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BRIEF NOTES

On the existence and uniqueness of solutions in the linear
theory of Cosserat elasticity. II

V. GHEORGHITA (A$D

In [1] THE NoTION of generalized solution with finite energy (in the sense of VISHIK
and LADYZENSKAYA [2]) to the dynamical problem of linear Cosserat elasticity
is defined. The existence and uniqueness of a generalized (weak) solution in the case
of zero initial conditions is proved. The present paper is concerned with some existence
and uniqueness theorems in the dynamic theory of Cosserat elasticity for the general
case of non-zero inuial conditions. The existence theorem is derived by energy
arguments. A uniqueness theorem of the classical solution for the mixed dynam-
ical problem is given too. The approach of proof depends upon convexity
arguments,

1. Introduction

LeT £2 BE a bounded domain and properly regular in the sense of FICHERA [3] in the Euclide-
an space R?® with orthogonal coordinates x = (x,, x;, x3).

By 2 we denote the boundary of £2. Let (0, T) be a time interval with0 < T < + 0
and Q the right-hand cylinder Q = 2 x (0, 7).

We shall consider the spaces C™(2), L,(2), C™(2), L,(£) of scalar and vector functions
as defined in the usual way. We denote by W73(£2), and W5(£2) the completions of the
spaces C™(2) and C™(&) in the norms induced by the inner products:

(1.1) @ 0wr = [ Ok Pugsds, k= ki ko +k;
k=00
and
4
(1.2) (uw, Vr = Y @, )w™a),

J=1
respectively.

Here as well as further we employ the summation convention for repeated indices;
a comma followed by a subscript indicates differentiation with respect to the space variables
x(i=1,2,3).

We shall consider the spaces C™(Q), C'(Q), W3(Q), Wi(Q), £,(Q), ¢'(Q), ¢(Q),
C™ ([0, T); H), L, ([0, T]; H), #(Q), #(Q), #'(Q), #"(0), #(Q), defined in the same
manner as in [1]. In addition, we denote by % 1(2), %"5(®2) the Sobolev spaces % 1(2)=
= Wi(Q) x Wi(Q); #3(Q) = Wi @) x W(@).
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2. Formulation of the dynamical problem

The basic equations in the linear theory of non-homogeneous and anisotropic Cosserat
elastic solids are:
the equations of motiont"

@1

the constitutive law

T+ F = oily,
Wiyt it My = oJu@r,

2.2) Ty = Eyayu+ Kijuru,
iy = Kuigpa+ Mijuru,

the kinematic relations
23) Vi = Wi~ EiaPrs  Kij = Pk

In these equations, 7;;(x, ) and w;;(x, r) represent the stress tensor and the couple-
stress tensor, respectively; u;(x, t) — the displacement vector; ¢;(x, ) — the microrotation
vector; Fi(x, t) — the body force vector; M;(x, t) — the body couple vector; y;;(x, t) —
the strain tensor; x;;(x, ) — the microstrain tensor; g(x) — the mass density; Ji(x) —
the microinertia coefficients; Eju(x), Kiju(x), Miu(x) — the characteristic constants
of the material; &; — the unit antysymmetric tensor.

The tensors Eiji, Miju, Jix are assumed to meet in 2 the following conditions of sym-
metry:
(2.4) Eju(x) = Eay(x), Myu(x) = Myif(x), Ju(x) = Ju(x).
Let 2 < R® be a bounded domain and C! — smooth. By 82 we denote the boundary of 2.

DEFINITION 2.1. By a classical solution for the dynamical problem of the linear theory
of Cosserat elasticity in the cylinder Q = 2 x (0, T), we mean a pair (u, @) € [C*(Q)n
NCY(Q)] x [CX(Q)NC!(Q)] satysfying the system (2.1)~(2.3) for (x,?) € Q, together with
the boundary conditions:
(2.5 u=0, =0 on d2x(0,7)
and initial conditions
(26) (II(I, 0)’ il(x$ 0): (P(X, 0)! ‘ﬁ(x’ 0)) = (IIQ(X), &O(x)r ‘Pﬂ(x)! téﬂ(x))s

where uy(x), #,(x), @o(x), Po(x) are prescribed functions on Q.

3. The existence and uniqueness of a generalized solvtion

In the present section we establish the existence of a unique generalized solution for the
dynamical problem of linear Cosserat elasticity (2.1)~(2.6) in the general case of non-zero
initial conditions.

We make the same assumptions as in Sect. 3 [I].

We define the linear functionals Z(y, z), 2(f, z), (o, z) for z € 5:'(Q) as in Sect. 3
[1].

) A superposed dot is used for time differentiation.



ON THE EXISTENCE AND UNIQUENESS OF SOLUTIONS IN THE LINEAR THEORY OF COSSERAT ELASTICITY. II 357

We recall the definition of the generalized weak solution for the dynamical problem
of linear Cosserat elasticity (2.1)-(2.3), (2.5)-(2.6) in the sense of VisHIK and LADYZEN-
SKAYA [2].

DEFINITION 3.1. The pair y = (u, @) € £ (Q) will be called a finite energy solution for
the dynamical problem (2.1)-(2.3), (2.5)-(2.6) with the initial condition (yo, Jo) € W Q)%
X %,(82), the body source being f = (F, M) € L, ([0, T]; £,(R)) if y satisfies the following
conditions:

3.1) L(y,2) = D, 2)+E(o,2), z€HQ),
(32) limy(t) = yo  (limitin £,(Q)).

Now we are ready to state and prove the existence theorem for general initial conditions.
It is proved that the solution is stronger than required by the definition of a finite energy
solution.

THEOREM 3.1. Let the following conditions 1)-2) be satisfied:

) f= @ M)es" ([0, T]; £.(9),
2) Yo e€™3(Q), joe¥mtQ).

Then there exists a unique finite energy solution y = (u, ¢) of the dynamical problem
(2.1)-(2.3), (2.5)(2.6) in Q and, furthermore, y € C™ ([0, T7; #}ifﬂ)).

The proof of this theorem is based on theorem 2 [1] {rom the case of zero initial condi-
tions. The proof method we have used is a recurrence one.

4. The uniqueness of a classical solution

In this section we give the definition of a classical solution for the mixed dynamical
problem of Cosserat elasticity and prove a uniqueness theorem without supposing the
energy of deformation is a positive definite quadratic form.

Let 2 = R? be a bounded domain and C! — smooth. By 2 and n(n;) we denote the
boundary of £ and the unit outward normal on 82, respectively.

DerFINITION 4.1. By a classical solution for the mixed dynamical problem of the linear
theory of Cosserat elasticity in the cylinder Q = 2x (0, T) we mean a pair y = (u, @) €
€ [C3(Q)NCY(Q)] x [CX(Q)NC (Q)] satisfying the system (2.1)~(2.3) for (x, ) € Q together
with the boundary conditions

u=1u; e=¢ on 02,x(0,7),
4.1) .
Ty = Twis ity = B on 082,%x(0,T)

and the initial conditions (2.6).

Here, 02, and 002, are fixed subsets of &2 such that R = Q,ud0,.

Because of the linearity of the system (2.1)-(2.3) it is sufficient to prove the unicity
of solution for the mixed dynamical problem with homogeneous boundary conditions
and homogeneous initial conditions.
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THeOREM 4.1. Let the following conditions 1)-2) be satisfied:
1) Eijil(x): Miju(x), Kyu(x), o(x), Ju(x)e CQ),
2) o(x)>0 and Ju&:& > A&E for every vector  &(&)e R3, 1> 0.

Then, the mixed dynamical problem with homogeneous conditions has only rull
solution.

The proof of this theorem is derived by convexity arguments which are due to KNoPs
and PAYNE and currently used in the study of improperly posed problems [4].
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