4.

ON CERTAIN EXPANSIONS, IN SERIES OF MULTIPLE SINES
AND COSINES.

[From the Cambridge Mathematical Journal, vol. 11 (1842), pp. 162—167.]

IN the following paper we shall suppose e the base of the hyperbolic system of
logarithms ; e a constant, such that its modulus, and also the modulus of % 1- s

are each of them less than unity; x{e"¥*"} a function of w, which, as w increases
from O to mr, passes continuously from the former of these values to the latter, without
becoming a maximum in the interval, f{e“¥™V} any function of u which remains finite

and continuous for values of u included between the above limits. Hence, writing

AeTERN I IR TR TN TR VB v il e Aneny (1),
and considering the quantity
JI=ef e}

J =1 ey (eud (=0} (1 — ¢ cos u)

s a function of m, for values of m or u included between the limits 0 and =, we have

J1=¢é fled v} 2y S0 f J1=¢ f{es¥} cos rm dm @)
—1eWN o/ fu¥ED) (1 —gcosu) T o =10/ (w0} (1 —gcosu)
Poisson, Mec. tom. I p. 650); which may also be written
p y
. ;J].-—e’f{Gu“_l)} =gz ® cosrmf, Jl_—_e’f{e“"'”}cosrx {E“'/("’)}du.”(‘t) A
-1 e¥¥ =) xr{eurl(—l)} (1 — e cos u) it T 0 1—ecosu :

nd if the first side of the equation be genmerally expansible in a series of multiple
osines of m, instead of being so in particular cases only, its expanded value will
lways be the one given by the second side of the preceding equation.
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20 ON CERTAIN EXPANSIONS, [4

Now, between the limits 0 and 7, the function
S {e“¥ D] cos ry {e¥ 0]

will always be expansible in a series of multiple cosines of u; and if by any algebraical
process the function fp cosryp can be expanded in the form

FooWENp SR el (U ) syt oniciosinsinyns g (3);
we have, in a convergent series,
Sl ) cosry [V V] =a, + 25° 4,€08 81 .....cervvennnnnnns (6).
Again, putting le 61 A S e G SIS (M),
5 Jl=# &
we have P A 14225 NPCOBPU: ..o esursonsmsnsuinneaionns (8).

Multiplying these two series, and effecting the integration, we obtain
— & f [eur ) u (=)
f JI=éf{eoosry (V) du 2 (38 + 57 (@)} oo 9),

1—ecosu

and the second side of this equation being obviously derived from the expansion of
fAcosryh by rejecting negative powers of A and dividing by 2, the term independent
of A may conveniently be represented by the notation

AT T )
Pl IR e Rt el e s s BB (10);

where in general, if I'A can be expanded in the form

PN SR [l Yol s sstissinace. (11),
we have g L L K e ey (12).
N—

|

(By what has preceded, the expansion of I'A in the above form is always possible

in a certain sense; however, in the remainder of the present paper, I'n will always
be of a form to satisfy the equation T (%) =T\, except in cases which will afterwards
be considered, where the condition A4_,= A, is unnecessary.) |

Hence, observing the equations (4), (9), (10),

Mf{e“”“l’} _s

J =1 Ve o/ (¥ D] (1 — ¢ cos )

'
:
from which, assuming a system of equations analogous to (1), and representing by II (%) i
J
|
!
)
;

_oeosrm 2co8 rYAf Ne.iueenes (13);
N ———

the product ®,®, ..., it is easy to deduce

{ Jl —é? } U (—1) Uy N (—1)
1\/—1€u¥(—1)x { "rk’(—l)}(l_ecosu) f{G , € ...}

=3_23 _2..IIcos rmII (2 cos ry\) f (M, 7\@\) ......... (14), ‘/
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where I" (\;, A, ...) being expansible in the form
o VR PR 50 T TR 10 e . PV . R (15),
® @® 1
P\, 0e.) =37 30 ... o Ao, s M, (16),
N being the number of exponents which vanish,

The equations (13) and (14) may also be written in the forms

J=1xn (1—je (A +27)

N1 =3 % cosrm 2cosryr
fleten} =3 x Tt

fleded, gnden |

=3_23 2.1 (cosrm) II {2 cos rxxJ——l_x,X\{/ll_ %;(X +7\'_1)}}f(7\,1, p BI04

As examples of these formule, we may assume

x{eV V) =m=u—esintU.cccccenriiinnninnnnninnnn.es (19).
Hence, putting
A B o T 0 U (e el (20),
and observing the equation :
J =1 N (SN =1 — 6008 U evvvnrnrenirenenieriens (21),

the equation (17) becomes

L=geqrrp

fle¥n}=3,_2 cosrmA, VA=) 5 N, o SRS (22).
Thus, if (N S e S S TG A R RACR (23),
1—ecosu
. CosSU—€ y
assumlng f {6'““_1)} = m ................................. (24‘),
cos (0~w)=3_= ./11 = cosrm{l—4e(A+A D} FA+AT)— e} A, ...(25),
the term corresponding to =0 being

1

2,./1_2?{

A—20—e(M+1)+26N], =—€ ooerrenrnnnn, (26).

Again, assuming

do J1-¢

S e} = o ey 1 SR T 7,
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22 ON CERTAIN EXPANSIONS, [4

and integrating the resulting equation with respect to m,

Jupus =200 @= m + 25 = g ................... (28),

a formula given in the fifth No. of the Mathematical Journal, and which suggested the
present paper.

As another example, let

df _J1—e (cosu—e)

fleN D} =cos (0 - =) " lgulills MO, < i AR (29).
Then integrating with respect to m, there is a term
i S T T i

I_:W ---------------------------------

which it is evident, d priori, must vanish. Equating it to zero, and reducing, we obtain

el s WO
i v e PR EUCR (31),
s e e e? é ‘
that 18 i—_—;=)\.+§(h’+l)+z(7\:“+3)\.}+§(7\.‘+47\’+3)+. ........ (32),

a singular formula, which may be verified by substituting for A its value: we then obtain

sin (6—w) =257 SRy 4 f‘;()’:);lj ..................... (33).

The expansions of sink(f —w), cosk (0 —=), are in like manner given by the
formulse

cos k(0 —w)=3_2A,L'cos kL COSTM ....coovvvvenrn. (34),
A et
sinb(0-w)=5_2A, eos kDT (35),

where, to abbreviate, we have written

et % (X + A'_1) T Y
cos {lm————— Teon +7\_16)} ol TR 7 ) ST (36),
1—=fe A+ _ .,
% oy L SR TN SRS e e ) 37).

-

Forming the analogous expressions for

cosk (¢ — =), sink (6 — =),
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ubstituting in
cosk(0—0)=cosk (w—w’) {cosk (0 —w)cosk (6 —=") +sink (6 — =) sink (8 — =)}
—sink (w—o') {sink (0 — @) cos k(0 —w’) —sink (¢ —w’) cos k (0 — =)},

and reducing the whole to multiple cosines, the final result takes the very simple form

cosk (0 —0)=2_7 cos {r'm' —rm + k (& — m';)} A, A’y cos kL cos kL' (L - Icl> (L’ —kl;,) ...(38).

T,

Again, formuls analogous to (14), (18), may be deduced from the equation

I'(my, m,...)

= B OIS cos(rlm1+r,m,...)f —2:@ 2m——’...cos(r1m1+r2m,...)I‘(ml, T i)
0 RS p £y

dm, [*™dm,
), 2w

Pl
+ sin (rym, +rym, . )f e8I (1 + 1y . ) T (g, my ..0) (39),
0

which holds from m; =0 to m,= 2w, &c., but in many cases universally. In this case,
writing for I'(m,, m,...) the function

o {J 1 JI=¢—esinu J:_l}f{eu,v(—x), e 1...(40);

1 N X' {ew(—u} 1—ecosu

and observing

i —e”—esinuJ—_l_l + Ne—uN (=)
1—ecosu T 1 = Ae U

an exactly similar analysis, (except that in the expansion
Ty M) =2 23 2. 4, 4o M e,
the supposition is not made that 4, ,..=4_, _...), leads to the result

Jl—e”——esinus/‘—_1 }
J =L euden o/ fcud D} (1 — ¢ cos u)

=14237 {cos su— J=1sinsu}n...... (41),

f{Gu.M(—l), eull(_l) ..-} H {

-—0“-»

=3 23 2 I cos ("'1’”14+r,m,...)2"cos(rlxl)\q+rgxz7\q---)f(M, 7\«3‘)

|L +sin (ramy + 1, ..) 30 sin (rpgh + 7iehe ) f O Aa-oo) o (42),

(n) being the number of variables u,, u,.... Hence also Vel ¢ e

=388 e J 008 (ryty + ...) €08 (g, + ..) TI {%}ﬂ% T

o ——

|
idis : 2/ =1yl —de(A+2A7))
| +sin (rymy + ...) sin (rpe\, +...) 1T { J'i’—-/e_“’—ie(h o }f(?\l, Ny 1)

S
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By choosing for f{e%¥, =¥  } functions expansible without sines, or without
cosines, a variety of formule may be obtained: we may instance

A=A {L—ge (A +AD} A, _
Wi Bt e s L (44),

A, having the same meaning as before.

B e (1-fe+A)] A,

AlSO, \/T——CE i %e (X i x_1) =108 Al e e (45),
where PRSNGSR 4 ] (46).
Again {LodeQENROSRDIA. . 85o e 7)
] P e \_L ..................... ]
1-3 0=
s LoieQMDHOAND ol A (3 (0 4 a) (AN Bl Ay, . (49)
1= % ‘\/1——62 ()" -\ )

or, what is the same thing,

A=A {d-deA+AD}H{(A+AT) — de} Ao
1§ e (0 = A7)

Jl —e

or, comparing with (44),

(A {1 —je A +AD A,

- — =0 s (30),
o oA

~

which are all obtained by applying the formula (43) to the expansion of 2::; R
and comparing with the equations (25), (33).






