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40.

ON THE THEORY OF INVOLUTION IN GEOMETRY.

[From the Cambridge and Dublin Mathematical Journal, vol. ιι. (1847), pp. 52—61.]

When three conics have the same points of intersection, any transversal intersects 
the system in six points, which are said to be in involution. It appears natural to 
apply the term to the conics themselves; and then it is easy to generalize the notion of 
involution so as to apply it to functions of any number of variables. Thus, if U, V... 
be homogeneous functions of the same order of any number of variables x, y , a 
function Θ, -which is a linear function of U, V..., is said to be in involution with 
these functions. More generally Θ may be said to be in involution with any system of 
factors of these functions : or if U, V ... be given functions of x, y, z..., homogeneous
of the degrees m, n ..., and u, v, ... arbitrary homogeneous functions of the degrees
r->-m, r-n...', then, if Θ = uU+vV+..., Θ is a function of the degree r, which is 
in involution with U, V.... The question which immediately arises, .is to find the
degree of generality of Θ, or the number of arbitrary constants which it contains.
And this is a question which, from the variety and interest of its geometrical inter
pretations, has very frequently been treated of by geometers, though never, I 
believe, in quite so general a form, (the number r has almost always had particular 
values given to it, except in a short paper of my own, on the particular case of two 
curves, in the Journal, vol. HI. p. 211 [5]).^ There is also an analytical application of

* The first suggestion of the problem is contained in a memoir of Euler’s—“ Sur une contradiction apparente 
dans la doctrine des lignes courbes,” Μέτη. de Berlin, t. ιv. [1748] p. 219. It is noticed also in Cramer’s 
Introduction d Vanalyse des lignes courbes [1750]. The following memoirs also have been published on the subject: 
Pliicker, “Recherches sur les courbes alg0briques de tons les degr6s,” Gerg. Ann. t, xιx. [1828—29] p. 97; 
“Becherches sur les surfaces algebriques de tons les degree,” p. 129; (a great number of memoirs on particular 
applications of the theory are contained in Gergonne;) Jacobi, “De relationibus quas locum habere debent inter 
pαncta intersectionis duarum curvarum vel trium superficierum dati ordinis, simul cum enodatione paradoxi 
algebraici,” Grelle, t. xv. [1836]; Pliicker, **Th6orfemes g0n6raux concernant les 6quations d’un degτ6 quelconque 
entre un nombre quelconque d’inconnues,” Grelle, t. xvi. [1837], (but this last must be read with caution, as 
several of the theorems are incorrect, or at least stated without the proper limitations); and the Einleitende 
Hetrachtungen, in Pliicker’s “ Theorie der algebraischen Curven” [1839]. The following memoirs of Hesse, con
taining developments relative to the case of three surfaces of the second order, may likewise be mentioned, 
“De curvis et superficiebus secundi gradus,” Grelle, t. xx. [1840] p. 285; and “ Ueber die lineare Construction 
des achten Schnitt-punctes dreier Oberflachen zweiter Ordnung, wenn sieben Schnitt-puncte derselben gegeben 
sind,” Grelle, t. xxvι. [1843] p, 147.
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t h e t h e or y, of c o nsi d er a bl e i nt er est, t o t h e pr o bl e m of eli mi n ati o n b et w e e n  a n y n u m b er  
of  e q u ati o ns c o nt ai ni n g t h e s a m e n u m b er of  v ari a bl es. S u p p os e,  f or i nst a n c e, t w o e q u a 
ti o ns, U  =  0, V =  0, w h e n  U,  V  ar e h o m o g e n e o us f u n cti o ns of  x, y Qi  t h e d e gr e es  m,  n  
r es p e cti v el y. T o  eli mi n at e t h e v ari a bl es  it is s uffi ci e nt t o m ulti pl y  t h e first e q u ati o n b y  

^ w- 2 τ∕..., y' ^ ~ ,̂ a n d t h e s e c o n d b y  y' ^ ~' ,̂ a n d fr o m t h e e q u ati o ns s o o bt ai n e d
t o eli mi n at e li n e arl y t h e ( m- ∖- n) q u a ntiti es  ..., B ut  i n t h e c as e
of a gr e at er  n u m b er of e q u ati o ns it is n ot at first o b vi o us h o w m a n y  n e w e q u ati o ns 
s h o ul d b e o bt ai n e d ; a n d w h e n  a n u m b er a p p ar e ntl y s uffi ci e ntl y gr e at h a v e b e e n  f o u n d, 
it m a y  h a p p e n t h at t h e e q u ati o ns s o o bt ai n e d ar e n ot  i n d e p e n d e nt, a n d t h at t h e eli mi 
n ati o n c a n n ot b e p erf or m e d. B ut  i n s h o wi n g t h e c o n n e xi o n t h at e xists b et w e e n t h es e 
diff er e nt e q u ati o ns, t h e t h e or y of  i n v ol uti o n e x pl ai ns i n w h at  m a n n er  a s yst e m is t o b e  
f or m e d, w hi c h  i n cl u d es all t h e r e all y i n d e p e n d e nt e q u ati o ns, a n d gi v es t h e m e a ns  of  
d et e cti n g  t h e e xtr a n e o us f a ct ors w hi c h  a p p e ar i n t h e r es ult of t h e li n e ar eli mi n ati o n of  
t h e diff er e nt  t er ms; b ut  I d o n ot s e e at pr es e nt  a n y m o d e  of o bt ai ni n g  t h e fi n al r es ult 
at o n c e  i n its r e d u c e d f or m fr e e fr o m a n y e xtr a n e o us f a ct ors.

L et  X,  y,  ... b e gi v e n h o m o g e n e o us  f u n cti o ns of  t h e s a m e d e gr e e of  a n y n u m b er  of  

v ari a bl es,  a n d s u p p os e 

α, β ... b ei n g c o nst a nts, a n d t h e n u m b er of  t er ms i n t h e s eri es b ei n g g ; Θ  c o nt ai ns  
t h er ef or e g ar bitr ar y c o nst a nts. If h o w e v er, b y gi vi n g t o α, β  ... p arti c ul ar  v al u es  

« 1, / 3 1 ..., or « 2, βi  ∙∙∙j a n d r e pr es e nti n g b y  Θj,  Θ 2  ∙∙∙ t h θ c orr es p o n di n g v al u es  of  Θ,  w e  
h a v e  i d e nti c all y

.. ( A e q u ati o ns) ;

t h e n t h e c o nst a nts i n Θ  gr o u p t h e ms el v es t o g et h er i nt o a s m all er n u m b er g  —  h of  
ar bitr ar y  c o nst a nts. T his  s u p p os es, h o w e v er,  t h at t h e l ast m e nti o n e d  e q u ati o ns  ar e li n e arl y 
i n d e p e n d e nt; if t h er e ar e a c ert ai n n u m b er  k Qi  e q u ati o ns  

( w h er e Φι,  Φ 2,  ... ar e li n e ar f u n cti o ns of  Θj,  Θ 2∙∙∙)  w hi c h  ar e i d e nti c all y s atisfi e d, i n d e
p e n d e ntl y of t h e h e q u ati o ns, t h e n t h e e q u ati o ns i n q u esti o n ar e e q ui v al e nt t o h  —  k  
e q u ati o ns, a n d t h e f u n cti o n Θ  c o nt ai ns g  - { h- k) q t g  —  h  +  k, ar bitr ar y c o nst a nts.  
Si mil arl y  if t h e f u n cti o ns Φ  ar e n ot i n d e p e n d e nt; s o t h at t h e n u m b er of ar bitr ar y  

c o nst a nts r e all y c o nt ai n e d i n Θ  is al w a ys

N  —  g  —  h  +  k  —  &[i c.  ...

C o nsi d er  n o w t h e c as e of a f u n cti o n Θ,  h o m o g e n e o us of  t h e r *’* d e gr e e i n t h e v ari a bl es  
X,  y...[( ^ +l)  i n n u m b er). L et  U,  F...  b e  f u n cti o ns of  t h e d e gr e es  m,  n...,  a n d s u p p os e

Θ  =  u U  - p v K  +  ...

w h er e  u, v ... ar e ar bitr ar y f u n cti o ns of t h e d e gr e es r  —  m,  r  —  n,  ... {r is s u p p os e d  

t hr o u g h o ut gr e at er  t h a n m,  n  ... }. S u p p os e  f or s h ort n ess t h at t h e n u m b er  of t er ms i n

t h e c o m pl et e f u n cti o n of θ v ari a bl es, a n d of t h e or d er  p, i. e. t h e q u oti e nt
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r e pr es e nt e d b y  [ p, ; t h e n t h e f u n cti o n Θ  c o nt ai ns a p p ar e ntl y a n u m b er  

of  ar bitr ar y c o nst a nts.

B ut  si n c e w e  s h o ul d h a v e  i d e nti c all y Θ  =  0  b y  ass u mi n g  u  =  L V,  υ  =  - L U, w  =  0,  & c....  

{ L t h e g e n er al f u n cti o n of t h e or d er ι— m  —  n), or ∙ u =  Jf T Γ, 1/  =  0, w  =  - M U { M t h e 
g e n er al f u n cti o n of  t h e or d er  r  —  m —  p) t h e n u m b er J V m ust  b e di mi nis h e d b y  

b ut  t h e e q u ati o ns j ust o bt ai n e d  ar e t h e ms el v es n ot li n e arl y i n d e p e n d e nt, a n d i n c o ns e 
q u e n c e  of  t his t h e n u m b er  of  ar bitr ar y c o nst a nts h as t o b e  i n cr e as e d b y  

a n d s o o n. H e n c e  fi n all y t h e w h ol e  n u m b er  of  ar bitr ar y c o nst a nts i n t h e f u n cti o n 0  is

.( A).

T his  h o w e v er  s u p p os es t h at all t h e n u m b ers  r —  m,  r- n..., r  —  m  —  n...,  ar e p ositi v e:  
w h e n e v er  t his is n ot t h e c as e f or a n y o n e of  t h e m, t h e c orr es p o n di n g t er m is o b vi o u sl y  
t o b e o mitt e d. Wit h  t his c o n v e nti o n t h e e q u ati o n ( A) gi v es al w a ys t h e c orr e ct n u m b er  
of ar bitr ar y c o nst a nts i n Θ : it will  b e c o n v e ni e nt t o r e pr es e nt it i n t h e a b br e vi at e d  
f or m

A n  e x pr essi o n a n al o g o us t o t his, f or t h e p arti c ul ar c as e of r  =  m,  b ut i n c orr e ct o n  
a c c o u nt of t h e o missi o n of all t h e t er ms aft er t h e s e c o n d li n e, h as b e e n gi v e n b y  
M.  Plii c k er  { Gr ell e, t o m. x vι.  p.  5 5),  a n d  e v e n s o m e of  his p arti c ul ar  f or m ul a e ar e i n c orr e ct. 
B ut  pr o c e e di n g t o e x a mi n e s o m e p arti c ul ar c as es: if r  > m  +  n  + p  + ... —  Θ  —  1, t h e n i n 
t h e e x pr essi o n ( A) eit h er n o t er ms ar e t o b e o mitt e d, or  els e t h e t er ms t o b e o mitt e d  
r e d u c e t h e ms el v es t o z er o, s o t h at N  is gi v e n b y t his f or m ul a c o nti n u e d t o its l ast 
t er m. It - will b e s u bs e q u e ntl y s h o w n t h at i n t his c as e

{r : m,  n,  p  ... ∙. θ }  =  [r, θ }-  m n p  ... ;

or i n t h e c as e of t w o or  t hr e e v ari a bl es, w e  h a v e t h e t h e or e m, “ If a c ur v e or s urf a c e  
of t h e or d er r b e d et er mi n e d t o p ass t hr o u g h t h e m n  p oi nts of i nt ers e cti o n of t w o 
c ur v es of  t h e or d ers  m  a n d n, or t h e m n p  p oi nts of  i nt ers e cti o n of  t hr e e s urf a c es of  t h e 
or d ers m,  n,  p ∖ t h e n if r > m  +  n-  3, or r > m  +  n  + p  —  4,  t h e c ur v e or s urf a c e c o nt ai ns  
pr e cis el y t h e s a m e n u m b er of ar bitr ar y c o nst a nts as if t h e m n  or m n p  p oi nts w er e  

p erf e ctl y ar bitr ar y. ”

T his  is n at ur al e n o u g h ; t h e p e c uli arit y is i n t h e c as e w h er e  r 4 >  m  - 1- n  —  3, or  
m  +  n  +  p  —  4. F or  i nst a n c e, f or t w o c ur v es, r ⅜∙ w +  n- 3, w e  h a v e

[r : m,  n : 2 }  =  [r —  m,  2]  +  [r —  n, 2]  =  [r, 2]  —  m n  +  [r —  m  —  n, 2],  

w w w.r ci n. or g. pl



2 6 2  O N  T H E  T H E O R Y  O F  I N V O L U TI O N I N G E O M E T R Y.  [ 4 0

or t h e n e w c ur v e c o nt ai ns ⅜  [ m +  n  —  r  —  1] ≡ m or e  ar bitr ar y c o nst a nts t h a n it w o ul d  
d o if t h e m n  p oi nts, t hr o u g h w hi c h  it w as  m a d e  t o p ass, h a d b e e n p erf e ctl y ar bitr ar y;  

a r es ult gi v e n  b ef or e  i n t h e J o ur n al, [ 5].

I n t h e c as e of  s urf a c es, if r ^ ^ m  +  n + p  —  4. T h e n  ass u mi n g r > m  +  n-  4 >,  
or  n  +  p  — 4, y v e h a v e  

or  t h e s urf a c e c o nt ai ns  ̂ [ι n  +  n + p-ι — 1] ® m or e  ar bitr ar y c o nst a nts t h a n it w o ul d  d o if 
t h e m n p  p oi nts, t hr o u g h w hi c h  it w as  m a d e  t o p ass, h a d b e e n p erf e ctl y ar bitr ar y.  
Si mil arl y,  i n t h e c as e w h er e  .r is n ot gr e at er t h a n o n e or m or e  of t h e q u a ntiti es  
m  +  n  —  4, m + p  —  4,  w + p  — 4. T h us  i n p arti c ul ar,  if r b e  n ot gr e at er t h a n t h e l e ast of  

t h es e q u a ntiti es  

or  t h e s urf a c e c o nt ai ns  

m or e  ar bitr ar y c o nst a nts t h a n it w o ul d  ot h er wis e  h a v e  d o n e. A g ai n,  f or a s urf a c e of  t h e 
or d er, s u bj e ct e d t o p ass t hr o u g h t h e c ur v e of i nt ers e cti o n of t w o s urf a c es of  t h e 

or d ers  m,  n,  

i n w hi c h  t h e l ast t er m, or  ⅜  ∖ m  +  n  —  ?'  —  1] ®, is t o b e  o mitt e d  w h e n  r m  +  n  —  4.

T h e  f u n cti o n of t h e ∕ * * or d er, w hi c h  is s atisfi e d b y t h e s yst e ms of v al u es w hi c h  
s atisf y t h e e q u ati o ns of t h e or d ers nι, n... c o nt ai ns, w e  h a v e s e e n, [r, m,  n,  
ar bitr ar y c o nst a nts ; h e n c e it m a y  b e d et er mi n e d s o as t o p ass t hr o u g h t his n u m b er,  

di mi nis h e d b y u nit y,  of ar bitr ar y p oi nts. B ut  t h e e q u ati o n b ei n g d et er mi n e d  i n g e n er al  
b y t h e c o n diti o n of b ei n g s atisfi e d b y [r, ̂ ] —  1 s yst e ms of v ari a bl es, it will  b e c o m 
pl et el y d et er mi n e d if, i n a d diti o n t o t h e a b o v e n u m b er  of  ar bitr ar y s yst e ms, w e  s u p p os e  
it t o b e s atisfi e d b y a n u m b er N =[r,  ̂ ]  —  [r; m,  n,  p...  : θ] of s yst e ms s atisf yi n g t h e 

e q u ati o ns a b o v e. H e n c e  t h e t h e or e m

“  T h e  e q u ati o n of  t h e or d er w hi c h  is s atisfi e d b y a n u m b er

N  =  [r, θ']  —  {r  ; m,  n,  p...  ;

of s yst e ms s atisf yi n g t h e e q u ati o ns of t h e or d ers m,  n,  p...  is s atisfi e d b y  a n y s yst e ms 

w h at e v er  w hi c h  s atisf y t h es e e q u ati o ns. ”

I n p arti c ul ar — “  T h e  s urf a c e of t h e or d er w hi c h  p ass es t hr o u g h a n u m b er

[r, —  {r : m,  n :

w w w.r ci n. or g. pl
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of points in the curve of intersection of two surfaces of the orders w, n,—or through 
[r, — {r : m, n, p : of the vnnp points of intersection of three surfaces of the orders
τn, n, p,—passes through the curve of intersection, or through the mnp points of inter
section.”

Thus a surface of the second order which passes through eight points of the curve 
of intersection of two surfaces of the second order passes through this curve; and any 
surface of the second order which passes through seven of the points of intersection 
of three surfaces of the second order passes through the eighth point. (The first 
theorem obviously fails if the eight points have the relation in question, i.e. if they 
are the eight points of intersection of three surfaces of the second order.)

Again—“ The curve of the r*** order which passes through [r, 6] — {r : m, n ∙. θ} of 
the points of intersection of two curves of the orders mn, passes through the remaining 
points of intersection.” e.g. “Any curve of the third order which passes through eight 
of the points of intersection of two curves of the third ordeι∙, passes also through 
the ninth point.”

Consider next the following question, which [as regards particular cases] has been 
treated of by Jacobi in the memoir already quoted (Grelle, tom. xv.). “ To find the
number of relations which must exist between A"(^ + l) variables, forming K systems, 
each of which satisfies simultaneously equations of the orders m,, n, p... respectively; 
the number φ of these equations being anything less than θ∙, or φ being equal to θ, 
provided at the same time K = mnp ....”

Suppose w <t n, n∙^p... and write

Imagine the equations of the orders n, p... given. Any function of the order 
which is satisfied by of the systems of values which satisfy the given equations, 
and any particular equation of the order, is satisfied by the remaining K — N
sy.stems of values. Hence assuming N systems, satisfying the equations of the orders 
n, p ... but otherwise arbitrary, the remaining systems must satisfy these equations, 
and a completely determinate equation of the m^^ order; i.e. there must be φ rela
tions between the variables of each system, and consequently φ {K — N") relations in 
all. Similarly, if the equations of the orders p ... were given, N' systems of variables 
might be assumed satisfying these equations, but otherwise arbitrary; the remaining 
xV - Λ"' systems satisfy (φ — 1) determinate equations, or the number of relations 
between the variables is (<∕> — 1) (A^-A^')...; continuing in the same manner the total 
number of relations between the variables is 

in which however any term (φ — 1) (N — N'} or (φ — 2) (W—A^') ... &c., which becomes 
negative, must be omitted. It is obvious that we may write more simply

www.rcin.org.pl



2 6 4  O N  T H E  T H E O R Y  O F  I N V O L U TI O N I N G E O M E T R Y.  [ 4 0

I n p arti c ul ar, t o fi n d t h e r el ati o ns w hi c h  m ust  e xist b et w e e n t h e c o or di n at es of m n  
p oi nts i n or d er t h at t h e y m a y  b e t h e p oi nts of i nt ers e cti o n of t w o c ur v es of t h e 
or d ers m,  n r es p e cti v el y: h er e  K = m n,  T V =  ⅜  [ w-t- 2] ≡ —  ⅜  [ w —  w  +  2] ≡  = ( 2 wι w —  q- 3 n),  
7 V '̂  =  ⅛  ( w 2 +  3 n  +  2), s o t h at T V  —  N'  —  t n —  n)  —  1 w hi c h  b e c o m es n e g ati v e  w h e n  t n =  n  ∖ 
h e n c e i n g e n er al t h e r e q uir e d n u m b er of c o n diti o ns is t n n —  + 1, b ut w h e n  t n =  n.
t h e n u m b er i n q u esti o n b e c o m es ( n — l)( n-2).

P assi n g  t o t h e c as e of s urf a c es ; t o d et er mi n e t h e n u m b er of r el ati o ns w hi c h  m ust  
e xist b et w e e n t h e c o or di n at es of t n n p p oi nts, i n or d er t h at t h e y m a y  b e t h e p oi nts  
of i nt ers e cti o n of  s urf a c es of t h e or d ers t n, n,  p  r es p e cti v el y. T h e  n u m b er  r e q uir e d is 

w h er e

(t his l ast t er m t o b e  o mitt e d  w h e n  m  <  n  + p  —  3),

If, f or i nst a n c e, t n > n +  p-' Λ,  s o as t o r et ai n t h e t er m [t n —  n —  p,  3], a n d n > p,  
s o as t o r et ai n t h e t er m T V'  —  N ",  t h e n u m b er  b e c o m es,  aft er all r e d u cti o ns.

a f or m ul a gi v e n b y J a c o bi. If, h o w e v er, n  =  p, t his n u m b er m ust  b e a u g m e nt e d b y  
u nit y. A g ai n,  f or t n <  n  - ∖- p —  3, t h e r e q uir e d n u m b er  is

w hi c h  h o w e v er m ust  b e a u g m e nt e d b y u nit y  if t n = n or tι = p, a n d b y 3 if t n =  tι = p. 
B ut  wit h o ut  e nt eri n g i nt o f urt h er d et ails  a b o ut t his p art  of  t h e s u bj e ct, w hi c h  h as b e e n  
s uffi ci e ntl y ill ustr at e d b y  t h e e x a m pl es t h at h a v e b e e n gi v e n, I p ass o n t o n oti c e t h e 
a p pli c ati o n of  t h e a b o v e t h e or y t o t h e pr o bl e m  of  eli mi n ati o n. I m a gi n e { θ +  1) e q u ati o ns  

b et w e e n t h e ( θ +  1) v ari a bl es, t h e first si d es of t h es e b ei n g, as b ef or e, r ati o n al a n d  
i nt e gr al h o m o g e n e o us f u n cti o ns of  t h e v ari a bl es of t h e or d ers t n, n, p  ... r es p e cti v el y. 
Writi n g  t n +  n + p  ... - 0 =  r, a n d m ulti pl yi n g  t h e first e q u ati o n b y  all t h e t er ms of  t h e 
f or m of  t h e d e gr e e  r  —  t n, t h e s e c o n d e q u ati o n b y  all t h e t er ms of  t h e s a m e f or m,
of  t h e d e gr e e  r  —  n, a n d s o o n, t h er e r es ult a c ert ai n n u m b er of e q u ati o ns, c o nt ai ni n g  
all t h e t er ms .. of t h e d e gr e e r. B ut  t h es e e q u ati o ns ar e n ot i n d e p e n d e nt; a n d  
t h e r e as o ni n g i n t h e f or m er p art  of  t h e pr es e nt p a p er s h o ws t h at t h e n u m b er of i n d e

p e n d e nt  e q u ati o ns is gi v e n  b y  t h e s y m b ol {r  : t n, n,  p...  ∖ θ } ∖ t h e n u m b er  of  t er ms af- y .̂..  
is e vi d e ntl y [r, &] ; a n d it will  b e  s h o w n i m m e di at el y t h at f or t h e a ct u al v al u e  of  r.

........ ( B);

s o t h at t h e n u m b er of q u a ntiti es t o b e li n e arl y eli mi n at e d is pr e cis el y e q u al t o t h e 
n u m b er of e q u ati o ns, or t h e eli mi n ati o n is al w a ys p ossi bl e. I m a y  m e nti o n  als o t h at,
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supposing the coefficients of all the equations to be of the order unity, the order of the 
result, free from extraneous factors, may be shown to be

= mn... + mp... +w73... +&c................................... (C),

(the equality of which will be presently proved) a result which agrees with that deduced 
from the theory of symmetrical functions; but I am not in possession of any mode of 
directly obtaining the final result in this its most simplified form. My method, which 
it is not necessary to explain here more particularly, leads me to the formation of a set 
of functions

p, Q, ....... X, Y,z,

θ in number, such that Z divides F, this quotient divides X, and so on until we have 
a certain quotient which divides P, and this quotient equated to zero is the result of 
the elimination freed from extraneous factors. It only remains to demonstrate the 
formulae (A), (B), and (C). Suppose in general that (k) denotes the sum of all the 
terms of the form .., which can be formed with a given combination of k letters
out of the φ letters m, n, p and let X (k) denote the sum of all the series (k) 
obtained by taking all the possible different combinations of k letters. It is evident 
that X (k) is a multiple of (φ), {(φ) denoting of course the sum of all the terms 
7zι¾^..., m, n... being any letters whatever out of the series m, n, j9...j. Let g be the 
number of exponents a, b, , then (φ) contains terms, also (k) contains terms,
and the number of terms such as {k) in the sum X (k) is [≠]≠^* ÷ E≠ ~ Hence
evidently

! or, what comes to the same thing.

Let Λ be an indeterminate coefficient, σ a summatory sign referring to different 
systems of exponents; then

or, giving to k the values 1, 2 ... <∕>, multiplying each equation by an arbitrary coeffi
cient, and adding, putting also for shortness σΛ {φ-k') = t∕φ-⅛, we have

1 whence in particular,

C. 34
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w hi c h  ar e still e q u ati o ns of  c o nsi d er a bl e g e n er alit y. If n o w φ  =  θ a n d U g  is a f u n cti o n 
of m  +  n  +  p  +  ... of t h e or d er θ, t h e q u a ntit y  σ √ 1  ( ^) } r e d u c es its elf t o t h e si n gl e 
t er m of U g  w hi c h  c o nt ai ns t h e pr o d u ct  ' m n p.... H e n c e,  if

i n w hi c h  aft er w ar ds α  =  r-τ η —  n  —  p —  ... w e  h a v e t h e f or m ul a ( A). A g ai n,  if φ  =  θ  +  l, 
a n d U g +i  is a f u n cti o n of m  +  n + p ... oι  t h e or d er  θ, t h e s u m σ  ( φ) } v a nis h es;
w h e n c e  writi n g  ¢ 7 ^ + 1  =  [ w +  n ... — 0, w e  h a v e  t h e f or m ul a ( B). Si mil arl y,  if i n t h e 
s e c o n d f or m ul a <∕ >  =  0 ⅛ 1,  a n d U g ^ γ  is a f u n cti o n of  m- ∖- n- ∖- p  ... of  t h e d e gr e e t h e n 

r e d u c es its elf t o t h e t er m w hi c h  c o nt ai ns m n  ... + n p ... +  m p  ... + & c. ; w h e n c e,  if 

w e  h a v e t h e f or m ul a ( C).
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