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Existence and uniqueness of solutions of the initial boundary value 
problem for the flow of a barotropic viscous fluid, local in time 

W. FISZDON and W. M. ZAJ.t\CZKOWSKI (WARSZAWA) 

IN THIS PAPER the existence and uniqueness of local in time solutions of the initial boundary 
value problem for the flow of barotropic viscous fluid in a bounded domain Q c Rn, n = 2, 3, 
is proved. Only the case where the fluid enters the domain is considered. Density and the velocity 
vector are assumed as initial and boundary conditions. The paper is divided into three main 
parts: 1) for a given velocity vector, the proof of existence and estimate for density; 2) for a given 
density, the proof of existence and estimate for the velocity vector; 3) the existence and unique
ness of solutions of the considered problem using the method of successive approximations. 
The existence of generalized solutions such that density and the velocity vector belong to 
L 00 (0, T; H 2 (!J)) and L 00 (0, T; H 2 (!J))nL2 (0, T; H 3 (!J)), respectively, is showri. 

W pracy pokazano istnienie i jednoznacznosc rozwi~zan lokalnych w czasie problemu pocz~t
kowo-brzegowego dhi przeplywu scisliwego barotropowego w ograniczonym obszarze Q c Rn, · 
n = 2, 3. Rozpatrzony zostal przypadek, gdy ciecz tylko wplywa do rozwai:anego obszaru. 
Jako warunki pocz~tkowe i brzegowe przyj~to g~stosc i pr~dkosc. Praca dzieli si~ na trzy gl6wne 
cz~sci: 1) dow6d istnienia i oszacowanie na g~stosc przy danej pr~dkosci, 2) dow6d istnienia 
i oszacowanie na pr~dkosc przy danej g~stosci, 3) dow6d istnienia rozwi~zan rozpatrywanego 
problemu przy zastosowaniu metody kolejnych przyblii:en. Pokazano istnienie rozwi~zan 
uog6lnionych takich, ze g~stosc nalei:y do L 00 (0, T; H 2 (!J)), a pr~dkosc do L 00 (0, T; H 2 (!J))r
nL2(0, T; H 3 (!J)). 

B pa6oTe noKa3aHo cyll.\eCTBOBamre H eAHHCTBeHHOCTb pemeHH:H, noKaJibHbiX Bo BpeMCHH, 

Ha4aJibHO-KpaeBOH 3aAaqH AJUI C}f{HMaeMOrO 6apOTpOllHOrO TeqeHHH B orpaHHqeHHOH 06-

JiaCTH Q c R\ n = 2, 3. PaccMoTpeH cnyqaif, KorAa mHAKOCTb TOJibKO BTeKaeT B paccMaT

PHBaeMyro o6nacTb. KaK HaqaJibHbie H rpaHHqHhie ycnoBHH saAaiOTCH nnornocrb H CKopoCTb. 

Pa6oTa pasAe1meTCH Ha TpH rnaBHbie qacrH: 1) AOKa3aTeJibCTBO cyll.\eCTBOBaHHH H oueHKa 

llJIOTHOCTH llpH 3aAaHHOH CKOpOCTH, 2) AOKa3aTeJibCTBO cyll.\eCTBOBaHHH H OUeHKa CKOpOCTH 

llpH 3aAaHHOH llJIOTHOCTH, 3) AOKa3aTeJibCTBO Cyll.\eCTBOBaHHH pemeHHH paccMaTpHBaeMOH 

3aAaqH, npHMeHHH MeTOA llOCJieAOBaTeJibHbiX npH6JIH}f{eHHH. TioKa3aHO Cyll.\eCTBOBaHHe 

o6o6II.\eHHbiX pemeHHH TaKHx, qTo nnornocrb npHHaAnemur K L 00(0, T; H 2 (!J)), a cKopoCTb 

K L 00(0, T; H 2 (!J)) n L (0, T; fP(!J)). 

1. Introduction 

IN THIS PAPER we consider the initial boundary value problem for a compressible viscous 
barotropic fluid flow in a bounded domain. We assume that the fluid enters the domain 
only. This paper is an introduction to show the existence of global solutions of the problem, 
what will be the matter of the next paper. 

The existence and uniqueness of local in time solutions were obtained by NASH [15] 
and ITAYA [4, 5] for the initial value problem. Theorems for the first initial boundary 
value problem, local in time, were obtained by TANI [18], SoLONNIKOW [16] and LUKA
SZEWICZ (13]. 
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The existence_ of solutions global in time for the initial boundary value problem in 
the one-dimensional case was considered by KANEL [6] and KAzHIHOW [7, 8, 9]. In the 
three-dimensional case the existence of global in time sol~tions for the Cauchy problem 
was considered by MATSUMURA and NISHIDA [14] for small initial values only . 

. In this paper we consider the two- and three-dimensional initial boundary value problem 
in a bounded simply connected domain Q c R", n = 2, 3. The conservation .equations 
.of a compressible viscous fluid flow are [12] 

{1.1) e;+(e'v1),x' = 0, 

(1.2) e'v:+e'viV~J-,U'V!lxJ-'V1V~IxJ+p~t = ()Ji, 

where e'- density, e' > 0, v = (vi, ... 'v")- velocity, p'- pressure, f = {f1
' ..• ,/")

external force, ,u'; p' - shear and bulk viscosities, ,u' > 0, 'J/
1 > 0. 

The summation convention is used and the subscripts x1, t denote partial derivation 
with respect to the corresponding variable, i = I , ... , n. 

We assume the barotropy condition 

(1.3) p' = R' e'Y, 

where R' is a constant. Moreover, the following initial and boundary conditions are as
·sumed: 

{1.4) e'lt=O = O''(x), Vlt=O = a(x), 

(1.5) Via.o = rJ(X', t), e'la.o = b'(x', t), X' E o!J. 
Equations (1.4) and (1.5) imply the following compatibility conditions: 

(1.6) rJit=o = ala.o, a'la.o = b'lt=O. 

As will be seen in the next paper about the existence of global solutions, to have a glo
bal estimate and hence a global existence theorem, we must assume that e'la.o-is given and 
the condition 

{1.7) -'Y} • n = d(x', t) ~ do > 0, x' E o!J, do = const, 

·has to be imposed. Here n is the outward unit normal vector to the boundary and the 
.above relation says the fluid enters the considered domain Q. 

This paper is an extended version of [3]. 

2. Notations and basic lemmas 

We introduce the function fJ such that 

{2.1) 

.and a new dependent variable 

{2.2) 

{Jia.o = rJ(x', t), x' e 8Q, 

u = v-{J. 

Moreover, we assume that density and its initial and boundary values have small deviation 
from the equilibrium condition, hence we can denote 

(2.3) e' = eoO+e), b' = eoO+b), 0'' = eo(l+a), 
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where eo is a constant and denotes the equilibrium magnitude. Using the above new 
variables, Eqs. (1.1) and (1.2) can be written in the form 

(2.4) 

(2.5) 

where 

(2.6) 

er = - [(1 +e)vilx1, 

. ,_, . v . . . R [ (1 + e,) J x 1 • • • • , • 

u' = -- u' " "+ - - u1 
1 1- u1u' 1- ' - u1{J' 1 -{J1u' 1 +f ' 

t 1 +e X X 1 +e X X X 1 +e X X ' 

p,' ""= - , eo 
v' 

V=-, 
eo R = R'e1tt, 

! ' i - Ji + ft pi + v pi pi pip' - -
1
-- xlxl -

1
-- x 1xl- ,- xl, 

+e . +e 
with the following initial and boundary conditions: 

{2.7) 

and 

(2.8) elt=O = (J' elan = b • 

To prove the existence and uniqueness of solutions of the problem (2.4) + (2.8), we 
shall use the following method of successive approximations: 

m m m-l 

(2.9) er = - [(1 +e) vi J,x1, 
m m 

(2.10) elt=O = (J' elan = b·, 

m-1 m-1 / 
where v = u + p is a given function, and 

m 

(2.11) 
m 11 v m m-lm m-l . m R[(l+e)"] 1 m 
u' = _r_ ui 1 1+ __ ui 1 1 _ ui ui 1 _ uipi 1 _piui 1 _ ,x +ftl 

t m XX m XX X X X m ' 

1+e 1+e 1+e 
m m 

(2.12) ulr=o = a-Plr=o, ulan = 0, 

where 

(2.13) fmti _ Ji + ft pi + V pi pi pipi - --m- xlxl - - m- xlxJ- ,- xl, 

1+e 1+e 

m m-l 

and e, u are given functions. Moreover, we assume that 

(2.14) u = 0, 

and m is a natural number. 

In the neighbourhood U(q), q E an of the boundary let us introduce the curvilinear 
coordinates r 1 (x), ... , rn_ 1 (x), n(x), corresponding to the orthonormal vectors r 1 (x), ... 
... 'Tn-l(x), n(x), such that rl(x), ... 'Tn-l(x), X E U(q) are tangent to an and n(x) is 
the outward vector normal to an. 
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------------- ---- - -

Now we introduce some spaces and inequalities. The norms of spaces w;(.Q) 'and 
Lp(.Q) will be denoted by II llz.p,.o and II llp,.o, respectively. We denote H 1(.Q) = W~ (.Q). 
We shall use the following Poincare inequality [10, Chapt. 2]: 

(2.15) llullp,.O ~ C(p)j.Qjltn-(l/2-l/P)jiuxll2,.0 = aPIIuxll2,.o, 

·which is valid for u E HJ(.Q) = {wE H 1 (.Q):wla.o = 0}, j.Qj = mes .Q < oo. From [2, 
Chapt. 3] we have the following interpolation inequality: 

1 " 

(2.16) allu[l;,.o ~ 8IID~ullt.o+ Ca 
1
-" 8- 1

-" llullt.o, 

n ·,. 
where I= 1, 2, u = T (1/2-1/p) < 1, O<a E R, n = 2, 3 and 8 > 0, is in general a sma11 

number. Moreove-r, from [2, Chapt. 3] we have 
1 (J 

(2.17) aliull;,a.o ~ 8IID~ull2,.o+Ca 1 -a 8l-a llullt.o, 

where i = I, 2, a= + ( ~ -n; 1) <I, O<a E R, n=2, 3, and e>O. Let B be a Banach 

space, k a nonnegative integer and T some positive constant. L;(o, T; B) is a Banach 
space of functions f(t) on [0, T] which have values in B for every fixed t E [0, T] and 

T 1/p 

its k-time derivative has the norm (J IID~fll~dt) bounded. Now we introduce the space 
0 

I 

Ilk,P(.QT) = n L~-i(O, T; Hi(.Q)), with the norm 
i=k 

I T 

(2.18) \-, ( f l-i jP d )l/p iulz,k,p,.oT = LJ . IIDt ui ;, 2,.0 t , 
i=k 0 

where .QT = .Q x [0, T], and the space Fk{.Q) with the norm 
I 

(2.19) - iul,,k,.o = _2IID!-iuil; , 2,.o· 
i=k 

For functions defined on the boundary (}.Q we introduce the spaces IIl~1 ' 2 (8.QT) = 
I 

= n L~-i(O, T; Hi+tf 2(o.Q)) and F1+ 112 (8.Q) with the norm 
i=k 

I 

(2.20) lui,+ 112, k, an = };IID~~ iuii;+l/2, 2, a.o, 
i=k 

where /, k, i are natural numbers. 

3 .. The existence of local solutions of the problem (2.9) and (2.10) 

At first we consider the lemma. 
LEMMA 3.1. 

m-l 
Let ().Q be of class C2, d ~ d0 = const, b E FJ(o.Q), 'YJ E Ff(o.Q), v E Ff(.Q), then 
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for an arbitrary smooth solution of the problem (2.9) and (2.10) the following differential 

inequality holds: 

d m m-1 

(3.1) dt le(t)lt O,!J ~ cl [(1 + I?Jitt,n)lblt 0, an+ (1 + lhlto. an) I v 1~. z,n 

m-1 m m-1 m-1 

·0+1 v ltL.o)]+C2Ielto.nO+I v 13,w)+C21 v i~.1,£h 

where C1 = C1 (d0 , maxd, max(ih~i, lrxi)), Cz = C2 (r, Q). 
a.o an 

m-1 m 

Proof. To prove the estimate (3.1) we assume that b, 1], v , e are smooth functions 

in Q. Then from Eq. (2.9) we have 

(3.2) 
~., J . m m- 1 m m m-1 . m 
~ D~v(e,+ v · Ve+(1 +e)div v )D~vedx = 0, 

l vl=i ~ 2n 

where 

From Eqs. (3.2) and (I. 7) we obtain 

..d m 
2 

~., J . m 
2 

m 
2 

m m-1 

(3.3) dt iei2.o,n ~ ~ diD~vel ds+C(iei2,o,n+ieiz.o,n)i v i3,t,n· 
l vl=j~2 an 

To estimate the surface integral appearing in Eq. (3.3) we assume that Eq. (2.9) is satisfied 

on o!J. Then using the curvilinear coordinates introduced in Section 2, we have 

(3.4) 
m 1 m m-1 m m m-1 

Q,n = - v [er+ VpQ,r:P + (1 +e)div v ], 
n 

where Vp = v. Tp' Vn = v. n. Using Eqs. (1.5) and (2.10) the expression (3.4) yields 

(3.5) 
m 1 m-1 

e.nian = ([ [b,+?Jpb,r:p+(l+b)(div v )lanL 

(3.6) 
m 1 m-1 m-1 1 m 

Q,nnia.o = ([2 Vn,nia.o~bt+?]pb,Tp + (1 +b)(diV V )ian]+ ([ Q,nr . 

m-1 m m m-1 m-1 

+vp,nlanb,r:
11 

+?]pQ,r:wn+e,n(div v )lan+O +b)(div v· ),nlan], 

(3.7) 
m I m-1 1 
Q,nrian =- -C/2 d,[b,+?]pbr:P+(I+b)(div V )ia.o]+ d [btt+?J 11 h,rr:

11 

m-1 m-1 

+?]p, ,b, r:P ~b,(div v )ian+ (1 +b)(di v Vr )ia.oL 

(3.8) 
m 1 m-1 1 
Q,nr)a.o = - (ji- d,r:vfb,+1]pb,r:

1
t+(I +b)(div V )ian]+ d [b,rr:v 

m-1 m-1 

+1}p,r:vb,r:JJ. +1]pb,r:
1
h +b,r:p(div v )i an+ (1 +b)(div v ),r:.,\a.o]. 
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502 W. FISZDON AND W. M. ZAJ~CZKOWSKI 

Moreover, we have 

(3.9) 

From Eqs. (3.5) + (3.9) we have 

J 
m 1 m-1 

die,,.i 2ds ~ d [(l+ lrJI3..t,a.o)lhli.o.a.o+ (I+ lhlt o,a.o) II vxla.o lit a.o], 
a.o o 

m-1 

• II Vx la.olli,2,o.O], 

(3.10) J di;,,.ri 2ds ~ C(do)(I + ldlt1,c3.0)[(1 + lrJit1. a.o)lhlto, a.o+ (I+ lhli.o. a.o 
a.o 

m~1 · m-1 

• (II Vxla.olli,2,a.o+ll V,rxla.ollt o.o], 

J dl;,,.,.l 2 dS ~ C(do, ITxl, lnxl)[(l+lrJii.t,c3.0+IrJit1 ,c3.0+IrJitt,c3.0) 
an 

• lbi~. o, a.o + (1 + lbl~. o, a.o + lrJI~.1. a.o + I'YJI~.1. a.olbi~. o, a.o+ lrJI~.1. a.olbl~. o, a.o) 

m-1 m-1 m-1 m-1 

• (II Vx la.oll i, 2, a.o +II Vxla.ollt a.o(supj .vxla.oi)2 +II Vxxlanll i, a.o 
a.o 

m-1 m-1 

+II Vxxla.ollta.o+ll Vxrla.olli.a.o)]. 

Using Eqs. (3.10) and (2.17) the surface integral in Eq. (3.3) is estimated by 

(3.11) , }; J diD~~~~2ds ~ C(domaxd, max(lnxl, ITxl))[(l+lrJii.t,a.o 
! v l =i~2c3.0 a.o a.o 

+ lrJit 1, a.o + lrJI~.1, a.o) ibi~. o, a.o + (1 + irJI~. 1, a.o+ (1 + lrJI~. 1, a.o+ lrJI~. 1. a.o) 
m-1 m-1 

·lhlto.a.o)l v lt2,.o(1+1 v l~,1,.o)]. 

Therefore Eqs. (3.3) and (3.11) give Eq. (3.1). This completes the proof. 
N~w we prove the existence of so,lutions of the problem (2.9) and (2.10). 
LEMMA 3.2. . __, -
Let o!J be of class C2, d ~ d0 = const, b ell5. 2 (o!JT)r.II5,oo(o!l_r), 'YJ ellf.oo(aQr), 

m-1 

v ellf,2 (QT)r.Ilf,oo(QT), a E H 2 (Q) , a E H 3 (!J), f(O) E H 1(Q) and lal ~ 1/2, then there 
m 

exists a unique solution of the problem (2.9) and (2.10) such that e eii5,oo(QT) and the 
following estimate is valid: 

m m-1 

(3.12) ie(t)ito • .o ~ exp[C2(T+T1/2j V !J,1,2,.or)][C1(l+lrJitt,oo,cmr)lbli_o,2,a.or 
m-1 m-1 

+(l+lrJI1.t,oo,c3.0r)(l+lbii,o,oo, c3.0r)l V 13,2,2,.0r(I+I V lt1,oo,.or) 
m-1 m 

+C2! v 1~.1,2,.or+le(O)Ii,o,.oL 

http://rcin.org.pl



EXISTENCE AND UNIQUENESS OF SOLUTIONS OF THE INITIAL BOUNDARY VALUE PROBLEM ... 50J. 

for t E [0, T], where 

m 

(3.13) le(O)It o,n ~ C3(1 + llall~. 2,n + llall~. 2,.o+ IIO'IIt 2,nllall~.2,n 

+ llaii~~2,D + 11/(0)IIi, 2,n)llallt2,Dr 

P r o o f. The existence of solutions of the problem (2.9) and (2.1 0) follows from 

the method of characteristics [13], [16), [19]. The estimate (3.12) is obtaiDJ!d from Eq. 

(3.1) by integrating with respect to time. The estimate (3.13) follows from Eqs. (2.4) and 

(2.5) for v in the initial moment where we used the initial values (1.4). In this case the 

assumption 10'1 ~ 1/2 must be used. This ends the proof. 

Let us introduce a ne:w variable 1p = ~' then instead of Eqs. (2.9) and (2.10)· 

I+e 
we obtain 

m m-1 m m m-1 

(3.14) tp,+ v · Vtp-tpdiv v = 0, 

(3.15) 
m 1 -
"Pit=O = } +0' . =: 0', 

m 1 -
"Pla.o = 1 + b = b. 

Therefore we can formulate the following lemma: 

LEMMA 3.3. 

Let aQ be of class C2, d ~ do = const, b Ell5,2(aQT)nii5,oo(OQT), 17 Ellf,oo(aQT),.. 
m-1 . 
v Ellt2(QT)nllf,oo(Qr), a E H 2(Q), a E H 3 (Q), f(O) E H 1 (Q) and 10'1 ~ 1/2, then 

m 

there exists a unique solution of the problem (3.14) and (3.15) such that 1p E II~ ,oo (QT} 

and the following estimate is valid: 

m m-1 

(3.16) ltp(t)lt o,n ~ exp[C2(T + T112 l v 13, 1, 2,.o~))[Ct(l + lrJit 1 ,oo,anr) lhH,o, 2,anr 
m-1 m-1 

+ (1 + lrJit 1; oo,anr) (1 + fhl2, o, oo,a.or) I V 13, 2, 2,.or(1 +I V It 1 ,oo,.or)• 

m-1 m 

+ C2l v 1~. 1, 2,.0r + ltp(O)Ito.n],. 

for t E [0, T], where 

m 

(3.17) ltp(O)Ito . .o ~ C3(l + llallt2.n+ llallt2 . .o+ ll<fllt2,.ollall~.2.n 
+ IIO'II~~2 . .o+ 11/(0)IIi. 2,.o)ll<tllt 2-; ~· -

The proof is the same as the proof of Lemma 3.2. 

Let us assume 

(3.18) R1 = 11am.2 . .o+ llallt2 . .o+ 11/(0)IIi. 2,.o+ lrJitt,oo,a.or+ lhlto,2,a.or+ lhlto.oo,a.or, 

(3.19) R2 = llall~.2 . .o+ 11<1m.2.n+ II/(O)IIi,2,~+ I?Jit t,oo.a.or+ ihlto.2.a.or+ iblto.oo ,a.or,_ 
m-1 m'--1 m-1 m-1 . 

(3.20) Vt = I V 13. t. 2,Dr, V2 = I V l2, t. oo,.or, 

m m 

(3.21) e* = min(l +e), 
.QT 

e* = max(l +e). 
DT 
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Using the above assumptions we obtain from Eqs. (3.13) and (3.16) 
m m-1 

(3.22) e* ~ 1 + suple(t)b. o . .a ~ exp [ C(T + T 112 v t )] C[g1 (R1 ) 
t 

m-1 m-1 

+g2(Rt) Vt 2 (1 + v2
2)]112+ 1, 

where limg1 (R1) = 0, limg2 (R1 ) = 1 and 
R1-..0 R1-..0 

(3.23) 
1 m m-1 

--;;- ~ supl1p(t)l2.o . .a ~ Cexp[C(T+T112 Vt )] [g3 (R2 ) 

~* t 

m-1 m-1 

+ g4:(R2) Vt 2 (1 + V2
2 )]ll2 + 1, 

where lim g 3 (R2 ) = 0, lim g 4 (R2 ) = 1. We see that the functions gh i = 1, ... , 4, are 
R2-..0 R2-..0 ' 

ncreasin g. 

4. The existence of local solutions of the problem (2.11) and (2.12) 

At first we shall obtain an estimate for solutions of the problem (2.11) and (2.12). 
LEMMA 4.1. 
Let us assume that (}Q is of class C3

, 

(I) 1 +0' ~ 0'* > 0, 1 +b ~ b* > 0, 

(2) jEliJ.2(QT), ftt E L2(QT), f(O) E H 2 (!J), fr(O) E H 1 (fJ), 

(3) PEII5.2(QT), PrixxEL2(QT), {J(O)EH2(!J), Pt(O)EH1 (!J), fJu(O)EL2(Q), 

(4) a E H 4 (!J), 0' E H 3 (Q), erE H 3(Q), 

(5) ; Eli{),oo(QT), ~ Ell5,oo(QT), 

1+e 
m-1 

(6) V EillJ,oo(QT)nlii, 2 (!JT). 

m 
Then for an arbitrary solution uEII5.oo(QT)nlli. 2 (QT) of the problem (2.11) and (2.12) 
the following estimate is valid: 

m m 

(4.1) e*lulto . .a+plul3,t,z . .a' ~ Gt.(R)N+Gz(R)M, 

for t ~ T, where 

m 2 m-1 

R = lelto.oo . .ar+ m +IV lto.oo,ar+I,Bito.oo.ar+IIO'IItz.a 
1 + e 2 • 0 • 00 • .or 

+ 11<1 11 t 2.a+ I Iaiit 2.a, 
m 

N = leli. o. 2,.ar + 1/li.o. 2 . .or+ ll.frtllt.or + llfJxxrrlltar + IPI~. o. 2. gr, 

M = llall~. 2 • .a+ 110'11~. 2 • .a+ IPI2.o, .alt=o + 1/l~.t . .alt=o, 
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G1, G2 are positive, increasing functions such that Gi ~ const > 0 if R ~ minR = 

( 
I )

2 

I = e! + ~ + - 2 , i = I, 2. 
e a* 

P r o o f. To simplify the proof we consider the equations 

(4.2) <pr + div(<pv) = 0, 

(4.3) tpur+<pv · Vu- ,uLiu-vV divu ~ - Vp(<p)+<pf' -<pv · Vf3, 

m m-1 m-1 m 

where <p = I+ e, v = v = u + {3, u = u and we assume that <p is a given solution 

of Eq. (4.2). Moreover, we introduce the following notations: 

J~ = lflt.o.2,!J'' /2 = ll.frrii2,D'' /3 = l/12,t..fJit=O' 

fJ1 = I~I3,0,2 . Q', fJ2 = 1/312.0,oo,Qr, /33 = lfJI2,0 ,.fJit=0' /34 = llf3xxttii2,Qt, 

(4.4) fPt = l<pl2,o,2.a', <p2 = l<pl2.o.oo,ar, "Pt = I"PI2 .o.2.a', "P2 = I"PI2.o,oo,d, 

at = llaii4,2,D, a2 = llaii2,2,D, cJ1 = IID'IIJ,2,.fJ, 0'2 = IIO'II2,2 ,.o, 

o 1 = llall3. 2,.0, a2 = 11<1112. 2,.0, 
m m 

vt = lvi3.L2,ar, V2 = lvl2,o,oo.nr, f!t = lel2.o.2 . .or, e2 = lel2,o,oo,.o'· 

Using Eq. (4.4) we have 

(4.5) 
R = <p~+"P~+v~+f3i+a~+<1~+aL N = ei+fl+fi+f3i+f3i, 

M = at+ af + {3~ +If. 

Multiplying Eq. (4.3) by u, integrating the result over Q and making use of the fact that . 

[<p, + div(<pv)] ~ u2 = 0, we get 

4 6) I d I 2d p, J 2d I (d. )2d ex~ ( 2 ,1"'1 2 (. 2.dt <pU x+2 Ux x+v IV X~ -iji 11Pxli2,.o+li??J 12,0 

n n n 

where the Young inequality was used and ~2 is the constant from the inequality (2.I5). 

Integrating Eq. (4.6) with respect to time, we obtain 

(4.7) e*llum.n+.ulluxlltm ~ c~<p~<Y-l>ei+C2<p~[fl+f3i+(f3~+v~)f3f1 
+e*(ai_+{J~) = gs(<p2, /32, v2)N+e*M, 

where we used Eq. (2.12). From Eq. (4.7) we see that g5 (<p 2 , {J2 , v 2 ) ~ const > 0 if 

<p2 ":>.~. min<p2 = e* IQI112, fJ2 ":>.~. 0, V2 ":>.~. 0. 
Multiplying Eq. (4.3) by Ur and integrating over Q, we obtain 

(4.8) I <pu; dx+ ~ ~ I [f-tui +v(div u)2]dx ~ [e*(s~p lvl (llux.ll 2,.o 
.Q .Q . 

llf3xii2,.Q) + Re*Y- 1 11<pxii2,.Q + 11/112,.0 + llfJrii2,Q +sup 1/31 llf3xll2,n) + llf3xxii2,Q] ilurii2,.Q. 
n 

5 Arch. Mech. Stos. nr 4/IB 
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Using the Young inequality, from Eq. (4.8) we have 

(4.9) e.llu,IILo + 2 ddt (,ulluxiiLo +,lldivuiiLa) ~ - 1 
[e*2 ((sup lvl)2(lluxlli.n e. n 

+ 11Pxlli..o)+R2e*2<"- 1>11<J1xlli.n+ 11/lli..o+ IIP,II~ . .o+ (sup IPD211Pxllt.o)+ 11Pxxllt.o1· 
Q 

Integrating Eq. (4.9) with respect to time we obtain 

(4.10) e.llu,lli.m+ ,ullux{t)llt.o+"lldivu(t)llt.o ~ C3VJ2 [<p~vHIIuxlli.n' + PD 
+<p~<"- 1>ef+fl+P~+P~Pf1+P~+C4IIux(O)IIi..o ~ g6(1p2, <J12, v2, P2)N+CM, 

·where g6(1Jl2, <p2, v2, P2) ~ const > 0 if 1Jl2 '\. min1p2 = J.IDI 1
'
2, <p2 ~ e.IDI1

'
2 ,v2 ~ 0, 

- ' (! 
P2 ~ 0 and Cis a constant. 

To estimate the second and third derivatives we introduce the partition of unity gener
ated by ~1>(x), !J<1> = sup~<1~(x) and w<1> = { x E .Q<l>: ~<1>(x) = 1 }, where ~"(x) are y 

smooth functions [11]. We assume that U w<"> = U .Q<l> = .Q and - diam w<1> = 
k k 

= ~ diam .Q<IO = A.. Moreover, we assume that only a finite number of subdomains .Q<1> 

has nonempty cross-sections. Let us assume also that k E 9l1 if w<">na.Q = 0 and k E 9l2 

if w<1>na.Q :1: 0. Now we shall restrict our considerations to x E .Q<1>, where k E 9l2 • 

We i~troduce new variables y = T(x), x E Q<">, where Tis a diffeomorphizm of class 
C 3 , such that the boundary T(o.Qn.Q<">) is described by the equation y" = 0, where n = 2 

or n = 3. We introduce the notation ./(y) = f(x)lx=r-•c1>, fJ<l> = T.Q<1
' and u<1> = uE<1>. 

For simplicity in the next considerations we assume that u = u<"J, j = f<"> = j{<">, and 

so on, and we omit the index k in tJ<l> and ~<">. Then Eq. (4.3) for y E iJ and u has the 
following form: 

(4.11) ~u,+~v · vu-{pL1u+,Vdivu) = - [!.t(L1-A)u+,(Vdiv-Vdi;,)u] 

where 

+q,vuVE- £2pVuVE+,vt;v§+,v{di;,u+puL1'{+,uvvi] + vfoi +pf' -vpv8e, 

. a 
v, =-a~-, 

Differentiating Eq. ( 4.11) with respect to y', y' E {yt, ... , y" -t } , multiplying the result 

by u,., making use of the fact that [~t+div(~v)]~u;. = 0 and integrating over iJ, we 

obtain 

(4.12) ~ ~ llq;u~·llt.a+! piiVu,.llto+"lldiviiy·llt.O~ A.C~IIViiy· llta+llpy·-,ity'llt.a 

+ ll(q;vv>.y·UUy·llt.a + ll(~vuve>.y·Uy·llt.n + c~11u11~ .2 . .o+ c~<IIV/J~!I~.n 

+liP !'liLa+ 11 (vpv PE>.y·llt.o>. 
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Using the Young and Holder inequalities, from Eq. (4.12) we get 

(4.13) ~ ~ f ~lu.v·l 2dy+ i IIVu.~~,IILo+vlldivu.~~·lltn ~ eiiu.v'rlltn 
n 

+ C~/lcpllt 2.nO +I lui It 2.n> + c~ llcpllt 2.nllvllt 2,n(llu/lt 2.o + IIPIIt 2,o) 

+ C~(IIV.P/Ita+ 1/~f'llta), 
where c; , i = 1 , ... , 6, are constants. 

_ Multiplying Eq. (4.11) by uu, where z = y", n = 2 or n = 3, and integrating over iJ, 
we obtain 

(4.14) ~ ~ J ~luz/ 2dy+,ulluzzll~a+vllu:zlltn = - J (,uLl'u+vV'divu)uzzdY 
n n 

-v J div'iizuzzdy+ J [,u(Ll-j)u+v(Vdiv-Vdiv)u]uzzdY+ J [2pVuV~+vVuV~ 
n o n 

-~vuV§uzz+~iizruz]dy+ J [ -Vp§-~J' +q;vvp§]uudy, 
" D 

where V', Ll', div' are operators in which the derivative ofoz do not appear. From Eq. 

(4.14) we get 

(4 15) 
1 

d J A -
2 d 

1 
//"" // 2

. " /I-n // 2 " 1/"" // 2 " C'jjV"" /1 2
" · 2{fi fPUz y+2,U Uzz 2,.a+V Uzz 2,D ~ e U.vt 2,D+ 7 U.v· 2,D . 

A 
D 

+ C~llul/f. 2.n+ C~llcp/1~. z.nllilrlltn+ c;ollcpllt 2.nllvllf.z . .a(llullf. 2.o 

+ IIPIIt2.a)+c;lolvPIIta+ llq;f'llta), 
where c;, i = 7, ... , 11, are Gonstants. Multiplying Eq. (4.13) by a constant C such that 

i ,uC > c; and adding to . Eq. ( 4.15), then, going back to old variables and summing 

over all k, we obtain 

(4.16) ~ f pu~dx+,ulluxxlltR ~ elluxrlltn+Ctllcpllt2.D(IIurlltn+llullf.2.D) 
D 

+ C2//ullf.2.n+ C3/lcpllt 2,nllvl!i. 2.n(l/ullf. 2,n+ liP II f. 2,n)+ C4(11Pxlltn+ !lcp/'lltn),, 
where Ci, i = 1, ... , 4, are constants. Differentiating Eq. (4.3) with respect tot, multiplying 

the result by ur and integrating over !J, we get 

(4.17) ~ ~ J cpuf dx+#I/Uxrll~.n+vl/divurlltn ~ llcprufllt.~+ ll(ipv)r · Vuutllt.n 
n 

s• 
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From Eq. (2.16) we have the following estimates: 
4 

(4.18) llcpruii!J,.a::::; IICJ?rll2 . .allurlll..a::::; elluxrllt.a+CIIcprlltnnllutlli.th 

(4.19) ll(cpv)r · Vuurllt • .a::::; lcpb,t,.alvl2.1,.a(lluxlll..a+ llurlll . .a) 
4 4 

::::; e(lluxxlli . .a+ lluxrllt.a) + Cjcpjf~~.alvlt"i~.a(lluxlli . .a+ llucl/i . .a), 

(4.20) ll(cpvV,B)rm . .a ::::; lcpltt . .alvltt . .aiPH.t . .a· 

Using (4.18)-:-(4.20) in (4.17) we get 
4 4 

(4.21) ~ I qmf dx+ ,U'rfu;tl!i,.a+vll divurlli..a::::; elluxxlli..a+ CsiCJ?I~~~~.a (I+ lvli~~.a) 
.a 

· (lluxlli..a + llurlli..a) + C61CJ?Itt . .alvltt . .al Pltt..a + C7(11Prlli..a + ll(cp/')tllt.a), 

where ci' i = 5' ... ' 7' are constants. 
From Eqs. (4.16) and (4.21), for sufficiently small e, we have 

(4;22) ! J cp(ui+uf)dx+#(lluxxllt.a+lluxrllt.a)::::; Ctllulli,2,.a+C2IICJ?IIi.2,.0 
.Q 

4 4 

• (I+ llvllt 2,.aHIJulli, 2,.a+ llurllt.a)+ CJICJ?Ii:O~.a (I+ lvli~o~.a)(lluxllt.a + llurllt.a) 

+ C41CJ?Ito . .alvlto . .a1Pitt.a + Cs(IIPxll~ . .a + IIPrllt.a+ llcpf'lli . .a + ll(cpf')t llt.a) · 

Integrating Eq. (4.22) with respect to t and using Eq. (4.4), we obtain 

(4.23) e*(lluxlli . .a+ llutllt.a) + ,u(lluxxll~ . .a'+ lluxtlli . .a') ::::; Csllu.xllt.a' 
4 4 

C- [ 2(1 2) 4-nc1 4-n)JIIII2 c- ( 2 2,82+ 2<v-t> 2 + 6 9?2 +v2 +cp2 +v2 u 1,2,.a'+ 1 CJ?2V2 1 9?2 €!1 

+ llcpf'llt.ar+ ll(cpf')tllt.a')+e*(llux(O)I!i,.a+ llur(O)IIi . .a). 

From Eq. (2.13) it follows that 

(4.24) Hcpf'llt.a' ~Pi+ [(I +PDPi+ffJcpi, 
(4.25) 

Moreover, we have 

(4.26) llur(O)IIi..a ~ llvt(O)IIi..a + IIPr(O)I!i..a ::::; ~ llai lt2 . .a +II alit 2,.a + 11/(0)IIt.a 
(!* 

+(I+ llall2, 2,.a)2<v-t>llallt 2,.a+ II,Bt(O)lii . .a ::::; 'lf'~ a.i +at+!~+ (I+ 0'2)2<v-t>ai + ,8~. 

Using Eqs. (4.7), (4.10), (4.24)-:- (4.26) in Eq. (4.23) we obtain 

(4.27) (!*(lluxlli . .a + llutllt.a) + ,u(lluxxlli..ar + lluxtllt.ar) ~ g7(cp2, 'lf'2, V2, ,82)N 

+ga(cp2, "P2' V2, ,82, C12, a2)M, 

where g7(cp2, 1p2, v2, ,82) ~ const > 0, g8 (cp2, 7p2, v2, ,82, a2, a2) ~ const > 0 if 9?2 ·~ 
~ mincp2, 1f'2 ~ min7p2, v2 ~ 0, ,82 ~ 0, a2 ~ 0, a2 ~ 0. 

Now we shall estimate the third derivatives. Differentiating Eq. (4.11) two times with 
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respect to yl, multiplying the result by uY'Y'' using the fact that [q;c + dfv(~v)] ~ u;'Y' = 0, 

then after integration over fJ we get 

(4 28) 1 d [A 2 d 1 - 2 A d' - 2 A cl A 2 A · 'f dt. <fJUy'y' y+ 2 ,u jjVuy'y' jJ2,.o +vjj IVUy'y'jJ2,.0 ~ t:JJ uJJ.z, 2,.o 
Q 

+ C~3li<JJII~. 2,.o llvll t 2,.oCIIullt2n+ I IPIIt2.il) + C~4(11Py'Y'I I~ .il+ ll(p/)y,Jin.a· 
Differentiating Eq. (4.11) with respect to y 1

, multiplying by Uy'zz and integrating over iJ, 
we obtain 

1 d J"- d II- 112" 11-n 112"- J ["- ""v"-] - d -2dt <fJUy'z Y+,U Uy'zz 2,.o+v Uy'zz 2,.0- cput+<pv U ,y'Uy'zz Y 
Q Q 

+ J[,u(LI-J)~+v(Vdiv-Vdiv)u],y,uy'zzdy+ J [2~tVuV~+vVuV~+vVgdivu 
Q Q 

+~tut3~ +vuvvg] ,y,uy'zzdy- J [~vuv~ + vp~+~J~-v~v,B§].y,uy'zzdY.· 
Q 

For a sufficiently small diameter of Q, using the Young and Holder inequalities, we have · 

(429) l d f"- d fl jj- IJ 2 " ,-n 11 2" Jj - /1 2 " .
1 Jj- 11 2" · 2 dt <fJUy'z Y+ -f Uy'zz 2,.o+V Juy'zz 2,.0 ~ e Uyyt 2,.o+Cts Uyy'y' 2,n 

Q 
4 4 

+ c;6 11 ull~. 2.a + c~ 7li<JJII~. 2,.0 iultt,.O+ c;sl I<JJlli:2~.ollvlli:2~.olluyyllttJ 
+ C~9 1 !<JJIIt2,.o llvllt 2,.o(l lui It 2 • .o +I IPI It 2,.o) + C~o(l IPYYI 1~ . .0 +I l(g;j'),yl I til). 

Differentiating Eq. (4.11) with respect to z, multiplying by Uzzz and integrating over Q, 
we obtain 

1 d f ,.._ 2 d - JJ2,.. JJ -n 12,.. _ { [ 1 " -2 "- -2 dt" <fJUzz y+,ujJUzzz 2,.0+ VUzzzk.o- ;,· 2<fJtUzz+<JJUzzUzzt 
.Q .Q 

("" "" v" ) - ] d J ( A I V'd' ' 
8 

d · I V' 
8 

) - - d + <pUt +<pv U ,zUzzz_ Y +" flLJ +v IV +v OZ IV +v OZ UzUzzz Y 
.Q 

+ J [,u(LI-.d)u+v(V div- V div)ul,zUzzzdy 

.0 

+ J [2~tVuV§+vVuV~+vV~divu+,uu.3~ +vuVV~J.zuzzzdY 
.Q • 

-J [~vuV~+Vp~+q;J~-&q;vp$],ziizzzdy. 
Q 
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, For a sufficiently small diameter of iJ, using the Young and Holder inequalities, we have 

( 30) 1 d f """"2 d , II... 112 ... II""" 112 ... II- 112 A C' ,,... 112 A 4. 2 dt fPUzz y+ 2 -"zn 2,n+v Uzzz 2,D ~ 8 Unt 2,n+ 21 Uyn' 2,D 
A • 
n 

4 4 

+ c;2llulli.2 . .0 + c~3llcplli. 2,Dlu/t 1n + c;4llcplli:;~D llvlli:l~n lliillt2.a 

+C;sllcplli,2,DIIvlli.2,D(IIulli.2,n+IIPIIt2 . .0)+C~6(1/p,.,.lli..O+II(~/'),,.IIt.O). 

We multiply Eq. (4.28) by a constant C such that! p,C ~ C~ 5 and add to Eq. (4.29). We 

multiply the result by a constant C' such that! p,C' ~ C~ 1 and add to Eq. (4.30). Then 

after going back to old variables and summing over all k we obtain 

(4.31) ~ .~ f cpuixdx+ ! plluxxxlltn ~ elluxxrlltn+Callcplli,2,DIIvl!i,2,n(llulli.2,D 
D 

4 4 

+ 11/lllt 2,a)+ C9(1 + IICJ?IIt2,D) luli.t,D+ Ctollcpl/i;-2~DIIvlli~;.DIIulli. 2,D 

+ CuOIPxxlltD+II(cp/'),xllta). 
Differentiating Eq. (4.11) with respect to y' and t, multiplying by u,.., and integrating 

the result over D, we have 

(4.32) ~ ~ J ~u:.,dy+ ~ (plliln·rllt.O+vlldivu,.,,jli . .O) ~ elliizzrlli..O 
o 

4 

+ C~,11u,//t2.n+ C~aiiCJ?IIi~;,a /lu,,,_l/i,.Q+C~91cpltt.alil l i,o.n 

+ C~oiCJ?Ii.t,nlvltt.nGuli.t..O+ IPitt,.O)+ c;t(llp,.,llta+ ll(g;]'),, llta) . 
Differentiating Eq. (4.11) with respect to t, multiplying the result by Uzz:r and integrating 

over iJ, we get 

1 d J A- 2 d ,,- . l 2 A 
11
-, //2 A _ f ( 1 A -2 ... - .- ) d 2 dt ... fPUzt y+p, Uzz:t l2,0+v Uzz:t 2,D- A lfPtUzr+CJ?UztUztt Y 

D D 

f (...... ... Av"' -) - d J ( A' V'd. ' a d' ' v' a ) - -+ A cpu,+cpv u ,1 Uzzt y+... f.tLJ +v IV +v az IV +v az U1Uzzt 
D D 

+ J [p(L1-.1)u,+v{Vdiy-Vdfv)ii,]uzzrdy 

.0 

+ f [2,uvu, v~+vvu, v§ +vv§dfvu,+;ttu,Li§+vu, vv§Juzzt 
Q 

+ j~ [~vuV~-~vVP~+Vp~+~l'J.,uzzt· 
Q 
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Using the Holder and Young inequalities, we obtain 

(4.33) ~ ~ · J qnl;,dy+ ~ <PIIilurlli,.Q+PII~zrii~ . .O) ~ ellilzullt.O+C;211un'rllt.O 
.0 . 

4 

+ c;311fPrii~~2~DIIuzrllt.O+ c;41fPitt ,nluli.o . .Q+ c;slu,ji, 2.D 

+ c;61fPitt,DivlttD(Iult 1 • .0+ I Pit t,.O)+ c;,(IIPyrllt.a+ ll(~]'),llt.a). 

We multiply Eq. (4.32) by a constant C" such th~t ! pC" ~ c;2 and add to Eq. (4.33). 

Then after going back to old variables and summing over all k, we obtain 
. 4 

(4.34) :t f tpui,dx+ ~ plluxxrlli.D ~ elluxull~.n+C12(1 + lfPI~~~~D)Iulto.D 
D 

+ C131fPitt.Diulto.D+Ct41fPii.t.Divli.t.D(Iultt.D+ IPI~.t.n) 
+ ~s(IIPxrlltD+ ll(tpf'),lltD· 

Differentiating Eq. (4.3) two times with respect to t, multiplying by u,, and integrating 
over !J, we obtain 

(4.35) ~ ~ f tpuf,dx+plluxulltD+PIIdivuulltD ~ llfPuUrUullt,D 
D 

+ lltp,ufrllt,D+ ll(etJ)uUrUullt,D+ ll(ev),ux,uullt,D+ IIPtt lb.DIIuxttii2,D 

+II (tpf')u II 2.DIIUrrii2.D +II (tpv/Jx)tt Uull l,D• 
Using the following estimates 

4 

lltp,uf,llt.D ~ ell Uxrrlli.D + Clltprll~~~lluulltD, 
4 

llfPuUr Urrii2.D ~ elluxulltD+ CllfPrrii2,D llurlli. 2.D+ CllfPrrll~~~lluulli.D, 

ll(ev)rr UxUullt.D + ll(ev),UxrUrrllt,D ~ e(lluxuii~.D+ lluxxrii~.D) 
4 4 

+ Cjtplto.Divli.o. ululi, o,D+ Cltpi~:O~nlvli~o~n(llu,,lltD+ IIUxrlltD), 

ll(tpvpx),,uttiii.n ~ ClfPito.Divlto.niPitt,D+CIIuulltn, 
we have 

(4.36) -~ :r J tpufrdx+ ~ ftiiUxulltD ~ eiiUxxrlltD+ ~61fPito.Divlto.D(Iultt.D 
D 

4 4 

+ IPI~.l.D)+ Ct71 tpj~~o~D(l + lvli~o~D) (lluulltn + lluxtlli . .o) + Ctslluulltn 
+ ~9(11Pulltn+ ll(tp/')rrlli.n· 

From Eqs. (4.31), (4.34) and (4.36) we have 

(4.37) ~ J tp(uix+u.it +uf,)dx+p(lluxxxlltn+ lluxxrlltn+ lluxulltn 
D 
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4 4 

+CglqJii~o~n(l + lvli:o~n)luli.o.n+Cto(IIPxxlltn+ IIPxrlltn+ IIPttlltn 

+ ll(qJ/')xlli.n+ ll(qJ/')rlli.n+ ll(qJ/')rrlltn)· 
To estimate lluttll 2.n we integrate Eq. (4.37) with respect to time without the second term 
on the left-hand side. Using Eq. (4.4), from Eq. (2.13) we have 

(4.38) II (qJ/')ttiiLa' ~ qJ~(fi + JD + ,B~ + (/)~ ,Bi(l + ,BD. 
Moreover, from Eq. (1.2) we have 

lluxx(O)IIi.n ~ a~+ ,BL 
(4.39) lluxr(O)IIi.n ~ a1(1 + O'Da~ + ai ai + ai + (1 + 0'2)2<Y- 2 >0'~ + !~ + ,8~, 

llurr(O)!Ii.n ~ gg(at, a2, 0'2)(ai+O'I+fD+,B~, 

where g9 (a1 , a2 , 0'2) 'x const > 0 if a1 'x 0, 0'2 'x 0. Integrating Eq. (4.37) with respe~t 
to time and using Eqs. (4.38), (4.39), (4.24), (4.25) and (4.4), we obtain 

(4.40) e*(lluxxlltn+ lluxrlltn+ lluttlli.n)+ ,u(lluxxxlli.nt+ lluxxtlltnt+ lluxtrlltnt 
~ gto((/)2, 'lfJ2, V2, ,82, 0'2, a2)N+gu&2, (/)2, 'f/J2, V2, f12, 0'2, a2)M. 

Adding Eqs. (4.7), (4.10), (4.27) and (4.40), we obtain Eq. (4.1). This completes the proof. 

LEMMA 4.2. 
Let the assumptions of Lemma 4.1 be satisfied. Then there exists a uniq1,1e solution 

m 
of the problem (2.11) and (2.12) such that u E 9Jl(.QT) = II5,oo (.QT)nllf, 2 (.QT) and the 
estimate ( 4.1) is valid. 

Proof. We use the results of [17]. Let us assume that there exists a sequence of 
problems 

k 

(4.41) 
k ,U k 'J1 k k k k k R [mY] k 

i - i + j j i i,Bi .,.. i +!' Ut- yUxlxl k Ux'xl-V UxJ-V xl- -k-,X , 

qJ qJ 

k . k k k 
(4.42) ulr=o = a- Plt=o' ulan = 0, 

k k k k k 
where the notations of Lemma 4.1 are used and qJ, {3, J, a, v, are functions in spaces 
C4+CX.,2HX/2(.QT), c6+a.,3+CX.f2(.Q1), C4+CX.,2+CX.f2(.QT)~ C6(.Q), c4+CX.,2+CX./2(.QT), 0 < ex < 1, 
respectively. Then [17] implies that there exists a unique solution of Eqs. (4.41) and (4.42) 

k k 
such that u E C 6+CX., 3+CX/ 2(.QT) and Lemma (4.1) follows that u satisfies the estimate (4.1). 

k k k k k 
Let us assume that the sequences {qJ }, {{3 }, {/}, {a}, {v} constitute Cauchy sequences 
in spaces given in the assumptions of Lemma 4.1 convergent to the elements qJ, ,8, f, a, v, 

k 

respectively. Hence {u} constitutes the Cauchy sequence in 9Jl also. The existence of 
solutions of the limit problem (4.41) and (4.42) follows from the fact that the limit function 
u satisfies an integral indentity which is a limit of the sequence of integral indentities 
corresponding to the problems (4.41) and (4.42) [16]. This concludes the proof. 
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5. The existence of solutions of the problem (2.4) and (2.8) 

Using the method of successive approximations described in Sect. 2 and the existence 
of unique solutions of the linear problems (2.9) and (2.10), independently, we can prove 
the following theorem: 

THEOREM 5.1. Let us assume that 

a E H4 (!J), a E H 2 (Q), 

f(O) EFi(Q), fEIIJ,2(QT), Itt EL2(!J;_), 
'Y} EliJ.~lf2((}QT), r; EliJ,j_112(8QT), r;(O) E T5+1/2(8Q), 'YJrr Elli_,j_1f2(8QT), 

b E Il'5 ,00 ( 8QT)nii5, 2 ( 8QT). 

Moreover, we assume that Tis sufficiently small (see the comments following Eq. (5.14)). 
Then there exists a unique solution of the problem (2.4)+ (2.8) such that u E 9Jl, (! EI1'5,oo(QT). 

Proof. From Eqs. (3.12), (3.16) and (4.1) it follows that 
m m-1 

(5.1) /lull~ G(t, R, N, M,ll u II), 

where 

llull 2 = suplulto . .o+ lultt,2,.0'' 
t 

and 

(5.2) G(t, R, N, M, x) = G1(t, R, x)N+G2(t, R, x)M+G3(t, R, x)x, 

where 

R = II all i.2 ,.o +II a /I~, 2 . .o +I hi i, o,oo,E.D' + lr;l ~+ lf2, o,oo,a.o1 , 

N = I hi~. o. 2,a.o1 + 1/li. o, 2,.0' + ll.frrllt.o' + lr;ttl i + 112, 2, 2,CJ!J' + lr;l ~+ 1f2, o, 2.a.o1
' 

M = llallt2 . .o +II all t 2 . .0 + lr;l~+ 112, o,a.olr=o + lfl~. 1..olr= o 

and G3 (t,R,x)~ if t~ 0. Therefore, there exist M0 , N0 , t0 for which 

(5)) inf{x > O:G(t0 , R, N0 , M0 , x) < x} = Xo > 0. 

Then from Eqs. (5.2), (5.3) and (2.14) it follows that 
m 

(5.4) /lull~ Xo· 
Therefore, from the estimate (3.12) we have 

m 

(5.5) lel2,o,oo,.o' ~ :Xo, 
where Xo is a constant which is not dependent on m. 

To prove the existence of solutions of the problem (2.4) + (2.8) we use the method 
of successive approximations. Therefore, from Eqs. (2.9) and (2.11) we obtain 

m m mm-1 m m-1 m mm-1 m-1 m-1 m-1 

(5.6) O+e)Uf+P u: +O+e)( u +tJ)iU~J+[P( u +PY+O+ e) Ui] u~J 

m m-1 mm-2 m m m ' m-1 m 

+[(I+(!) Ui + P ui] /1~1- pU!JxJ-vU~'xl+ R[(l + e);x,_ (1 + (! );x'] = P(ji- p;- tJi /]~1) 

and 

(5.7) 
m m-1 m-1m-1 m-1 m 

Pr = - div [ _ U + U e + v P], 
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m m m-1 m m m-1 
where U = u- u , P = e- e which satisfy the following conditions: 

m m m m 
(5.8) U/, .. o ~ 0, UlaD = 0, Plt=o = 0, Plaa = 0. 

m m 
Multiplying Eq. (5·.6) by U1, integrating the result over !J, using the fact that [f!t + 

m-1 m 1 m 
+div[ v (1 +e)l]2 U

2 = 0 and Eq. (5.8), we have 

(5.9) ~ ! J (1 +;)U2dx+pllitll~.a+vlldivUIILa = - J Pm~l U1dx 
D D 

- f [Pt~· +P>1+0 + me-

1

) mif}J~f/ u1dx- f [(1 +;rul +Pmrl]p~Ju'ax 
D D 

f m m-1 m f m m 
+R [(l+e)"-(1+ e )"]divUdx+ P[f'-Pf-p1p~J]U1 dx. 

D D 

• 
Multiplying Eq. (5.7) by P, integrating the result over !J, using Eq. (5.8), we get · 

1 d f m 1 J m-1 m f m-1 m-1m-1 m 
(5.10) ldt P2dx = - 2 div v P2

- div( U + U e )P. 
D D D 

Using the Holder inequality, from Eq. (5:9) we obtain 

1 d J m m m m m-1 m-1 m-1 
(5.11) 2 dt (1 +e)U2dx+,uiiUxlltn+vlldivUIIta ~[II Ut 114.a+maxl u +Pill Ux II4,D 

D Q 

m-2 m m 

+maxi u 111Pxll4,a+ll/114,a+IIP,+PPxll4,n1IIUII4,niiPII2,D 
D 

m-1 m-1 m-1 m m m m 
~ +max(l+ e )(II Ux 114,n+IIPxlkn)ll u ll2,niiUII4,D+ymax(l+e)"- 1 lldivUib.aiiPII2,Q, 

D D 

and from Eq. (5.10) we have 

(5.12) 

m-1 m-1 m-1 m 

+ lldiv U ll2,n+ II f!x ll4,nll U 114,n)IIPII2,D• 

Adding Eq. (5.12) to Eq. (5.11), using the Young and Poincare inequalities, lei ~ 1/2 
and the Sobolev imbedding theorems, we obtain 

m-1 m-1 m-2 • m-1 

+(II u llt2.n+II,BIIt2.n)ll u llt2.o+ll u llt2.nii,BIIt2.n+ll/llt.2.n+ll e llt2.n 
m-1 m m-1 m-1 

+ IPitl,D(l + 11PIIt2,D)+ 1 +II v ll3,2,n]IIPIItn+C(II u llt2.n+ 11PIIt2.D)II U lltn 
m-1 m-1 

+e(ll Uxlltn+lldiv U m.n). 
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Using the estimates (5.4), (5.5), lei ~ 1/2, and integrating Eq. (5.13) with respect to time, 
we get 

(5.14) 

m m-1 m-1 m-1 

~ CtsupiiPIItn+Ctsupll U lltn+ s(ll Uxlltn+lldiv U lltn). 
I I 

m m m m 

Introducing the notation Jm = sup(IIPIItn+IIUIItn)+IIUxlli.nr+lldivUIItn' and as-
1 

sumingthat t and sare sufficiently small, we haveJm ~ ~Jm-l, which implies that the sequen-

m m 
ces {e }, {u} converge in L 2 ,(XJQt), t ~ T. Using the weak compactness in the spaces 

Ill 

m and II5.oo(QT) there exists limits u E m of the sequence {u} E m and (! Ell5,oo(QT) 
Ill 

of {e} Eil5.oo(QT). To show that u and (! corresponding to the problem (2.4) and (2.8) 
is a solution of the problem (2.4) + (2.8), we must consider integral identities instead 
of Eqs. (2.9) and (2.11 ), see [16]. Passing with m to infinity in these identities, we obtain 
that the limit functions are solutions of the problem (2.4) + (2.8). This concludes the 
proof. 

6. Remarks 

The existence and uniqueness of solutions of the considered equations (1.1) and (1.2) 
can be shown also in the case of other boundary conditions: vanishing velocity on the 
boundary or an outflow from the domain. The considered boundary conditions (1.5) 
and (1.7) are necessary to prove the existence of global in time solutions, because only 
in this case we know how to obtain the global a priori estimate. From the nonlinearity 

, of our problem we proved the existence of solutions in ns spaces with the smallest possible 
smoothness. 
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