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Existence and uniqueness of solutions of the initial boundary value 
problem for the flow of a barotropic viscous fluid, global in time· 

W. FISZDON and W. M. ZAJJ\CZKOWSKI (WARSZAWA) 

IN THIS PAPER the existence and uniqueness of global in time solutions of the initial boundary 
value problem for the flow of a barotropic viscous fluid in a bounded domain Q c Rn, n = 2, 3, 
is proved. The case where the fluid enters the domain is considered only because in this case 
we know how to obtain an a priori estimate. Moreover, the existence of solutions is shown 
under the assumption that suitable norms of data functions are sufficiently small. Therefore 
the total inflow of mass and energy is also sufficiently small. The existence of generalized global 
in time solutions such that the density and velocity vector belong to L 00 (0, oo; H 2 (Q)) and 
L 00 (0, oo; H 2 (fJ))nL2 (0, oo; H 3 (Q)), respectively, is shown. 

W pracy pokazano istnienie i jednoznacznosc globalnych w czasie rozwi'!zan problemu brzego­
wo-pocZC!tkowego dla przeplywu scisliwego barotropowego w ograniczonym obszarze Q c Rn 
n = 2, 3. Problem ten rozwi'!zano tylko w przypadku, gdy ciecz wplywa do obszaru, gdyi: 
w tym przypadku umiano otrzymac oszacowanie a priori. Ponadto, aby pokazac istnienie glo­
balnych rozwi'!zan zaloi:ono malosc odpowiednich norm danych ·funkcji. Zatem calkowita 
masa jak i energia, kt6re zostaly dostarczone do ukladu, S'l nie tylko skonczone ale musZ'! bye 
dostatecznie male. Pokazano istnienie uog6lnionych rozwi'!zan globalnych takich, i:e g((stosc 
nalei:y do L00 (0, oo; H 2 (Q)), a pr((dkosc do L 2 (0, oo; H 2 (D))nL00 (0, oo; H 3 (Q)). 

B pa6oTe noi<a3aHo cy~eCTBOBaHHe H e;:urncraeHHOCTD pemeHHii, rno6aJibHhiX ao apeMeHH, 
HallaJILHo-I<paeaoii 3aAaliH Ami O«HMaeMoro 6apoTpormoro Tel.leHIDI B orpaHHl.le~ii o6-
nacru Q c Rn, n = 2, 3. 3Ta 3aAal.la pemeHa TOJibi<O B CJIYl.J:ae, I<OrAa >KHAI<OCTL BTei<aeT 
B o6nacrb, T.I<. B 3TOM CJIYl.J:ae YAaJIOCL nonyl.IHTL Ol.\eHI<y anpuopH. KpoMe 3Toro, l.IT06bl no­
I<a3aTh cy~eCTBOBaHHe rno6anLHbiX pemeHHif, npeAfiOJiaraeTCH: MaJIOCTD COOTBeTCTBYIO~HX 
HOpM 3aAaHHbiX cPYHI<l.\HH. }hal< IIOJIHaH: Macca, I<al< H 3Heprua, I<OTOpbie AOCTaBJIH:IOTCH: 
B CHCTeMy, H:BJIH:IOTCH: He TOJibi<O I<OHel.IHhiMH, HO AOJI>KHbl 6biTb AOCTaTOliHO MaJihiMH. Tio­
I<a3aHO cy~eCTBOBaHHe o6o6~eHHbiX rno6aJibHbiX pemeHHif, Tai<HX, liTO IIJIOTHOCTb IIpHHaA­
Jie>KHT I< L 00(0, oo; H 2(D)), a CI<opoCTD I< L2(0, 00; H 2 (Q)) fl L 00(0, 00; H 3(D)). 

1. Introduction 

IN THIS PAPER we shall prove the existence and uniqueness of global in time solutions 
of the following initial boundary value problem for a compressible viscous barotropic 
fluid flow in a bounded domain Q c R", n = 2, 3, [1, 2]: 

(1.1) 

(1.2) 

e; + (e'vi),x' =7' 0, 

e'v: +e'viv!J- p,'v!lxJ-'V1V~t~J+ p:t = (!Ji, 

Where e'- density, e' > 0; V = (vi, : .. , v") '-Velocity; p'- pressure; f = {f1
, ... ,f")­

external force; p,', v' - shear and- bulk viscosities, p,' > 0, v' > 0, 

(1.3) 

(1.4) 

e'lt=O = a'(x), vlr=O = a(x), 

view = 1J(x', t), !?'la.a = b'(x', t), x'Eoil. 
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Moreover, we assume thefollowing barotropy condition: 

(1.5) p' = R'e'Y, 

where R' is a constant. Equations (1.3) and (1.4) imply the following compatibility condi-
tions: 

(1.6) 

Moreover, we assume 

(1.7) -'Y} · n/aD = d(x', t) ~ do > 0, X' E o!J, do = Const. 

Similarly as in [1], we assume that density and its initial and boundary values have small 
deviation from the equilibrium . condition, hence we can denote 

(1.8) e' = eoO +e), b' = eoO+b), u' = e'(l +u), 

where eo is a constant and denotes the ~quilibrium magnitude of the density. Therefore 
Eqs. (1.1) and (1.2), can be writtefl: in the form 

(1.9) 

(1.10) 

where 

(1.11) 

er = - [(1 +e)vi],x•, 

ui = _L_ u' a: a:+-"-· u!.r J -ului J- R[(1 +e)YJ.x• -ulpl J-plui J+j'i 
t 1+e XX 1+e XX X 1+e X X ) 

p,' 
I'=-, eo 

v' 
, = - , 

eo 
R = R'ey-1, 

and p is an extension of the function 'YJ such that 

(1.12) PlaD = 'YJ(X', t), x' E o!J. 

In the end we have the following initial and boundary conditions: 

(1.13) 

(1.14) 

ult=O = a-Pit=o, ulaD = 0, 

el,=o = u, elaD =b. 

This paper is a continuation of the paper [1]. 
Using the a priori estimates showed in [1], in Sect. 2 an a priori global in time estimate 

is obtained. Next, making use of the existence oflocal solutions obtained in [1], in Section 3 
the existence of global solutions of the considered problem is proved. 

Moreover, all notations are the same as in [1], nevertheless we define nontypical spaces 
I 

used in this paper. We introduce Banach spaces IItp(!JT) = n L~- 1 (0, T; H 1(!J)), 
i=k 

I 

1Il;/'2 (oQT) = n L~- 1(0, T; H1+112 (o!J)) andFi(!J),Fi+ 112 (o!J), where/, k, i are natural 
- i=k 

number and p ~ 1 is real number, with the norms 
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I 

lulrL<m = !ult,k,D =}; IID~-'ull,, 2,.0, 
i=k 

I 

lulrL+ 1 ' 2<D> = lull+tf2, k,a.o =}; IID!-iulll+tf2,2,a.a, 
i=k 

519 

where lllli,l,D and llllt+tJ2,2 ,aD are norms in spacesH2(!J) and Hi+tl2(o!J), respectively. 
At last we introduce the function 

(1.15) 

and we recall the lemma of MATSUMURA and NISHIDA [3]: 
LEMMA 1.1. 

There exist constants 1!1 = min {I /2, 
21

1' _ ~21,_ 31 } , C = C(y ), such that for lei .;; e, 

we have 

(1.16) 

Proof. Using the expansion 

~ [(1+e),-1-re1 = rR e2+ rR(y-2) e3(l+~e)Y-3 
y-1 2 3! ' 

where 0 < ~ < 1, we obtain the right-hand side inequality of Eq. (1.16) for lei < 1/2. 
The second inequality in Eq. (1.16) is obtained -from 

Eo> Ry e2- yR(y-2) e21ei21Y-31 + __!_ u2 = yR e2 (1-ly-211ei2'Y-31) + __!_ u2 
2 6 4 2 3 4 

:>.; yR n2 + __!_ u2 
9" 4 t;; 4 ~ 

3 
which is valid for lei ~ This completes the · proof. 21y-2121Y-31 • 

2. A priori global in time estimate 

This part is devoted to obtaining a global in time estimate of e and u. Let us assume 
that e, u are solutions of the problem (2.4)+ (2.8) [1] such, that e E C3(!JT), u E C3(!JT):t 
where T is an arbitrary. Using the function E 0 we can formulate 

LEMMA2.1. 
Let us assume that f(t) E L2{!J), {J(t) E Ff{.Q), bE H 1(o!J), fJ E Loo(O, T; H 1(!J)), 

t E [0, T], lei ~ 1/2 and 

(2.1) 3aimaxllfJxii2,D ~ p, 
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where IX4 is the constant from Eq. (2.I5) [I]. Then the following estimate 

(2.2) ~ J E 0dx+ ~ lluxllta+vlldivulli,Q ~ G1(t)+81llexlltn 
D 

is valid, where E 0 is described by Eq. (I. I) and 

(2.3) G1(t.) = C(llfllta+IPit1,a(l+IIPm.z.a)+-I IIPIIi.z,a+llblltz,aa, 81 
where Cis a constant and 8 1 is an arbitrary parameter. This parameter will be assumed 
sufficiently small. 

P r o o f. We consider the expression 

(2.4) E~ = (I +e)u'ui + [ y~l [(I +e)'-'-1]+ ~ u2 ]e, = (I +e)u' [ 1 :e u~'x' 

+ _v _ ui, 1 _ (ui +Pl)u' 1 _uipt 1 _ R[(I +e)"lx' +!''] 
I +e x x x x I +e 

- [ 'YR! 1 [(I +e)'-'-1] + ; u2
] [(! +e)(u' + P'>L• 

= p.(u1 u~J),xl-,U(U~J)2 +v(u1u~J),xt-v(u~t)2 - ~ [(I +e)(u1+P1)u2],x' 

-(I +e)uiuip~J+ (I +e)ulj'it- Ryi [(I +e)"-1-I] [(I +e)Pilx' 
y-

- {R[(I +e)"l,x•u'+ y~l [(I +e)'-'-1][(1 +e)u'l.x•}· 

The last term in Eq. (2.4) will be expressed in the following way: 

(2.5) -R[(I+eV'1.xtU1
- y~I (I+e)"- 1 [(I+e)uiJ.x'+ y~I [(I+e)uiJ.x' 

= - [ R[(l +e)'lx•u' + 'Y~ 1 [(I +e)'l,x•u' + y~l (I +e)'u!•] + RR}'_1 [(l+e)u'J.x• 

= - y~ [(I +e)" u1],xt+ y~I [(I +e)uiJ.x'· 

Using Eq. (2.5) in Eq. (2.4), integrating the result over Q 'and using that ulan = 0, we 
obtain 

(2.6) ~ J E 0dx+ ,ulluxllta+vlldivullta ~ 11(1 +e)u1u1P~lllt,a+ II(I +e)uiJ''111 1 .a 
D 

+II y~l [(I +e)'-'-IJ(ex•P' +(I +e)P~·>II,., .; ~ [[ulli.a 11Pxll2,a+C{IIf'll~.u 

+ 8'llullta+ c~ IIPIIi. 2,D + 81 llexllta + c;llblli. 2,aa, 81 
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where we took into account lei~ 1/2 and llell2,.o ~ llexll2,.o+llbllt.2,.o, where bla.o =b. 
Using Eq. (4.1), the form off' and assuming that e' is sufficiently small, we obtain Eqs. 
(2.2) and (2.3). This concludes the proof. 

LEMMA 4.2. 
Let us assume that f(t)E L 2(Q), {J(t) E Fi(Q)r.L00 (0, T; H 3 (Q)), b(t) E Fi(0Q), 

17 (t) E H 2 (oil), 
and 

(2.7) 

where ~Xo is a constant and 

(2.8) E = I lei It 2 . .o+ iulto . .o· 
Then the following estimate is valid 

,. ,. 
+ e3lluxxllt.o+ C[Al B3 1 + cxri-n e2- 4

-n + CXo + llfJllt 2,.0] liuxllt.o +G·2(t), 

where C is a constant, e1 , e2 are arbitrary parameters, A 1 = A 1 (d0 , llhll2. 2 ,a.o) and 

(2.10) G2(t) = 11/m . .o+ llfJt t,.o(l + llfJIIt 2,.o)+C(doHihltt . .oO + llrJm. 2,a.o) 

+(I +llhllt 2.a.o)llfJIItz . .o] . 

. n 1 [·_#_ u' 1 1 + _,_ ui 1 1 _ (ui +{Ji)ui 1 _ui{Ji 1 _ R[(l+e)"J.~' +f'i] 
~x I+e xx I+e xx x x l+e 

.._.?(I +e) (!x1Ui [(1 +e)(ui + [Ji)J.xl, 
ft+Y 

where the time derivatives are replaced by Eqs. (2.4) and (2.5) [1]. At first we consider 
the following terms from the right-hand side of Eq. (2.11): 

(2.12) 

6 Arch. Mech. Stos. nr 4/83 
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- _f-t_ ex•exlU{t- _fl_ (1 +e)exJU~Ixl = - ~ ((1 +e)extu{t] xl 
p,+P fl+P p+P . ' 

+ _fl_ [{1 +n)nxlU~t] x'· p,+P t: t: ' 

Using Eq. (2.12) in Eq. (2.11), we obtain 

(213) (1 . {l+e)2 ·) . . . . . 
· 2ex1ex•+ p,+P ex•U' ,t = -ex•[ex1xl(U1 +,81)+ex•(u1 +/11),xi+exi(Ui+,Bi),x'] 

-(l+e)ex•,Bi•xJ- {l+e)
2 

ex•[(u1+/11)u!J+u1,8!J]-
1

+e R[(l+e)Y] x'ex' 
f-t +P f-t +P ' 

(1 +e)
2 Ji' - fl [.( ) 1 It · + + ext--+- 1 +e ex1Uxt] x1+ -- [{1 +e)exJU.!t] xl 

ft 'P f-t 'V ' P,+P ' 

-
2

(
1

: e) ex•Ui [(1 + e)(ui + ,81)], xi- (1 + e)
2 

Ui [(1 + e)(ui + ,81)] x'xl, 
f-t 'P • fl +P ' 

where the last term in Eq. (2.~3) is replaced by 

1 [ . j.] 1 . 
(2.14) - ft+P (1 +e)2u'[(1 +e)(u +,Bl)J.xl ,x•+ p,+P [(1 +e)2u'J.x' 

. [(1 + e)(ui + ,Bi)J.xi. 

Ushig Eq. (2.14) in Eq. (2.13), we have 

(2.15) (_21-ei+ {l+e)2 ex•u') +__!!]__ {l+e)Yei =- 21 (u+,8)·Ve~-eidiv(u+,8) 
p,+P ,t fl+P 

j J . . (1 + e )2 j j i . . 
-ex•exl(U +,8 ),x•-(1+e)ex•,8i•xJ- p+P ex•[(u +,8 )Uxi+u1,8~J] 

(1 +e)2 f.,, 2(1 +e) v ( +,8) v 2(1 +e)2 v d' { +,8) + ex'- U · e U · e- U · e IV U 
P,+P p,+P p,+P · 

+ - 1
- [2(1 +e)u ·Ve(u+,B) · Ve + {1 +e)2divu(u+,8) · Ve +2(1 +e)2u · Vediv(u+ ,8) 

/-' +P 

+ (1 + e)3divudiv(u+ ,8))- _fl_ ((1 +e)ex•uitJ.xJ+ _f-t_ [(I +e)exiUitJ.x1 

. p,+P p,+P 

- ft ~, [ (1 +e)2ui [(1 + e)(ui + ,Bi)]. xi],x' 

1 1 i . . 
=- 2 div[(u+,B)e~]- 2eidiv(u+,8)-ex•exJ(u +,B'),xJ-(l+e)ex•P!c'xJ 

(l+e)2 . J . . . O+e)2 . 1 2 . ,8 v 
- ex•[(u1 +,8 )u!J+u1,8~J]+ !''ex•+ -- [(1 +e) dtvu(u+ ) . e 

p,+P p,+P p,+P 

+ {1 +e)3divudiv(u+ ,8)]-~ [(1 +e)ex•u~•] x1+ _#_ [(1 +e)exJU~'lx' 
p,+P ' p,+P 

- -+1 
[(1 +e)2u1[(1+e)(u1 + ,81)J.xi]. x1 • ,., , 
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Integrating Eq. (2.15) over Q, using ula.a = 0 and lei ~ ~ , we get 

(2.I6) 

27 
+ · 9(,u +v) lldivullt .a+ ca I lei uxiii.n+ llei/Jxllt . .a+ liexf1xxlit . .a+ liexuuxi11..a 

+ llexux P ll t . .a + llexuPx li i..a +II!' exlil..a + iiuxPxllt . .al + C~llexuxllt,a.a· 

Now we estimate particular terms from the right-hand side of Eq. (2.16). The first 

term from the right-hand side of Eq. (2.16) has the following estimate: 

-J Pneids ~ J deids ~ Cii17il2,2, a.allhlli.2.a.a+ ~ (librii~. a.a+li17lii.2, o.allbiit2,o.a 
a.a a.a o 

+ (1 + llhllt 2,a.a)livxlita.a, 

where we made use of the fact that llexll 2, a.a ~ C(ile,TII2,a.a+ lle,nli2,a.a), where e,n ~ 

= -~ [er+v"e,T,, +(I +e)divv] and d ~ d0 > 0. At last, using Eq. (2.I7) [I] we obtain 

(2.17) .f deids ~ C(do) l b l ~.l. a.aO+IInllt2, a.o)+8ti!Uxxllt.a+At(iibll2 , 2, o.O,do) 
a .a 

• 81 11luxllt.a+ C(do)(l 4- iibiit2,o.a)ll,8ilt2,.a, 

where the function A 1 is determined by the above considerations and 81 is an arbitrary 

parameter. Now we shall estimate terms from Eq. (2.16) which are multiplied by C~: 

ll e;uxllt,.o ~ sup lux ll li?xllt.a ~ !2~ llex ll t.a+ lle;llt.o (supluxl)2 
.Q 82 .a 

R I 82 2 I R 2 
llexfJxxlt ,.o ~ 2 llexi12,.0+ 282 II Pxxll2,.a, 

(sup jul)2 

(2.18) liexuuxiit,.a ~ supjujll exil2,.aliuxi12,.a ~ 8
2
2 liexlit.a + .a 

2 
iiuxlit.a, 

.a 82 

(sup 1/11) 2 

ifexuxfJIIt ,.a ~ i llexlit.a + .a 282 lluxii~ . .a, 

(sup 1Px l2 ) 

lle~u,Bxiit,.a ~ i, ll exll~ . .a+ .a 282 llulli..a, 

11/'exii L ;; ~ 8
; llex ll t.a+ 2!2 

11 /'llt.a, 

6* 
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{J E4 2 1 {J 2 
llux _ xllt,_o ~ 211uxll2,.0+ 

284 
II xll2,.0, 

where e2 , e3 , e4 are arbitrary parameters. In the end we shall estimate the term 

(2.19) 
. 1 

llexuxllt,a.o ~ Cll(e,T+e,n)vxllt,a.o ~ C!lbTvxllt,a.o+ C!l-d (br+'Y}pb,TP 

+ (1 +b)divv )vxllt,a.o ~ C(do)lbli, t,a.o(l +llrJIIi. 2.a.o)+ C(do)(l + llhii2,2,.0)IIvxllta.o 

~ C(do)lbli, t,a.o(1 + llrJIIi.2,0.0)+ C(do)(l + llhlli.2,D)IIfJII~. 2,.0+ Etlluxxlli..o 

+At(llbll2,2,o.O, do)E1 1IIuxllt.o. 

Using Eqs. (2.17), (2.1&) and (2.19) in Eq. (2.16) and assuming that e2 == e3 , e3 = 2e1 , 

( 
1 )"+ 2 

R ( 1 )"+ 2 

R 3e2 ~ -
2

. __ i'_, llfJII 3 2 .o ~ -
2 

_i'_, we have 
p,+v · · p,+v 

(2 20) d ( ( 2 (I +e)2 i) d ( I )"+1 Ry 2 2 2 
· (jj., !!x + p,+v -ex•U x+ 2 p,+v llexll2 . .0 ~ E2I!Uxxxii2,D+ E3i1Uxxii2.D 

.Q . 

~ C [A1 E3 1 + llexll~;~ e; 4~n +(sup lul)2 +(sup 1{11)2 +(sup lfJxD2] lluxii~.a 
. Q - Q .Q 

+ C[ 11/'llta+ llfJxxlli..o + C(do) [lblt t,aa(l + 111JIIi. 2.aa)+ (1 +II hilt 2.a.o)llfJIIt 2 . .a], 
where e2 , e3 are arbitrary parameters and Cis a constant. From Eq. (2.20) we obtain Eq. 

(2.9). This completes the proof. 

LEMMA 4.3. 

Let us assume that f(t) e L 2 (!J), YJ(t) e H 2 (o!J), {J e Lcc(O; T; H 3 (!J)), {J(t) e Ff(!J), 
b(t) eFf(o!J) for t e [0, T] and Eqs. (2.1) and (2.7) are satisfied. Then the following 

estimate is valid: 

+ ~ J ((pu~+v(divu)2)dx+ lluxllta+ llurllta+ llexm.a+ i · (/luxxllt.a 
Q 

+lluxrllta) ~ G3(t) + E4i1Uxxxllta, 
where E4 can be assumed sufficiently small, D 1 is determined by Eq. (2.23) and 

(2.22) G3(t) = C(ao, llfJII2,2,D)[IIflltJ+ I.Bit t.nO + lfJit t,n+ lblt t,n) 

+ (1 + 111JIIt 2.aa)lblt t,aal · 

Proof. Multiplying Eq. (2.2) by a constant D 1 such that 
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where 

(2.25) 

From Eq. (4.22) [1] we have 

(2.26) ~ . ! J (1 +e)(ul +ui)dx + ~ J (uix+u~r)dx ~ C~(lluxllt.o+ llu,llt.o) 

where 

.Q .Q 

+ c~ llexll~ . .o + ca11tm . .o +I Pit 1, .o(l +I Pit 1,.o)L 

c~ = C[I+O(cxo, IPI2.1,.o)l ~ c[t+III+em.2 . .o0+11u+PIIt2 . .o) 

+ 11 +elt;~.o ( 1 + lu+ Pit;;. .a)], 
c~ = C[l +O(cxo, IPI:t.l..O)] ~ C[l + llu+PIIt2,.0], 

c~ = C[l +O(cxo' IPI2, t..o)] ~ C[l + lelt o,.o]. 

In c;, i = 1, 2, 3, we used the following estimates implied by Eq. (2.4) [1] 

(2.27) llerllt.o ~ llu+ PI It 2,.0(1 +Ill+ ellt 2,.0) ~ C(IIPII2.2,.0)(1 +ex~), 

(2.28) lleum . .o ~ lu+Pit1 . .oO+IIl+em.2 . .o+lll+ellt2 . .ollu+PIIt2 . .o) 
~ C(!PI2. 1..oHI + cx5). 

Moreover, from Eq. (4.9) [1] we have 

(2.29) ~ llu,m . .o+ ~ J [,uu~+v(divu)2]dx ~ C~lluxlll..o+Cllexllt.o 
.Q . 

+ C[llfllt.o+ I Pit 1 • .oO + IPii. 1,.o)], 

where C~ = O(o:0 , 11/111 2 • 2 , 0 ) ~ Cllu+Pm. 2 . .o. Multiplying Eq. (2.29) by a constant D2 
such that 

{2.30) 

·and adding to Eq. (2.26), we obtain 

(2.31) - ~ ! J (1 +e)(ui +uf)dx+ ~2 llurllt.o~ ~ (lluxxllt.o+ lluxrlltu)+D2 ! I Luui 
.Q .Q 

+v(divu)2]dx ~ (C~ + D2 C~)lluxllt.o+ (C~ + D2 C)llexllt.o+ C(D2 + 1) [11/llt.o 

+ IPii. 1...oO + IPii. 1 . .o)l. 
Multiplying Eq. (2.24) by D 3 such that 

(2.32) D1 D3 f-l >- C' +D C' Ry ( l )v+
3 

C' D C D ~ l 8 r 1 2 4, -----;;,~ 2 D3 ~ 2 + 2 ' 3 e3 "" 4ft 
and adding the result to Eq. (2.31), we obtain 

(233) D D d {'( o I 2 O+e)2 i) I d Jet )( 2 2)d 
· 1 3 dt iJ E + 2 ex+ p,+v !!x'u dx+ 2 dt .o +e u, +ux x 
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where 

(2.34) G~(t) = D3 G~ (t) + C(l + tX~)[ llfll~.o+ I ,Bit 1 • .oO +I ,Bit 1..o)]. 

From Eqs. (2.33) and (2.34) we have Eqs. (2.21) and (2.22). This concludes the proof. 
LEMMA 2.4. _ 
Let us assume that f(t) E H 1(fJ), ,B(t) E Ti(fJ), ,8 E L00(0, T; H 3 (Q)), 17(t) E T5(oQ), 

b(t) E T5(oQ) for t E [0, T] and Eqs. (2.1) and (2.7) are satisfied. Then th~ following 
estimate is valid: · 

where 

~ Es(lluxxxll~ . .o + lluxxtlli..o)+ Ctllexllt.o+ C2(11uxxl lt.o 

+ lluxtllt.o+ lluxllt.o+ llutllf.o+ 1)+ G4(t), 

c, = c (I + 0( IXo' 11/111,, 2,0)) (I + :.) ' c2 = F(lbl,, o.ao' 1'1 b. 0, ao' IPIJ, 2,0)' 

has a polynomial form with respect to its arguments and 

(2.36-) G4(t) = C[ II /IIi. 2 . .o + (1 +I .Bit 1..o) I ,Bit 1..0 + G(lbl2. o.a~, lrJI2. o. a.o) I bit t,a.o]. 

P r o o f. We consider the expression 

2(1 +e) . . . 
- U~t(!x'xk[(1 +e)(u1 + ,81)],xJ· 

p,+v 

In 'the expression (2.37) we consider the following terms: 

(2.38) 
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- _#_ [(1 +n)nxtx"U1tx"] xl+ _f.l_ [(1+n)nxlx"U~tx"] x' 
,u+v 1:::" 1:::" • ,u+v 1:::" 1:::" • 

1 i . (1 + e )2 . . . J . 
- -- ex'x"(,uex"Uxlxl+vextUitxl]- ex'xl((u1 +{J1)U!J+U {J~1],,xt 

p+v p,+v . 

(1 +e)2 
( R[(1 +e?lx'] (1 +e)2 

f'i 
-:- ex1xk 1 + ex1x" xt 

,u+v +e ,xt f.l+v 

_ 2
(1 +e) u~anxtxt[(1 +n)(ui +fJl)] xJ, 
p,+v 1:::" ~:;; • 

where {i,j, k} denotes all permutations of i, j, k. Integrating Eq. (2.39) over Q, we get 

(2.40) ~ .r ( ~ e~.+ (~:~• u~•ex•x•) dx+ ( ~ r f'R:v ffe .. m.a,;; - ~ f div(fJe~.)dx 
Q Q 

+ ca11e~xUx/11.D+ /lexxexUxxllt.D+ ll(exux+Uxx) (exx(u+ {J) +eiux+ fJx)+Uxx+ f3xx111t ,Q 

+ llexx[(u+ fJ)xux+ (u+ {J)uxx111t.D + llexx(uxf3x+ uf3xx)llt. D + llexxeillt. D+ llexxf~llt.D 

+ lluxexiux+ f3x)llt.D + lluxexxex(u+ /3)11 1.D+ lle~xf3xll l.D + llexxexf3xxllt.D + llexxf3xxxlll,D] 

+ c;( llux((l + e)(u+ f3)1xx llt,oD+ llexxUxx llt,c3D) 

~ + iide.~xllt,oD + c~ ( llexxUxxllt,oD +II Ux[(l + e)(u + f3)1xxlll, oD) 

+ C~ (ile~xfJxlll,D + llexxexf3xxlll,D+ llexxf3xxxlll,D+ lle~xU.xii1.D+ llexxexUxxlll.D 
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+ ll!!xx!!xUx(u+,B)IIl,D+ ll!!xxUxx(u+ ,8)llt,n+ lie; Ux(ux+ Px)llt,D + lluxx!!x(Ux + Px)lll,D 

+ llexuxPxxii1,D + II.Uxx(Uxx+ Pxx)lll,D+ llexxu;llt.D+ llexx(uxPx+ uPxx)llt,D 

+ llexxeillt,n+ llexxf~llt n, 
where C~, C~ are constants. Now we shall estimate the terms from the right-hand side 
of the inequality (2.40). At first we shall consider the coefficients of C~. Using the interpola­
tion inequality (2.16) [1], we have 

4-n 

SUp lu,llfexxllt!J ,; ; lfexxlftD+ EtlfuxxxlftD+ c( lfexi~,D )- 4
- e; 4~n lluxlli.n, 

4 

I II e II 112 II 112 c( II eX II L 2 • D ) 4- n - 4: n II 112 l!!x!!xxUxx l,D ~ 2 !!xx 2,D+ e2 Uxxx 2,D+ 2e e2 Uxx 2,D, 

4 

ll!!xUxUxxlll,D ~ ~ . ll!!xlli.nlluxlli,n+ e3IIUxxxlltn + Ce; 4
-n lluxxm,D, 

llei uillt,D ~ C(llexxm.n + llexll~.n)lluxllf. 2,n, 

llex~xU!!xxllt,D ~ ellexxlltn+ Cllullt 2,nllelli. 2,nllullt 2,D, 

(2.41) lluexxUxxllt,D ~ ~ llexxlli. n+ ;e (s~p luiFIIuxxlltn, 

4 

llexxeillt,D ~ ellexxllf.n+ Cllell2~"2~n llexm,n, 

2 e 2 · 1 2 
lluxexxllt,D ~ 2 llexxii2,D+ 2e lluxii1,2,D, 

llex~(uxPx+uPxx)llt.D ~ ell!!xxlli.n + -
2
1 

(sup IPxD211Uxxlli.n+ -
2
1 

(supjul)2 11,8xlli.n. 
. e n e n 

Using Eq. (2.41), the term in Eq. (2.40) multiplied by C~ can be estimated by 

(2.42) (e4 + CXo)llexxlli.n+ eslluxxxlltn+ C~(llexm.n+ lluxlltn+ lluxxlltn) + G~ (t), 

where e4, e5 can be assumed sufficiently small: · 

(2.43) c; = Crl+O(ao.IIPII3, 2 ,o)(l+0( :,))]. 
G~(t) = C(llfxm.n+(l+II,Bm.2.D)11,8m,2.D). 

Using the curvilinear coordinates, the boundary ··conditions (1.4), the expressions (3.5) -7-

(3.9) [I], the interpolation inequality (2.17) [1] the boundary terms in Eq. (2.40), we esti­
mate in the following way: 

(2.44) f (I +e)lexxuxxlds+ .r lux[(l +e)(u+,B)J.xxlds- f ,Bne~xds ~ Fl(b', 'YJ', ,8', d') 
~ ~ ~ 

+F2(b', 'YJ', ,8', d')(lluxxll~.an+ 1/Uxrlltan+ lluxlltan+ 1/urlltan) ~ e6(11uxxxii~.D 

+ lluxxr/li.n) +F3(b', 'Yj', ,8', d') [lluxxlltn + ll uxrlli.n + lluxlltn + 1/u,l/tn+ 1]' 

http://rcin.org.pl



EXISTENCE AND UNIQUENESS OF SOLUTIONS OF THE INITIAL BOUNDARY VALUE PROBLEM... 529 

where 
b' = lbl2.o.an, r/ = lrJI2.o,an, {3' = lf312.t,an, d' = lldll2,2,an · 

and ri, i = I, 2, 3, are polynomials of their arguments. Using Eqs. (2.42), (2.43), (2.44) 

in Eq. (2.40), we conclude the proof. 
LEMMA 2.5. 
Let us assume that f(t) E FA(!J), ft,(t) E L2(!J), {3(t) E FM!J), f3xxtt(t) E L 2 (!J), {3 E 

E Lco(O, T; H 3 (Q)), 17(t) EFMo!J), b(t) EF6(o!J), t E [0, T], Eqs. (2.1)., (2.7) and (2.37) 

are satisfied and 
(2.45) 

where a:2 is the constant from Eq. (2.I5) [I]. Then the following estimate is valid: 

( 6) d J o d J ( I 2 (I + e )2 i) d 
2.4 DlD4 dt E dx+D4(fi 2 -ex+ ~t+v ex•U X 

n n 

+D4 ~ J (I +e)(u~+u;)d~+D4 ~ J [ftu~+v(divu)2]dx+ ! D4(lluxlli.n 
n n 

+ JJu,JJtn+ llexllL>h ~ n.(Jiu,.Jltn+ JJu.,JJtnl+ ~ f u e~. 
n 

(I+e)2 i )d Ry ( I)"+t 2 d f( )( 2 2 .,)d 
+ p,+v ex•xcUx" x+ p,+-v T llexxlb.n+ dt I +e Uxx+Uxt+u;; X 

n 

p,( . 2 2 -. 2) () + T lluxxxll2,n+ lluxxcli2,D + lluxttii2.D ~ Gs t ..._ 

where D4 is determined by Eq. (2.48) and 

(2.47) Gs(t) = C(cto, llf3112. 2,nHifl~ :o.n+ ll.frrll~.n+ (I+ lf31t o,n+ lbl~.t.an) lf3K o,n 

+ llf3xxttlli.n+ G(lbl2.o.an, lrJI2.o,an) lbltt.an] · 

Proof. Multiplying Eq. (2.2I) by D4 such that 

(2.48) 

and adding the result to Eq. (2.35), we obtain 

(2.49) D1 D4 ~ f E 0dx+D4 ~ f { ~ e1+ ~~ 1 :~
2 

e.m')dx 
n n p, 

+D4~( .f (I+e)(u~+ul)dx+D4 ~ J [ftu~+v(divu)2]dx+ ~ D4(11uxlli.n 
n n 
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From Eq. (4.37) .[1] we have 

(2.50) ~ f (1 +e)(uix+uir+ur~)dx+f-t(lluxxxlltn+ lluxxrm.n+ lluxttlli.n) 
n 

~ C(O(cxo) + 1 )(1 + I,BI~.t.n) lultt.n+O(cxo)lluttm.n+O(cxo) (llexxllt n + llexlli..o 

+ llullt 2.nJ+ (1 + CXo) lfli.o.n+ ll.frrm.n+ I,Bito.n+ II.Bxxttlltn 

+0(cxo)(1 + I,Bito.n)I,Bl~.o . .o· 

Adding Eq. (2.50) to Eq. (2.49), using I/Urrll 2.n ~ cx2lluxrrll 2.n, Eq. (2.45), assuming that 
e4, s5 are sufficiently small and 

! D4+ ~ D4 ~ O(cxo)+C{O(cxo)+1)(l+I,Bitt.n), 

we obtain Eq. (2.46). This completes the proof. · -
Using the above lemmas we shall formulate the following main result of this section. 
THEOREM 2.1. Let us assume that 

I) a E H 4(!J), a E H 3(!J), 

2) f(O) E H 1(!J), .fr(O) E L2(Q), 
3) fEll~. 2(Q 00

), frr E L2(Q 00
), 

4) ,8(0) E H 2(!J), ,Br(O) E H 1(Q), ,Bu(O) E L2(!J), 
5) ,8 E II~. 00 {Q00

), b Ell~.oo{(JQo:>), 'f) Ell~. 00 {(}Q00
), 

6) ,8 Ell5,2{Q 00
), Pxxtt E L2(Qoo ), 

and 

· ( 1 )'>'+ 2 
R (2.51) s~pllelli.2.n+luli.o.oo,noo ~ CXo, s~pii,8113,2,D ~ 2 !":,' 

where 

(2.52) 

then the following global in time estimate 

(2.52) lelto.oo,nr+luli.o.oo,n'+ i (leli.o.2.n'+lultt.2.n') ~ Kt(Rt)Nt +K2(R2)N2, 

is valid, where t E [0, oo] and 

R1 = CXo + I,Bii, o. oo noo + iblt o, oo,anoo + l'f}li. o. oo,anoo, 

R2 = II all~. 2.n+ 1/CTI/t 2,n, 

N1 = lflf. o, 2,noo + ll.frrlltnoo +I ,Bit o. 2,noo + II.Bxxulltnoo + lbl~.o. 2,oD 00 ' 

N2 = llalll.2.n+ llallt2.n+ lfli.o.nlr=o+ I,Bito.nlt=O· 

At last, from the inequalities (2.51) and (2.53) the following restriction on the given data 
functions must be assumed: 
(2.54) 
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Proof. Integrating Eq. (2.46) with respect to time, using the inequalities: £ 0 ~ 

yR 1 (l+e) i 1 2 (1+e)4 2 (1+e)2 i 1 2 
~ - fJ 2 +- U

2 
U fJxl ~ - -

4 
. fJx- - ( + )2 U , + Uxk fJx 1xk ~ - -

4 
fJxx-

4 4 ' p,+v fl v fl v 
(1 + e)4 2 . (1 +e)4 (1 +e)3 . 

- 2 Ux and assummg that D 1 ~ 8 , D4 ~ 4 , we obtam Eq. (2.53). 
(p, + v) fl + v fl + v 

This concludes the proof. 

3. Global in time solutions 

The global estimates of Sect. 2 are crucial for the extension of the existence and unique­

ness of solution results obtained in Sect. 5 of [1] which are local in time. Using Eq. 

{1.12), similarly as in [3] the following theorem can be stated. 

THEOREM 3.1. Let us assume that 

a E H 4 (!J); r:1 E H 3 (Q), 

/(0) E FA{Q), /EJIJ,2(Q 00
), ftt E L2(Q00

), 

'Y}(O) EF5+1/2([JQ), 'Yj EliJ.~lf2([JQoo)nJI~.+~f2([JQoo), 'Y}u Elii.+21f2([JQoo), 

b Eli6. 2(8Q 00)nii5. oo ([}Q oo ),. 

( 
1 ),+ 2 R 

Eqs. (2.51) and (2.52) are satisfied and S~P II 'YJ/1 3 + 1; 2 , 2,a.a ~ T fl: v , then there 

exists a global solution of the problem (1.9)-:-(1.14) such that e Eli5, oo (Q00)nii5. 2(Q00
), 

U E9J1(Q00
) = IIi,2(Q00)nii5, oo (Q 00

) and 

(3.1) 

is valid, where t E [0, oo] and 

R1 = 1Xo+I'YJI~;2,0, oo .a.ooo+lblto,oo.a.aoo, 
R2 = llallt2 . .o+llr:1llt2 . .a, 
N1 = 1/li. o, 2,.0 00 + llfrrllt.aoo + I'YJI~+ If2, o. 2,.Do 00 + I'YJul~+ 1f2. 2. 2. a.ooo +I bit o. 2,a.aoo, 

N2 = I Iaiit 2 • .0 + 11r:111~. 2,.0 + 1/li. o . .olt=o + I'YJii+ lf2, o.anlt=O · 

Moreover, a similar restriction to Eq. (2.54) is satisfied. 
Proof. From the global estimate (2.53) it follows that the function G(T, R,, Nt, M,, 

XT) described by Eq. (5.2) of [1], where t E [kT, (k+ 1)T], k ~ 0 is an integer, has the 
following estimate: 

(3.2) 

where R = R,, N = Ns, x = XT are described in the explanation of Eq. (5.2) of [1]. There­

fore there exist Roo, Noo, M (we must add some additional restriction on the data functions 

which can be expressed by the assumption that o::0 is sufficiently small) and T, such that 

Eq. (5.3) of [1] is valid for x = XT· Hence Eq. (5.4) of [1] is valid also. Thus fortE [0, T] 

Theorem 5.1 of [1] implies that there exists a solution e(t), u(t). Then e(T), u(T) are known 

and we can use Theorem (2.1) of [I] for t E [T, 2T] because of Eq. (3.2) with the initial 
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values e(T), u(T) and so on. Knowing that the global estimate (2.53) is valid, we have 
the existence of global solutions. The uniqueness can be proved in the same way as in 
[4] on each interval [kT, (k + 1) T] where k ~ 0 is an integer. This concludes the proof. 

4. Closing remarks 

The existence and uniqueness of solutions of the initial-boundary value problem of 
a barotropic viscous flow global in time is proved for the case o'f continuous density and 
first derivatives of velocity. The same method can be used to deduce similarly arbitrary 
smooth solutions if the initial and boundary conditions as well as the external forces 
are sufficiently smooth. The dimensionality of the physical space considered h~s no effect 
on the proofs. It should be noted that to complete the proofs it is necessary to have a strictly 
negative normal component of velocity on the whole boundary and the density must 
be given there. However, it should be emphasized the proof is valid for the case when 
the total inflow of mass and energy are sufficiently small as shown in the assumptions 
of Theorems 2.1, 3.1. We would like to remark also that the barotropic condition used 
can be replaced by the more general heat conducting fluid model. 
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