, furthermore, yE cm ([0, T]; 'ifi(.Q)). 
The proof of this theorem is based on theorem 2 [1] from the case of zero initial condi

tions. The proof method we have used is a recurrence one. 

4. The uniqueness of a classical solution 

In this section we give the definition of a classical solution for the mixed dynamical 
problem of Cosserat elasticity and prove a uniqueness theorem without supposing the 
energy of deformation is a positive definite quadratic form. 

Let Q c: R3 be a bounded domain and C 1 -smooth. By o.Q and n(ni) we denote the 
boundary of Q and the unit outward normal on oQ, respectively. 

DEFINITION 4.1. By a classical solution for the mixed dynamical problem of the linear 
theory of Cosserat elasticity in the cylinder Q = Q x (0, T) we mean a pair y = ( u, cp) E 

E [C2(Q)nC1 (Q)] x [C2 (Q)nC1 (Q)] satisfying the system (2.1)-(2.3) for (x, t) E Q together 
with the boundary conditions 

(4.1) 
u = u; cp = cp on oQ 1 X (0, T), 

and the initial conditions (2.6). 
Here, oQ1 and o!J2 are fixed subsets of cQ such that o.Q = oQ1 uo!12 • 

Because of the linearity of the system (2.1)-(2.3) it is sufficient to prove the unicity 
of solution for the mixed dynamical problem with homogeneous boundary conditions 
and homogeneous initial conditions. 
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THEOREM 4.1. Let the following conditions 1)-2) be satisfied: 

1) Eiikl(x), Miikl(x), Kiikl(x), e(x), Jik(x) E C(.Q), 

2) e(x) > 0 and l;~c~i~k ~ ).~'~' for every "Yector ~(~i) E R3
,). > 0. 

Then, the mixed dynamical problem with homogeneous conditions has only null 
solution. 

The proof of this theorem is derived by convexity arguments which are due to KNOPS 

and PAYNE and currently used in the study of improperly posed problems [4]. 

References 

1. V. GmORGHITA, On the existence and uniqueness of solutions in linear theory of Cosserat elasticity. I, 
Arch. of Mech., 26, 5, 933-938, 1974. 

2. M. I. VIsmK and LADYZENSKAYA, Uspehi Mat. Nauk, 11, 6, 41-97, 1956. 
3. G. FICHERA, Lectures on elliptic differential systems and eigenvalue problems, Springer, Berlin-Gottingen· 

Heidelberg 1965. 
4. R. L. KKOPS and L. E. PAYNE, Uniqueness in classical elastodynamics, Arch. Rat. Mech. Anal., 27, 

349-355, 1968. 
5. C. M. DAFERMOS, On the existence and the asymptotic stability of solutions to the equations of linear 

thermoelasticity, Arch. Rat. Mech. Anal., 29, 241-271, 1968. 
6. A. C. ERINGEN, Linear theory ofmicropolar elasticity, J. Math. Mech.,lS, 909-924, 1966. 
7. W. NOWACKI, Linear theory of micropo/ar elasticity, Symposium on micropolar elasticity, CISM, 

Udine 1972. 
8. R. STOJANOVIC, The nonlinear elastic Cosserat continua, Symposium on micropolar elasticity, CISM, 

Udine 1972. 
9. I. HLAVACEK and M. HLAVACEK, On the existence and uniqueness of solution and some variational principles 

in linear theories of elasticity with couple-stresses. I. Cosserat continuum, Aplikace Matematiky, 14, 
387-410, 1969. 

10. D. IE~AN, On the positive definiteness of the operator of the micropo/ar elasticity, J. Eng. Math., 8, 2, 

107-112, 1974. 
11. J. IGNACZAK, Tensorial equations of motion for materials with microstructure, W. Nowacki Anniversary 

Volume, Woters-Noordhoff Publishing Co., 91-111, 1971. 
12. W. S. EDELSTEIN, A uniqueness theorem in the linear theory of elasticity with microstructure, Acta Mecha

nica, 8, 183-187, 1969. 

CENTER OF TECHNICAL AND PHYSICAL RESEARCHES 
IASI, ROMANIA. 

Received February 21, 1976. 

http://rcin.org.pl




