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Existence and uniqueness of solutions of the initial boundary value
problem for the flow of a barotropic viscous fluid, global in time

W. FISZDON and W. M. ZAJACZKOWSKI (WARSZAWA)

IN THIS PAPER the existence and uniqueness of global in time solutions of the initial boundary
value problem for the flow of a barotropic viscous fluid in a bounded domain 2 < R", n = 2, 3,
is proved. The case where the fluid enters the domain is considered only because in this case
we know how to obtain an a priori estimate. Moreover, the existence of solutions is shown
under the assumption that suitable norms of data functions are sufficiently small. Therefore
the total inflow of mass and energy is also sufficiently small. The existence of generalized global
in time solutions such that the density and velocity vector belong to L« (0, c0; H*(£2)) and
Lo (0, 00; H2(2))AL,(0, 00; H3(£2)), respectively, is shown.

W pracy pokazano istnienie i jednoznacznoéé globalnych w czasie rozwiazan problemu brzego-
wo-poczatkowego dla przeplywu $ciliwego barotropowego w ograniczonym obszarze £2 < R”
n = 2,3. Problem ten rozwiazano tylko w przypadku, gdy ciecz wplywa do obszaru, gdyz
w tym przypadku umiano otrzymaé oszacowanie a priori. Ponadto, aby pokaza¢ istnienie glo-
balnych rozwiazan zatozono maloéé odpowiednich norm danych “funkcji. Zatem calkowita
masa jak i energia, ktére zostaly dostarczone do ukladu, s nie tylko skoniczone ale muszg by¢
dostatecznie male. Pokazano istnienie uogdlnionych rozwigzan globalnych takich, ze gestodé
nalezy do Ly(0, o0; H2(£2)), a predkosé do L,(0, 00; H2(£2))NL(0, 0; H*(2)).

B paGoTe noKasaHO CYLIECTBOBAaHHE M €QUHCTBEHHOCTh PELIEHMii, IJI00aJbHBEIX BO BPEMEHH,
HAUaJEHO-KPaeBOH 3aJaul JUIS CHKHMaeMoro OapOTpOIHOIO TeUYeHHs B OTPaHHUEHHOH 06-
nacta 2 < R, n = 2,3. Ora sajaya pelleHa TOJIBKO B Cllydyae, KOTJa YKHMIKOCTh BTEKAaeT
B 00JIaCTh, T.K. B 9TOM CJIyuyae yAJIOCE HOJIYYHTE OLeHKY anpuopH. Kpome aroro, utobe! mno-
Ka3aTb CYLIECTBOBAaHUEC I‘HOSHJIBHI:[X pCHJCHl’[ﬁ, n-pem‘lonaraeTCH MaJIOCTh COOTBCTCTBYI‘OHIHX
HOpPM 3SafaHHBIX (QyHKUMA. IMTak IONHAasi Macca, KAaK M SHEPrHsi, KOTOpBIE JOCTaBJIAIOTCH
B CHCTEMY, SIBJIAIOTCS HE TOJLKO KOHEYHLIMH, HO JOJDKHBI OBITH JocTarouHo ManbiMu. Ilo-
Ka3aHO CYILECTBOBaHHE ODOOLIEHHDBIX IJI00aJbHBIX PELIeHHM, TAKHMX, UTO IUIOTHOCTh IIPHHAM-
nexur K Lwp(0, 003 H2(2)), a cropocts K Lx(0, 003 HA(2)) N Ly(0, 005 H* ().

1. Introduction

In THIS PAPER we shall prove the existence and uniqueness of global in time solutions
of the following initial boundary value problem for a compressible viscous barotropic
fluid flow in a bounded domain 2 <« R*, n = 2,3, [1, 2]:

(L.1) | g+ @) = 0,

(1.2) ool +ov vli— p'vlig—vvin+po = o'f,

where ¢’ — density, o’ > 0; v = (¢, .., ") — velocity; p’— pressure; f = (f*, ..., f") —
external force; u’, »" — shear and bulk viscosities, p' > 0, »" > 0,

1.3) 0'li=0 = 0'(%), 2|0 = a(x),

(1.4) vl = (¢, 1), o'ln = b'(X, 1), X €0Q.
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Moreover, we assume the following barotropy condition:

1.5 p' = Rg",

where R’ is a constant. Equations (1.3) and (1.4) ]mply the following compatibility condi-
tions: :
(1.6) Nli=0 = alag, ’lag = b'|i=0.

Moreover, we assume

(1.7) —n-nlag=dx',t)2dy, >0, x'€0R, d,=const.

Similarly as in [1], we assume that density and its initial and boundary values have small
deviation from the equilibrium condition, hence we can denote

(1.8 o' = po(1+0), b =p(1+b), o =p'(1+0),

where g, is a constant and denotes the equilibrium magnitude of the density. Therefore
Eqgs. (1.1) and (1.2), can be written in the form

(19) 0 = — [(1 +Q)vi]1x’s

2 5 R[(1 Y] 1 7 s
(1.10) ui= 1-'1:9 u;txt-i-l—ia u;"lxl—u-’ui_r-— [(%99)]_’2 —u]ﬁij—ﬂ-’uil-‘-f"’
where

w v’ g
= ’ y=—, .R = R 4 l,
# Qo Qo 5

(1.11) fi=ri+ ﬁx:,:+ B’w—ﬁ: BB,
and £ is an extension of the function % such that
(1.12) Blea = n(x', 1), x' €0Q.
In the end we have the following initial and boundary conditions:
(1.13) ult::() = a_ﬂ[l=0; ula.Q = 0’
(1.14) Oli=o = @, plag = b.

This paper is a continuation of the paper [1].

Using the a priori estimates showed in [1], in Sect. 2 an a priori global in time estimate
is obtained. Next, making use of the existence of local solutions obtained in [1], in Section 3
the existence of global solutions of the considered problem is proved.

Moreover, all notations are the same as in [1], nevertheless we define nontypical spaces
1

used in this paper. We introduce Banach spaces [T} ,(Q7) = () Ly (0, T; H'(2)),
i=k

!
I3 2 (027) = L’ ‘0, T; H*Y2(202)) and 'y (2), I'y*/2(852), where |, k, i are natural

number and p 2 1 is real number, with the norms
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i
lulrk @ = Wliso =, IIDEulli, 2,00
i=k

i

lulri+ 12y = |uli41)2, k00 = Z 1D} ulli41)2, 2,20,
i=k

where || ||i, 2,0 and || ||i41/2, 2,20 are norms in spaces H*(¢2) and H+12(90), respectively.
At last we introduce the function

R 1

(1.15) E°(@, u) ke [(1+9)7—1—7’9]+5(1+9)t«f2
and we recall the lemma of MATSUMURA and NISHIDA [3]:

LemMa 1.1.

’ 5 3

There exist constants g, = mm{l /Z’W}’ C = C(y), such that for |g| < g,
we have
(1.16) VTR e“r%u2 < E° < C(y) (u* +¢?).

Proof. Using the expansion
R R R(y—2
=1 [(1+0)"—1—ype] = YT e+ %,) e*(1+&) 3,

where 0 < £ < 1, we obtain the right-hand side inequality of Eq. (1.16) for |g| < 1/2.
The second inequality in Eq. (1.16) is obtained-from

Ry yR(y—2) 1 YR ly—2| . 1
(1] o a2 ETINE ) 2 ly=3| g2 = T 2 = lp—3] g2
E° > 5 o 3 0?lpl 2 + 4 u 3 o*|1 3 lo]2 + i u

which is valid for |p| < 2 3

A2 This completes the proof.

2, A priori global in time estimate

This part is devoted to obtaining a global in time estimate of ¢ and u. Let us assume
that g, u are solutions of the problem (2.4)+ (2.8) [1] such, that ¢ € C*(27), u € C*(2"),
where T is an arbitrary. Using the function E° we can formulate

LeEMMA 2.1.

Let us assume that f{r) e L,(R), f(t) eI'}(Q), be H'(99Q), p e L(0, T; H'(Q)),
te[0,T], o] < 1/2 and

2.1 3azmax||Billz,0 < #,
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where «, is the constant from Eq. (2.15) [1]. Then the following estimate
d ;
@2 2| Bodst £ )3 0 +oldival}, o < Gu0) +erlled o
2
is valid, where E° is described by Eq. (1.1) and

2.3) G1(1) = C(Ilf113.0+1BIZ, 1, a(1 +1B113, 2,0) + s% 1BI1%,2,0+11Bl1%,2,20,

where C is a constant and ¢, is an arbitrary parameter. This parameter will be assumed
sufficiently small.
Proof. We consider the expression

i - R’}" A 1 7 s
0 _ i,,0 i A y—1_ ) . i :
a4 K “*9)“”'““[,,-1 [(1+ey '~ 1]+ u ]e, (1+o)u [ o
Y i vt — g, RIAF L
+ T+o g — W+ pHuli— B, B +f

- [ 2 o1+ i ro @ e
= )1 ) )= ) = o [+ + )]
~ QUL+ (1+0us =~ [(+7 '~ 1111 +0)f .

{ R[(1+0)] witd + —- = y [(1+e)~*—1][(1 +e)u‘],xr}
The last term in Eq. (2.4) will be expressed in the following way:

@9 —RI0+eV]nd = T (Lrey [+ Qul st — 2 (140w
- [0+t Rttt R o]+ a0t

e (V0T W (R

Using Eq. (2.5) in Eq. (2.4), integrating the result over 2 and using that u|sq = 0, we
obtain

d L s
Qo fE°dX+.uHuxH§,a+vlIdivuili.n < I +@uwBolly, o+ (L +0)uf Il 0
Q2

)13, 0 11Bxll2,0+ Cillf 13,2

R .
= H—y_LI [+ ~1]up'+ 1+l < =

+¢'||ull3, n"‘ ”ﬂ“1 2.0+ &1lloxl13, 0+ Callbl13, 2,00,
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where we took into account |o| < 1/2 and |loll2,a < lloxll2, 0 +1Bll1, 2, 0, Where blsg = b.
Using Eq. (4.1), the form of f and assuming that ¢’ is sufficiently small, we obtain Egs.
(2.2) and (2.3). This concludes the proof.

LEMMA 4.2.

Let us assume that f(¢) € L,(£), B(¢) e '{(Q)NLy(0, T; H*(Q)), b(t) € I'}(39Q),
n(t) € H*(29),

and

1Y"* R
@7 E<dy, [lBlls.z0 S (7) #—fv
where o, is a constant and
(2.8) E = |lgll3, 2.0+ 40,0

Then the following estimate is valid

d 1, (1+g)? ,-) (_1_)”1'1%7’
(29) Eﬂ (79:"' ,u+'v o dx+ 2 ‘u+’l’ ”Qx””!) azil"xxx”zﬂ

+ &3lteall2 0+ Cldy e + g " &3 ¥ + o +[IBIIE, 2, 0 l14el 3.0 + G (1),
where C is a constant, ¢,, ¢, are arbitrary parameters, A, = A,(dy, ||b||5.2,s0) and
@10) G, () = If13.a+183. 1.a(L+1BI13. 2, )+ C(do) [1613. 1. o1 + 1913, 2, 0)

+(1+]1B113, 2,20)I1B113.2, 0]

Proof. We consider the expression

1 (1+p)? I) B (1+0)? i) (1+0)* ;
(211) (_2:_@):'9’:‘-!' ,u-i—v Oxtu :t_ @x‘+_'u:_y—u th+ H+1’ Oxti;

2(1 +Q)

+

2 ) 1 2
uida = (gﬁ (Lo u*) [+ @+t L

e Y — (4 BV — B — R[(1+Q)y].x‘+ 'i]
Ox [1+9 Uiyl + 1'+'Q Uxlyxd (u +;8)u.xl u:ij _1+9 f

2(1+Q)
u+

where the time derivatives are replaced by Eqs. (2.4) and (2.5) [1]. At first we consider
the following terms from the right-hand side of Eq. (2.11):

extt' [(1+0) @ + )],

(2.12) —(1+4p)oxtia+ (‘u+9) oxt [t +vudi ] = %—i— w0 (g1 —uliy)

M+P (l +9)Qxiu1’xj - T [(1 +9)Qx' uxz];x-’+ 'lu% Qx'nguj 1+ ‘l_ll— (l +Q)9x'x-'u J

= ;L"T( +Q)Qxiuxjx./ —Hlj'v [(1 +Q)Qxluil],xj+ —!I’:’_—v thngu'!‘i—l— #'u!_:v [(1 +Q)iju;’;:],xt

6 Arch. Mech. Stos. nr 4/83
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22
pnt+v

Qx'gx-’u}ir’_ % (] +Q)Qx-’u:{ Ixt = — % [(1 +Q)Qx"u{:'],x-’
+ 7% [(1 +Q)Qx1 ui'],x‘-
Using Eq. (2.12) in Eq. (2.11), we obtain

1 (1+0)?
(2.13) (—2- 0x10x + P

Oxil )’= _Qx‘[Qx'xf(uj+ﬁj)+Qx'(uj+ﬂj).x-"*'gxl(uj'*'ﬁj).x‘]

_ Bl — a+ )
(1+@)Qx ﬁxx wr

ull+ Pyt = 2 “’ % RI( +0), w0

(+9)? ., : ;
ek [(1+e)exfu£t].xr+% [(1+ ) guteld]
2(1
%Q; w[(1+0) (@ + )], — (1'u+g) W [(1+0) W + )] xtss -
where the last term in Eq. (2.13) is replaced by
1 ,. 1 :
214 - oy [(1+ )2 [(1 +0) (@ + )], ] 2t + i [(1+0)*u']
T+ W +p9)], .
Using Eq. (2.14) in Eq. (2.13), we have
1 1+0)? R , 1
19 (Fer U o) + L (rrg = - @D Vei-ctdivep)
‘ 2
a0+ )= (14 Q0usBlow— D gl + Pkt

(1+0)? ., 20+e . v 20+e? o
+ T fou— prae u-Vo(u+p)-Vo wty u-Vodiviu+p)
+ #—i; [2(1 +@)u Vo(u+p) - Vo+ (1+0)*divu(u+p) - Vo+2(1+0)%u - Vediv(u+p)
+(+@rdivudiviu+ B~ L 0 Dol vt 25 [+ Qo] o

-y 0 O WAL

= b iVt Bell— o o2+ B)—eusgulul + 8= L+ Oeu Bl

_ (1+0)° i aiyai igi (1+0)? ., 1 24; )
0 i+ puts g +- OO figt s (4P v ) Ve

34; ; _AaM d
+ (1 +o)3divudiv(u+p)] —;—_l—_—; [(1+p)oxuid],

= M—jlw‘ [+ [(1+0) & + )], ], =
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Integrating Eq. (2.15) over £, using ulzp = 0 and [o] < %, we get
dj (1+9)? i vR}’(l)y ‘ 2<_“_Lf ]
(2.16) ( “ate vt ) Nedi <~ | et

27
+ 9(‘u+ ») Hle"Hz at+Ci [||Qx Uy, !)'I'”Qxﬂx”.l at10xBsxlli, ot |loxtitsl1, o

+||quxf3H1.!)+ H@xuﬂx”l.f)—l_”f'Qle..Q'i'Huxﬁxlll,!)]+C;I|Qx“x“1.aﬂ-

Now we estimate particular terms from the right-hand side of Eq. (2.16). The first
term from the right-hand side of Eq. (2.16) has the following estimate:

C
{ﬁ ozds < fa'gf,ds ClInllz,2, a0llblI, 2, an+ (Hb 113, s+, 2, aal|bl13, 2,00
+ (1416113, 2,20) 1104113, 50,
where we made use of the fact that [|ox||2,00 € C(|]0,:]]2,60+l0,nll2,60), Where ¢, =

1 ; ; y
= [g,+v,‘g,,ﬂ+(l+9)d1vv] and d = d, > 0. At last, using Eq. (2.17) [1] we obtain

2.17 fdoids < C(do)b13, 1,00(1+11n113, 2, 20) + &1l|Uxxl |3, 0+ A1 (16]] 2, 2,005 do)

n.Q
» &7 'l 13, 0+ Cdo) (1 +118]13, 2,20)11B113, 2, 2>
where the function 4, is determined by the above considerations and &, is an arbitrary

parameter. Now we shall estimate terms from Eq. (2.16) which are multiplied by i

letudlea < sup oo < oo+ 212 (supluyy

4

2 5 2 ”Qx”%,ﬂ 4-n 'T}E 2
2"HQXIEZ,Q""Ss]luxxxllz,ﬂ"'c T 33 ”uxH2,Dt

”Qxﬁx”l (IS SUP|5JJ lloxll3, 0 < ”ﬁ”a,z,n”@x”iﬂ:

lloxBxxlli, 0 < —- HQx”Z ot 5~ Hﬁxxllz 2
(sgp |ul)?
(2.18)  loguuyl|;,0 < Sup|uH|Qx||2 ollis]2,0 < o lloxl13, 0+ —5— H“x“%,n,
2 2e,
‘, ('s!t?lplﬂl)2
nguxﬁ”l,ﬂ < 7 ”Qxll%.!)'l' "“272" ||uxl|%..0’
(sgplff%r 1)
l|oxuflli, 0 < ||Qx||z ot S T |ull2, 2,
5)

; W o B 1 .
1f el 5 < 5 leald.a+ 5~ I/7113.0:
2

6*
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e Bell1, @ < Huxhz o+ ||ﬁx“2 2s

where ¢,, €3, &, are arbltrary parameters. In the end we shall estimate the term

219)  llexuslly,on < Cll(e,s+0,n)xl1,00 < Cllbslls, an+C'I|~— (be+ 1.,

+(1+b)d1V9)‘z’x”1 o0 < C(do)Ibl3, 1,00(1+]17113, 2, 69)+C(do)(1+“b”z 2,003, 00

< C(do)lblz.1.69(1+“’7”z.z.aa)+c(do)(1+[|b“z.z.9)|]ﬁ”z,z.n+ &1|txxl 13,0

+A4,(18]]2, 2,00, do) &1 M |uxil3, .

Using Eqgs. (2.17), (2.18) and (2.19) in Eq. (2.16) and assuming that e, = &3, &3 = 2¢,,

1\7*2 Ry 1\7*2 Ry
3e; < (—2’) W:Hﬁ”a,z,n€ > m, we have

d 1+0)? 1\ R
(220) EQ (Q.§+ g“u__f:_gx'u‘) dx+ (7) !‘ V HQx“Z 9= 82”“.:::.:”2 Q+83”uxxH2 2
8 n

+C[A1 831+”9x”2 o &y T8 +(SUP'“D2+ (SUP Iﬁ])2+(sumﬂ,ﬁ) luael3,

+C[I1f13. 0+ BxslZ.0+ Cdo) [1B12, 1.0a(1 + 17113, 2.20) + (1 +11b]13, 2,20)1B113, 2.0]
where ¢,, &3 are arbitrary parameters and C is a constant. From Eq. (2.20) we obtain Eq.
(2.9). This completes the proof.

LeEMMA 4.3,

Let us assume that f(¢) € L,(Q), n(t) € H*(08), f e L0, T; H3(L)), (1) e '} (),
b(t) eI'}(8R2) for te [0, T] and Eqs. (2.1) and (2.7) are satisfied. Then the following
estimate is valid:

(221) p, 2 d fE"d +if( (1;\9)2 011 )d;+-ff(l+g)(ux+u,)dx

d
+-= f((#“x +v(diva)?)dx+||ul 2, 0+ luel|5, 0+ ol 3.0+ 5 (”uxxHZ 7

+'||uxz”2,9) < Ga(f)+84||”xxx[|z,n,
where &, can be assumed sufficiently small, D, is determined by Eq. (2.23) and
(222)  Gy(1) = C(ao, |1Bll2.2.) UIS113.3+1B13. 1.o(1+ 813, 1.0+ 613, 1.0)
+(1+1nl13, 2.80)1b13, 1,20]-
Proof. Multiplying Eq. (2.2) by a constant D, such that

1\ Ry 1 o o o ]
(2.23) DISLS = , TDlIuB ClA, &3 +a04_n€2‘4_n+Cx0+H5H3.2'9 s

2 w+y
and adding the result to Eq. (2.9), we obtain
1+0)? . I . 1" R
(224 D, f(E°+--- 24 ii&’-)» wu‘)dx+z-D1/AHutz,n+(2) - lledli3.e

< EZHuxxx“%.Q—'_ E3HuxxH%.Q+G{(t)s
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where
(2.25) Gi(t) = G,(t)+D,G,(1).
From Eq. (4.22) [1] we have

d /
(2.26) %E f(1+9)(u,2+u§)dx+% f(u§x+u§,)dx< Ci(|luxl3, 0+l [3,2)
Q 0

+Cslloxll3,a+ Calllfl13,0+ 1813, 1. 2(1 +1813. 1.2,

where

Cl+0(t, 81, 1.0 > 14111+l 2,001+ 1w+ B3, 2.0)
4

+[1+ol8y n(1+l“+ﬁ|2 0. :))]
C; = C[1+0(ao, |Bl2, 1,0)] = Cll+|u+plZ,2,0l,
C3 = C1+0(xo, |Bl2.1.0)] = CIL+]elZ,0,4l-
In C/, i = 1,2,3, we used the following estimates implied by Eq. (2.4) [1]
227 o0 < llu+Bll3. 2,001 +1[1+0l13,2,0) < C(IBll2,2,0) (1 +23),
(228)  lloull3.0 < lu+B13, o +I1+0l3, 2.0+ 11 +0l13. 2.0l lu+pBl1Z. 2.0)
< C(Bl2.1,0) (1 +ad).

G

It

Morcover, from Eq. (4.9) [1] we have
1 d
229) — i3, 0+ — e f [ﬁwx +o(divu)?]dx < Cillull3,0+ Cllesll3.0
2

+ClIS13,0+1p13. 1.2+ 1813, 1.2)]5

where C; = 0(xto, ||Bll2.2.0) = Cllu+pl|3,2.0. Multiplying Eq. (2.29) by a constant D,
such that .

(2.30) %Dz > C|

and adding to Eq. (2.26), we obtain

d
(231) 2 dt f(1+9)(u:+ug)d-’6-'+ ||u:||2 Q+ (”uxxHZ .Q+||uxr|iz !))+D2 d[ f[/‘ux

+o(divi)?]dx < (Ci+ D, Clluxl (3, 0+ (C2+ D, O)llokll3, 2+ CD2+DIf13,0
+!ﬁ|2.1,9(1+|ﬁ]§.1.n)]-

Multiplying Eq. (2.24) by D; such that

D,D P2 , 1
Dsu s ciipyer, R (L) b,sciapc, Dis <
8 utv \2 4

and adding the result to Eq. (2.31), we obtain

(2.32)

d 1+0? 1 d
(2.33) D1D3E {(E°+—2—92+ (# i :u)dx-{-iﬁgf(l-i-g)(uf-’rui)dx
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d s s DDy ., Dy . RyDy[1\" .,
+Dza;nf(ﬂ“x+1’|dlv“| )dx + ) [ugll3, 0+ 2 [lue|17, 0+ ty 3 llexll3, 0

+ o Uleell3.a+ l113,0) < G(0)+ 3 Ds ltexsl 3.0

where
(2.34) Gi(t) = DGy () +C(L+%) [ fll5a+1B13. 1.1 +1B13. 1, 2]

From Egs. (2.33) and (2.34) we have Eqs. (2.21) and (2.22). This concludes the proof.
LEMMA 2.4.
Let us assume that f(¢) e H'(2), () e3(2), fe LW(O, T; H3(Q)), (1) e I'3(09),
b(t) eI'3(0Q) for te [0, T] and Egs. (2.1) and (2.7) are satisfied. Then the following
estimate is valid: :

d 1,  (1+0? ) Ry 1)”1 ,
(2.35) ;,?ﬂ (— xx _F"H’ UxkOxtk dx‘*‘m 35 lloxxll2,a
< &5(|[Uxxsll3, 0+ thxxel 3, 0) + Cilloxl 3.0+ Co([ltxs 13,0
+ [|txe|13, 0+ el 3, 0+ 1|13, 0+ 1)+ Ga(2),
where

1
Cy = C(1+0(a, Ilﬁils.z,g))(l + s_s)’ Cs = I'(|b]3,0.20: [7Ml2,0.00: |Bl3.2.0)

has a polynomial form with respect to its arguments and
(2.36)  Gu(t) = ClUI S}, 2.0+ (L +1B13, 1.2 B3, 1,2+ G(Ibl2,0,00; [1]2,0,00) 1B13, 1,20

Proof. We consider the expression

2 = 2
(2-37) (_;" Oxlxk Oxxk + %‘_ ui“ Qx'x")n = QOxix* Qx‘x"r (,“ +B) (ux" Oxtxks
+ 1+0)* ;
+ Uk, 0xt8) + %}Q Qutir stk = — (@xfx*+ (u—fg ”i") [(1+0) (W + D], watt
(1+0)? B Y (o BINs iR RI(I+0Y1.x | i
+ P‘H’ Q'.x" 1+Q ux"x"*‘ 1+Q uxtxj (Il +ﬁ)ux" uﬁx-’ 174_9-"]. o

_ 2(1+9)

atr ux‘ Oxixk [(l + 9) (uJ + ﬁj)] xt

In the expression (2.37) we consider the following terms:

@38)  —(+)euulist (L*T‘;) et Lt + 18]

" i el _. B i
= ‘u+v (1+9)Qx’x“[ux’x’x‘ ux'.xjx"] ?-’4“# (]j+Q)Qx'x"ux1x!x"
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(2.38) _ M ; “ T, ;
[cont.] ety (1 +0)extwuzt], o+ ntv [(1+0) oxter], xrtizix Lty (14 0) @xtur Uxssxx

= —‘LT% [(1 +Q)Qxlx.*ui“xl‘],xj + OxI Ox!xk u;'x""' 7}:_—”‘ [(1 +Q) ijx"ui‘x"],x'

u
H+v

ST

u " (1 + Q)Q:Jx"ui'x'x" =

+ Q) Oxixk ui'x"]. <+ ﬁ [(l + Q) OxIx* ui‘x"], x!

:;'x" = ‘u—i‘_v‘ 0 x!0xIxk ui-'x" .

Using Eq. (2.38) in Eq. (2.37), we obtain

(1+90)*
u+tv

1 ’
(239) ( 2 Q"’x“@x'x"'l" ux"gx'x") = —Qx'x"[(l +@) ﬂj].x'xkx"_Qx'x"ex{'x"uil}
t

- Qx'x" Qx{‘ui:"xj} T L Ox0x!xk u:Ja. Ixk— L Ox! Qx-’x“ uJ{'x"'— Qx'x" Qx'x*r’ uj
: uty p+y

- ﬁ | (L +0)2uix[(1 +0) (W + B)] xixt] 5t + 7‘% [(1+@)2ula], i [(1+0) (U + B9)] o

- ,u+v [(1 +Q)9x'x"ux‘x"] x’+ﬂT [(1+Q)9x-’x"u 'x"] x!
SR P P PRS0 B e SN (- VIR0 I
”+ X X7 X x fo - X 'LL+ X £.3 X
(1+9)* R[(140)"], (1+0)? '
s oy Ox!xk e ch"-|~ ot Oxtxk fxk
201+
= 2O dagual(1+ 0+ P o,

where {i,j, k} denotes all permutations of i, j, k. Integrating Eq. (2.39) over £2, we get

d 1,  (+o? ) (I)VRV 2 <__1_f- 2
(240) dtg (2 Qxx+ ,U.+ H "Qx x* dx+ 2 lu_}_y ngx“Z.ﬂ\ 2 p dlv(‘BQIX)dx

+ CillloZcusll1.0+ 100w 0xthaxlli 0+ [1(0xtix+ thxs) [0xx(+ B) +0x s+ B) +thix + Bralll1 0
Fllowe [+ B)eutc+ W+ B usllli. 0 + ||0xxaBx+ uBe)ll1, 2+ 102 0311, 0+ [l0g felI1, 0

U 00x (U + B 1, 0+ 14505505+ B 1.+ 1032 Bull1, 0+ [|0xx 0x Brexl 1, 2 + || 0xBrxxl lt,0)
+ Ca(llux[(1 + 0) (u+ Plx 1, 60+ llxx s 11, 20)

$ ':,12“ Hdg.%xHI,aQ—’_C;.(ngxuxxnl,ﬁﬂ'f_ ||ux[(l + 9)(u+‘8)]xxﬂl,3!2)

+ C; (“Qﬁxﬁx”l.ﬂ"'“Qxx@xﬂxx”l.ﬂ‘i‘ ”szﬁxxx”l,ﬂ—l_li@ixuxlll.ﬂ'i' ”Qxxexuxx”l.ﬂ
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+ ||9xx9xux(u +ﬁ)”1,9+ ||Qxxuxx(u+ﬁ)|ll .Q+ I !Q.%ux(ux“"ﬂx)ul ..O+ ”uxex(ux'I'ﬂx)”l.Q
+ ”quxﬁxxl[l ,Q+ ”.uxx(uxx+ﬁxx)“l,!)+”Qxxu§”l,9+ ”Qxx(uxﬂx‘l'uﬁxx)”l.{)
+loxx03ll1, 2+ |0xx fxll5 25

where C;, C; are constants. Now we shall estimate the terms from the right-hand side
of the inequality (2.40). At first we shall consider the coefficients of C; . Using the interpola-

tion inequality (2.16) [1], we have
4-n

d £ 2 4
supluxl Hg;;:”g,f) < _2* ||Qxx”%.9+El”“xxx”i.-ﬁ"_c(”@—xz";,i) €1 " ”ux”%.ﬁa
.
e lloxll},2,0\*" 4o
ngexxuxle,.Q S 7 HQxx“%.Q‘"EZHuxxng.Q""C(%) & A ”uxxH%‘g,
1 2 2 2 __44— 2
Hquxuxxlll,Q < 5 ”9:{”2,9”“::”4,9"'83””::.\:“2.9"'C‘93 - HuxxH2,9’

Ilex ”1 2= C(llgxx”z D+||Qx”2 9)”“:”1 2,80,

-

lloxtxtoexll1, 0 < elloxsllz, o+ Cllull3, 2,allel13, 2,allull3, 2.0,

1
(2'41) ”ugxxuxx”l 02 < ”Qxx“Z .Q+ Z (Suplui)zuuxx”%,ﬂs
Q

4
llexx@ill1,0 < ellowllZ, 0+ Cllell 37 llexll3, 0,

1
”uxgxxnl -0\7“9.::”2 ﬂ+ 2 ”ufo.Z.Q,

llexx(uxﬂx+uﬂxx)ll1 a < €lloxsll3 0+ —(SUP 181?111kl 13, ot 5 (suplul)zllﬁx

Using Eq. (2.41), the term in Eq. (2.40) multiplied by C; can be estimated by
(242)  (eatao)llessll3, o+ eslltenel 13, 0+ Ci(lloxl 13, 0+ 6] 13, 0+ 11l 13,0) + G1.(2),

where ¢4, &5 can be assumed sufﬁciently small:

G

(2.43)
G1(1)

CUIAIZ o+ A+IBIE, 2, IIBI1, 2.0)-

Using the curvilinear coordinates, the boundary conditions (1.4), the expressions (3.5)+
(3.9) [1], the interpolation inequality (2.17) [1] the boundary terms in Eq. (2.40), we esti-
mate in the following way:

@49 a}[ (1+9)19n"nde+af [+ ) -+ B)], ol ds— | Broluds < Ty (8, o', B )
Q aQ

F0, 0, B, d) (sl 13, 00+ 13 a0+ ||l 13, 00+ 11]13,20) < e6(lltxnsl3.0
Flltxxll3.0) + 58" 7'y B, d) Uttael 3. a2+ itz 3.0+ 4l 13, 2+ 1] 3.2+ 11,
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where
b = \blz.o,aﬂa 77’ = |"ﬂz,o,am ﬁ' = Jﬁ|2,1,69’ d = ”dllz.z.aa 4

and Iy, i = 1, 2, 3, are polynomials of their arguments. Using Eqs. (2.42), (2.43), (2.44)
in Eq. (2.40), we conclude the proof.

LEMMA 2.5.

Let us assume that f(t) e I's (), fu(t) € Ly(2), B(t) € ['3(2), frxte(t) € Ly(82), P €
€L, T; H*(Q)), n(t) e I'3(8RQ), b(r) e I'5(082), t € [0, T], Egs. (2.1), (2.7) and (2.37)
are satisfied and
(2.45) ' a30€ay) < 1/2u,

where a, is the constant from Eq. (2.15) [1]. Then the following estimate is valid:

s freon [(ron i o)
(2.46) DID,,ED de+D4EQ 5 Gt e dx

d d . 1
+Ds f(1+9)(u§+u3)dx+D4E f[yu,%-i—v(dl\fu)z]dx-i-TD4(|]ux||§’n
Q Q
2.0+ llosl 2.0+ 2 Da(llugel2 o+ sl o)+ -5 [ (o2
tll2, 02 xl12,0 8 4 xx112,9 xtll2,8 dt r 5 Qxx

1+ )2 . R 1 y+1 d s
+ (‘u_:;~— Q"["m"‘)dx-l_—#fv (7) ”Qxx”%.ﬂ"‘ﬁ{! (1+0) (i, +u2 +ur)dx

+ £ el 3.0+ el 13,5+ el 3,0) < Gs(0),

where D, is determined by Eq. (2.48) and
(247)  Gs(t) = C(xo, [1Bll2, 2,1 f13;0,0+ 1 ful 3.2+ (L +1B13,0,0+ |B13.1.20) 1B13,0.0

+1|Bexeel 3.2+ G(Bl2. 0.0, Ml2.0.20) 1813, 1,20]-
Proof. Multiplying Eq. (2.21) by D, such that

' 1
(2.48) DS, ol
and adding the result to Eq. (2.35), we obtain

d d 1 (1+p)?
249) D, D, fEO = f( T = pot
(2.49) 1Da— ; dx+D, ar ) \2 or+ Fre ot | dx

d : 1
+D4f‘—itf f(1+g)(u§+u,2)dx+D4~g‘— f[,uui-i—v(dlvu)z]dx+ 7D4(|[“x||§.9
Q Q

d 1
+ 1113, 2+ llg:li3, 2+ %Da(uunn%,w||u,.|l§.g+ng(79,%,
(1 +Q)2 . ) R}' ( 1 )7+1 i y
B Ik —_— B D G +G
+ ﬂ+1’ Oxixkliy dx+ ,u—i—v b} HQxx”z.Q 443 4

*+ 54D4HuxxxH§,D+ 85(| |uxxx||§.ﬂ+ ”uxxl“%.!))'
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From Eq. (4.37) [1] we have
@50 % [ (400 (et 1)t e .+ il . 0)
9

< CI(O(%)+ DA +1B13.1,2)ul3, 1,0 +0(cto) |urel 3,2 +0(t0) ([10xxl 3. 2 + 10513, 2
+lull3, 2.2+ A+ a) | f}. 0.0+ | fiel 2.0+ 181300+ |Bexeel13. 0
+0(2) (1 +1813.0.2)1813,0.2-

Adding Eq. (2.50) to Eq. (2.49), using |[uy|l2,0 < %|[teul]2, 2, Eq. (2.45), assuming that
£,, &5 are sufficiently small and

} D+ & Du > 0(0)+ C(0(z0) +1) (1 +1613.1.0),

we obtain Eq. (2.46). This completes the proof,
Using the above lemmas we shall formulate the following main result of this section.
THEOREM 2.1. Let us assume that
1) aeHY2), oecHD),
2) f(0) e H'(D), £(0)eL,(Q),
3) fell§,(2%), fi€L(2%),
4 PO eH*(Q), PpO)eH (D), P.(0)eL,(Q),
5) Bell§ (2%), bell} (02°), nelli (2%, bell} ,(32%),
6) Belld (27), Puxu € Lr(2%),

and

l r+2 R}’
(2.51) SI:P”E‘H%,L.Q'*'i“l%,o.m,ow < d, SU{DHﬂHs.z.a < (5) L
where
@.52) B0(a) < 5t

then the following global in time estimate

2.52) l@l%.o.w,ﬂ'+iu]§,o,oo,9'+ﬁ(l@l%.o,z.nf‘"1“15.1.2.90 < Ky (R)N; +K,(Ry)N,,
2

is valid, where t € [0, o0] and

R, = oo+ ,ﬁl%.o.ooﬂw + |b|%,0.m,3!)°° + |77|§.0, ©0,80%

R, = Ha”g.z.u‘f‘”ﬂ'“;.z.n,
N, = lf[‘i.O.Z.Qw‘F”ﬂl”g,Qw_*",ﬁlg,o.z,.ﬂ‘m+Hﬁxxtr”§,!)°°+|blg.0,2.39w’
N, = Ha”i,z.fﬁ‘HO‘”%,z.g‘i‘Jfﬁ.o.n!::o‘i'|ﬁl§'.o,9‘z=o-

At last, from the inequalities (2.51) and (2.53) the following restriction on the given data
Junctions must be assumed.:

(2549 - K (RON; +K3(R)N; < .
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Proof. Integrating Eq. (2.46) with respect to time, using the inequalities: E° >

b 4 =

yR , 1, (+0 ; 1 . (+0)* . (1+0)? o o ool
PTG m e T, e 2 Qéex
4 4 3
(1+e) #2 and assuming that D, > gﬁj’é’_)_ > 4m, we obtain Eq. (2.53).
& ) e

C (u+)? pty
This concludes the proof.

3. Global in time solutions

The global estimates of Sect. 2 are crucial for the extension of the existence and unique-
ness of solution results obtained in Sect. 5 of [1] which are local in time. Using Eq.
(1.12), similarly as in [3] the following theorem can be stated.

THEOREM 3.1. Let us assume that

ae HYD), oeH(Q),

f(O) € Ftl)('Q)a fEH&_Z(Qm)’ f;t € LZ(QOO)s

n(0) e I'5*112(0RQ), n ellg3'2(02°)NII5 17 (02),  nu elI3%'1?(92),

bell} (0211} ,(02%),

1

' Y+2
Egs. (2.51) and (2.52) are satisfied and sup||n||s41/2,2.00 < (7) TRE;’ then there
t

exists a global solution of the problem (1.9)+(1.14) such that o €13, ,(2°)n11} ,(2%),
u e M(R2®) = 113 ,(R°)n11E ., (2%) and

(3-1) |9|%.o.m.n‘+ |“|§.0.00.9‘+ %‘09]%.0.2.9“" l“’%,l,z,ﬂ') < E:(Ej)ﬁ1 +Ez(ﬁz)ﬁz-

is valid, where t € [0, ] and

Ex = tot+ |7’)l§/z.o,m.69°ﬂ + ]b]%_ 0,00,80%,

R; = |ldl[3,2.0+ 913, 2.0,
N, = 'f[%,0.2.9m+Hf;r”%.!)m+‘7’I§+112.0.2.9¢9w+Inrt|%+l/2.2.2.59m+’b|%,0.2,39°"!
N, = ”aHi.z.n“i‘HO'||§,2.Q+|f[i.o.91t=0+|77]%+1/2.0.aa[t=0v

Moreover, a similar restriction to Eq. (2.54) is satisfied.

Proof. From the global estimate (2.53) it follows that the function G(7T, R;, N, M,,
xr) described by Eq. (5.2) of [1], where t € [kT, (k+1)T], k > 0 is an integer, has the
following estimate:

(3'2) G(T! Rt! NI,Ml XT)S G(T: Rw: NOO: M:XT)’

where R = R,, N = N, ¥ = yr are described in the explanation of Eq. (5.2) of [1]. There-
fore there exist Ry, , Ny, M (we must add some additional restriction on the data functions
which can be expressed by the assumption that «, is sufficiently small) and 7, such that
Eq. (5.3) of [1] is valid for ¥ = xr. Hence Eq. (5.4) of [1] is valid also. Thus for ¢ € [0, T1]
Theorem 5.1 of [1] implies that there exists a solution g(), u(¢). Then o(T), u(T) are known
and we can use Theorem (2.1) of [1] for ¢ € [T, 2T] because of Eq. (3.2) with the initial
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values o(7T), u(T) and so on. Knowing that the global estimate (2.53) is valid, we have
the existence of global solutions. The uniqueness can be proved in the same way as in
[4] on each interval [kT, (k41)T] where k£ > 0 is an integer. This concludes the proof.

4. Closing remarks

The existence and uniqueness of solutions of the initial-boundary value problem of
a barotropic viscous flow global in time is proved for the case of continuous density and
first derivatives of velocity. The same method can be used to deduce similarly arbitrary
smooth solutions if the initial and boundary conditions as well as the external forces
are sufficiently smooth. The dimensionality of the physical space considered has no effect
on the proofs. It should be noted that to complete the proofs it is necessary to have a strictly
negative normal component of velocity on the whole boundary and the density must
be given there. However, it should be emphasized the proof is valid for the case when
the total inflow of mass and energy are sufficiently small as shown in the assumptions
of Theorems 2.1, 3.1. We would like to remark also that the barotropic condition used
can be replaced by the more general heat conducting fluid model.
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