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O N  T H E  G E O M E T RI C A L  R E P R E S E N T A TI O N  O F  T H E  M O TI O N

O F  A  S O LI D  B O D Y.

[ Fr o m t h e C a m bri d g e  a n d  D u bli n  M at h e m ati c al  J o ur n al, v ol. i, ( 1 8 4 6), p p. 1 6 4 — 1 6 7.]

L e t  P,  Q,  R, .......b e c o ns e c uti v e g e n er ati n g  li n es of a s k e w s urf a c e, a n d o n t h es e
t a k e p oi nts  p',  p ∖ q ∖ r ∖ r ....... s u c h t h at p( ,̂ qr' ....... ar e t h e s h ort est dist a n c es

b et w e e n P  a n d Q,  Q  a n d R,  T h e n  f or t h e g e n er ati n g li n e P,  t h e r ati o of  t h e
i n cli n ati o n of  t h e li n es P,  Q  t o t h e dist a n c e is s ai d t o b e “ t h e t orsi o n,” t h e a n gl e  
< ^ p q  is s ai d t o b e  t h e d e vi ati o n,  a n d t h e r ati o of  t h e i n cli n ati o n of  t h e pl a n es  Q p < ^  a n d  
Q qr'  t o t h e i n cli n ati o n of  P  a n d Q  is s ai d t o b e t h e “ s k e w c ur v at ur e. ” A n d  si mil arl y 
f or a n y ot h er  g e n er ati n g  li n e; s o t h at t h e t orsi o n a n d d e vi ati o n  d e p e n d  o n t h e p ositi o n  
of t h e c o ns e c uti v e li n e, a n d t h e s k e w c ur v at ur e o n  t h e p ositi o n  of t h e t w o c o ns e c uti v e  
li n es. T h e  c ur v e p qr is s ai d t o b e t h e mi ni m u m  dist a n c e c ur v e [ or c ur v e of  
stri cti o n]. { W h e n t h e s k e w s urf a c e d e g e n er at es i nt o a d e v el o p a bl e s urf a c e, t h e t orsi o n 
is i nfi nit e, t h e d e vi ati o n a ri g ht a n gl e, t h e s k e w c ur v at ur e pr o p orti o n al t o t h e c ur v a 
t ur e of  t h e pri n ci p al s e cti o n, i. e. it is t h e dist a n c e of  a p oi nt fr o m t h e e d g e of  r e
gr essi o n,  m ulti pli e d  i nt o t h e r e ci pr o c al of t h e r a di us of c ur v at ur e, a pr o d u ct w hi c h  is 
e vi d e ntl y  c o nst a nt al o n g a g e n er ati n g  li n e. Als o  t h e c ur v e of  mi ni m u m  dist a n c e  b e c o m es  
t h e e d g e of r e gr essi o n. } A  s k e w s urf a c e, c o nsi d er e d i n d e p e n d e ntl y of its p ositi o n i n 
s p a c e, is d et er mi n e d w h e n  f or e a c h g e n er ati n g li n e w e  k n o w t h e t orsi o n, d e vi ati o n,  
a n d s k e w c ur v at ur e. F or,  ass u mi n g ar bitr aril y t h e li n e P  a n d t h e p oi nt p, als o t h e 
pl a n e i n w hi c h  p q' li es, t h e p ositi o n of Q  is c o m pl et el y d et er mi n e d fr o m t h e gi v e n  
t orsi o n a n d d e vi ati o n; a n d t h e n Q  b ei n g k n o w n, t h e p ositi o n of  R  is c o m pl et el y d e 
t er mi n e d fr o m t h e s k e w c ur v at ur e f or P,  a n d t h e t orsi o n a n d d e vi ati o n f or Q;  a n d  
si mil arl y t h e c o ns e c uti v e g e n er ati n g  li n es ar e t o b e  d et er mi n e d.

T w o  s k e w s urf a c es ar e s ai d t o b e  “ d ef or m ati o ns ” of  e a c h ot h er,  w h e n  f or c orr es p o n d 

i n g g e n er ati n g  li n es t h e t orsi o n is al w a ys t h e s a m e. T h us  a s urf a c e will  b e  d ef or m e d  if 
c o nsi d eri n g t h e el e m e nts b et w e e n  t h e s u c c essi v e g e n er ati n g  li n es P,  Q .......as ri gi d, t h es e
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elements be made to revolve round the successive generating lines P, Q.......and to
slide along them. {They are “transformations”, when not only the torsions but also the 
deviations are equal at corresponding generating lines: thus, if the sliding of the 
elements along P, Q....... be omitted, the new surface will be, not a deformation, but
a transformation of the other.} No two skew surfaces can be made to roll and slide 
one upon the other, so that their successive generating lines coincide, unless one of 
them is a deformation of the other: and when this is the case, the rolling and sliding 
motions are completely determined. In fact the angular velocity of the generating line 
is the angular velocity round this line, into the difference of the skew curvatures of 
the two surfaces; the velocity of translation of the generating line in its own direction 
is to the angular velocity of the generating lirie, as the difference of the deviations 
is to the torsion. {This includes also the case in which one surface is a transforma
tion of the other, where the motion is evidently a rolling one.} A skew surface moving 
in this manner upon another of which it is the deformation, may be said to “ glide ” 
upon it. We may now state the kinematical theorem:

“Any motion whatever of a solid body in space may be represented as the ‘gliding’ 
motion of one skew surface tfpon another fixed in space, and of which it is the defor
mation.”
a theorem which is to be considered as the generalization of the well-known one—

“Any motion of a solid body round a fixed point may be represented as the rolling 
motion of a conical surface upon a second conical surface fixed in space.”
and of the supplementary theorem—

“The angular velocity round the line of contact (the instantaneous axis) is to the 
angular velocity of this line as the difference of curvatures of the two cones at any 
point in the same line, to the reciprocal of the distance of the point from the vertex.”

The analytical demonstration of this last theorem is rather interesting: it depends 
on the following formula?. Forming two determinants, the first with the angular velo
cities round three axes fixed in space, and the first and second derived coefficients 
of these velocities with respect to the time; the other in the same way with the 
angular velocities round axes fixed in the body; the difference of these determinants 
is equal to the fourth power of the angular velocity into the square of the angular 
velocity of the instantaneous axis.

To show this, let p, q, r be the angular velocities round the axes fixed in the body; 
u, V, w those round axes fixed in space; ω the angular velocity round the instantaneous 
axis; V, ∩ the two determinants; the theorem comes to 

where
Here
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whence

(the remaining terms vanishing as is well known); and therefore

Hence 

and multiplying these by u', v', w', and adding, the required equation is immediately 
obtained.

In fact, if r be the distance of a point in the instantaneous axis from the vertex, 
and p, σ the radii of curvature of the two cones at that point, then

as may be shown without difficulty : and the angular velocity of the instantaneous axis 
Jf⅛

IS given by the equation w = —-; hence the relation between the two angular veloci

ties is
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