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N O T E  O N  T H E  M A XI M A  A N D  MI NI M A  O F  F U N C TI O N S O F  

T H R E E  V A RI A B L E S.

[ Fr o m t h e C a m bri d g e  a n d  D u bli n  M at h e m ati c al  J o ur n al, v ol. i. ( 1 8 4 6), p p. 7 4, 7 5.]

If  Λ,  B,  G,  F,  G,  H,  b e  a n y r e al q u a ntiti es,  s u c h t h at 

a n d  

ar e p ositi v e; t h e si x q u a ntiti es

( w h er e K  =  A B C  —  —  B G ’ —  C H ^- ∖- 2 F QI Γ)  ar e all of  t h e m p ositi v e. It is u n n e c ess ar y
t o p oi nt  o ut t h e c o n n e cti o n of  t his pr o p ert y  wit h  t h e t h e or y of m a xi m a  a n d mi ni m a.

T o  d e m o nstr at e  t his, writi n g  as us u al  

a n d K  as a b o v e: t h e n if A ",  B ",  G ",  F ∖  G ",  H ",  K'  b e  f or m e d fr o m A',  B',  G',  F,  G',  H',  
as t h es e a n d K  ar e fr o m A,  B,  G,  F,  G,  H, h a v e  t h e w ell- k n o w n  f or m ul a e
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It is required to show that if A'-{■ B'+ C' and J." + jB" + C'" are positive, A', B', C', 
Λ", B", C" are so likewise.

Consider the cubic equation 

the roots of which are all real. By the formulae just given this may be written 

and the terms of this equation are alternately positive and negative; i. e. the roots are 
all positive. Hence the roots of the limiting equation 

are positive, i. e. B' + C' and B'G' are positive; but from the second condition B', C' are 
of the same sign: consequently they are of the same sign with B' + C', or positive. 
Also A" = B'C'-P^^ is positive. Similarly, considering the other limiting equations, 
A', B', C', A", B", C" are all of them positive.

In connection with the above I may notice the following theorem. The roots of the 
equation 

are all of them real, if either of the functions 

preserve constantly the same sign. The above form parts of a general system of proper
ties of functions of the second order.
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