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603.

ON THE POTENTIAL OF THE ELLIPSE AND THE CIRCLE.

[From the Proceedings of the London Mathematical Society, vol. vι. (1874—1875), 
pp. 38—58. Read January 14, 1875.]

The Potential of the Ellipse.

1. I consider the potential of an ellipse (or say an elliptic plate of uniform
density); viz. this is 

the limits being given by the equation

Writing herein x = mfcos u, y = mg sin u, we have dxdy=-fgmdmdw, and consequently 

where the integrations are to be taken from m = 0 to m = 1, and from u = 0 to u = 2π.

2. It is to be remarked that, by first performing the integration in regard to m,
we may reduce the potential to the form J du. F, where F is an algebraic function of 

cos w, sin u; and that the result so obtained, although in the general case too complex 
to be manageable, is a useful one in the case ∕= g, where the ellipse becomes a 
circle. The case of the circle will be treated of separately, but in the general case 
it will be sufficient to show that the integral is of the form in question.
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282 ON THE POTENTIAL OF THE ELLIPSE AND THE CIRCLE. [603

3. To accomplish this, writing 

then the integral in regard to πι is 

which is

Taken between the limits 0 and 1, this is 

and we have therefore 

where, for greater clearness, the value of the coefficient ~j- of the logarithmic term 

has been written at full length.

4. But this coefficient admits of algebraic integration, viz. we have 

hence, integrating the second term by parts, we have

T,where the second term, taken between the limits u = 0, u = 2π, is = 0; and being 

an algebraic function of sin u, cos u, the potential is expressed in the form in question.

5. But we may, by means of a transformation upon w (that made use of in 
Gauss’ Memoir*  on the attraction of an elliptic ring), transform the expression so as 

* [Ges. Werke, t. πι,, pp. 333—355; in particular, Z.c., p. 338].
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to obtain the integral in regard to m under a much more simple form. We, in fact, 
assume 

where the nine coefficients are such that identically 

(this of course renders the two equations consistent); and also that

This last condition gives, for the determination of the coefficients G, G', G", the identity 

or, what is the same thing, G, — G', — G" are the roots of the equation

This equation has one positive root, which may be taken to be G, and two negative 
roots, which will then be — G', — G"; viz. G, G', G" are thus all positive; and G 
denotes the positive root of the last-mentioned equation.

6. We have 

and thence 

the integral in regard to T being taken from 0 to 27r; or, what is the same thing,
7Γ .we may multiply by 4 and take the integral only from 0 to ; viz. we thus have 

where the integral in regard to T can be at once reduced to the standard form of 
an elliptic function, or it might be calculated by Gauss’ method of the arithmetico- 
geometrical mean.

l7. But, for the present purpose, a further reduction is required. Writing
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we have 

whence 

moreover

Hence 

and, observing that to the limits 0, of T correspond the limits ∞, G of t, we 

thence obtain 

or, what is the same thing, 

where G denotes, as before, the positive root of the equation

8. Writing for t, m2t, and for G, miG, the formula becomes 

where G now denotes the positive root of the equation 
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Thus G is a function of m; but it is to be remarked that the integration in respect 

to m can be performed through the integral sign ∕ dt in precisely the same way as
J G

if G were constant, and that we, in fact, have 

where the function of nι is to be taken between the limits 0 and 1. The reason is that, 
differentiating this last integral in respect to m, the term depending on the variation 
of the limit G is 

which is =0 in virtue of the equation which defines G; hence the whole result is 
the term arising from the variation of m in so far as it appears explicitly.

9. Proceeding next to take the function of m between the two limits: for m = 0 
we have G= ∞, and the integral vanishes; for m = 1 we have G the positive root 
of the equation 

or, using θ to denote the positive root of this equation, the value is G = 0; we thus 
finally obtain 

as the expression for the potential of the ellipse semiaxes (∕, g) on the point (a, b, c).

Case where the Attracted Point is on the Focal Hyperbola.

10. The result becomes very simple when the attracted point is in the focal 

hyperbola of the ellipse, viz. when we have 6 = 0 and The function

is here
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c2∕2Hence also θ = ——; introducing this value, the function in question becomes

and we have

which, writing t = oc2 + θ, becomes

or, substituting for θ its value this is

which is, in fact, the potential of the circle x2iy'1 = y2 on the axial point (0, 0, c); 
and, observing that the value is independent of f we have at once the theorem that, 
considering f as variable, and taking the attracted point at the constant altitude c in 

the focal hyperbola —— — — = 1, the potential io the same, whatever is the value 

of the semi-axis major f of the ellipse.

11. A point in the focal hyperbola determines, with the ellipse, a right circular 
cone having for its axis the tangent to the hyperbola; viz. the tangent in question 
is equally inclined go the two lines joining the point with the foci of the hyperbola, 
or with the extremities of the major axis of the ellipse. Taking θ for the inclination of 
the tangent to either of these lines, viz. θ is the semi-aperture of the cone, and γ 
for the inclination of the tangent to the axis of z, then it is easy to show that

and we thence have
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viz. the ellipse is here considered as the section of a right cone of semi-aperture θ, 
the perpendicular distance from the vertex being = c, and the inclination of this 
distance to the axis of the cone being = 7; and this being so, the potential is then 

expressed by the last preceding equation. It will be observed that, when γ = ~-θ, the 

section becomes a parabola, and the potential is infinite; for any larger value of 7, 
the section is a hyperbola, and the formula ceases to be applicable.

12. I originally obtained the result by thus considering the ellipse as the section 
of a right cone. Consider for a moment, in the case of any cone whatever, the plate 
included between the plane, perpendicular distance from the vertex =c, and the con
secutive parallel plane, distance = c + de. Let d∑ denote an element of the first plane, 
r its distance from the vertex, and r + dr the distance produced to meet the second 
plane; also let dω denote the subtended solid angle. We have <ZΣ de = ra dr dω, or,

de dτ 1 11since — = — , we obtain cZ∑ = - r3 dω, or - cZ∑ = - r1 dω ; wherefore the potential of the CT cτc 1
plane section is V = ^Jr2dω, where r denotes the value at a point of the plane 

section, and the integration extends over the spherical aperture of the cone.

13. Let the position of r be determined by means of its inclination θ to the 
axis of the cone, and the azimuth φ of the plane through r and the axis of the cone; 
viz. taking the axis of the cone for the axis of z, suppose, as usual, x = r sin θ cos φ, 
y = r sin θsinφ, z = r cos#. We have then, as usual, dω = sin θ dθ dφand if the 
equation of the plane be x cos a + y cos β + z cos 7 = c, then the value of r is obtained 
from the equation 

so that we have for the potential 

where the integration is extended over the whole spherical aperture of the cone; viz. 
in the case of a right cone of semi-aperture θ, the limits are from θ = 0 to θ = θ and 
from φ = 0 to φ =■ 2τr.

14. Write 

where M, N are given functions of φ; then we have 

and the ^-integral is 
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which between the limits is 

θ now denoting the semi-aperture of the right cone. And we have

We may without loss of generality write cos/3=0, and therefore cosα = sinγ, where γ 
now is the inclination of the perpendicular on the plane to the axis of the cone. We 
thus have 

that is, 

whence 

and

15. We have, therefore,

But 

hence the second line is

But, restoring for a moment AT in place of tan 1 (tan γ cos φ), we have
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And then, in place of writing

the expression in question becomes

And we have

16. The integral is here 

as may be immediately verified.
Hence 

which is to be taken between the limits 0 and 27r; or, what is the same thing, the 
integral may be taken between the limits 0, 7r, and multiplied by 2. But as φ passes
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from 0 to 7τ, the arc of the form tan-1 (J. tan φ) passes through the values 0, ~, — χ∙, 0, 

but the other arc of the form tan^^1(Rsinφ) through the values 0, ~, 0; the first

arc gives therefore a term 7r, the second arc a term 0, and the final result is 

which is right.

The Potential of the Circle.

17. In the case of the circle we have g=f∖ the terms containing a?, δ2 unite 
throughout into a single term containing a? ÷ δ2, and there is obviously no loss of 
generality in assuming b = 0, and so reducing this to α2; viz. we take the axis of x 
to pass through the projection of the attracted point, the coordinates of this point 
being therefore (a, 0, c). We in fact consider the potential 

over the circle x2 + y2 = f2; or, writing x = mf cos φ, y = nι∕sin φ, we have dxdy = f2mdπιdφ, 
and therefore 

the integral being taken from m = 0 to m = l, and φ = 0 to φ = 2π.

Writing in the general formula g =f and b = 0, we have 

where θ denotes the positive root of the equation 

or, observing that
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we have also

18. The present particular case gives rise to some interesting investigations. We 
may, in the first place, complete the process of first integrating directly in regard to m.

Writing

the integral in regard to m is

to be taken from m = 0 to m = 1; and we thus obtain

Writing for shortness the second line of this is

and we thus have

19. We have

the numerator of which is

and the denominator is
The second line of V is thus
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which is easily reduced to

the last term of which is and we thus have

between the limits 0, 2π; or, finally,

in partial verification whereof observe that for α = 0 we have and the
value becomes

which, writing therein g in place of f, agrees with a foregoing result.

20. The process applied to finding the Potential of the Ellipse is really applicable 
step by step to the Circle; but if we begin by assuming g =f, it presents itself 
under a different and simplified form. Starting from

for convenience we assume

thereby converting the radical into Writing also

and hence assuming P~ — Q2 — VΩ, and combining with the foregoing equation

we have

21. This being so, the transformation-equations to the new variable T are
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and also

We find moreover 

and

whence

and hence 

where the limits of T are from 0 to 27γ, or, what is the same thing, we may multiply 
by 4, and take them to be 0, ⅜7τ.

22. Assuming next 

we have 

and thence 

also 

and consequently

suppose; and we thus have

23. We have 

or, putting rrntt in the place of t, this is 
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or, what is the same thing, 

whence, completing the substitution, we have

where the inferior limit is, in fact, the positive root of the
equation

24. We may hence integrate in regard to m, through the sign ∣ dt, in the same 

way as if θ were constant; viz. we have 

where the function of m is to be taken between the limits 0, 1 : for τn = 0, we have 
θ = ∞, and the function vanishes; hence, writing m=l, we obtain 

where θ now denotes the positive root of

25. But it is interesting to reverse the transformation, so as to bring the radical 
back into its original form. For this purpose, taking now 

and consequently

where

and writing

we first obtain
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and then, writing 

we bring in the variable φ. But it is important to remark that this is not the 
quantity which was, at the beginning of the investigation, represented by this letter, 
and that it is not easy to see the connexion between the two quantities φ. We find

26. To reduce this, write as before 

and also 

so that the denominator in the integral is

We have 

and hence 

the limits being always 0, 2π. But we have identically 

and thence

where the term ≡ t° be taken between the limits, but for the present I retain

it as it stands. Moreover, Δ2 = Φ +f2 sin2 φ, and consequently 

and we thus obtain the result 

where the denominators under the integral signs are
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27. We may, by a transformation such as that for the change of parameter in an 
elliptic integral of the third kind, make the denominators to be Δ and (c2 + α2 sin2 φ) Δ; 

jBΔviz. for this purpose we assume A = tan-1 , where B and A are functions of φ 

such that we have identically A2 ⅛ R2Δ2 = (c2 + α2 sin2 φ) (α2 + c2 — %af cos φ +f2 cos2 φ); 
the values of B, A are found to be c cos φ and sin φ (a2 + c2 — af cos φ), whence, 
dividing each of these for greater convenience by sin φ, we have

so that, writing now B, A = c cot φ and a2 + c2- af cos φ respectively, the value is

where

and, as before, We have

and then

and the numerator thus is

which is in fact

or, what is the same thing,

and the denominator, by what precedes, is
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We thus have 

whence, by integration, 

which is the required formula of transformation.

28. Multiplying by c2, and subtracting from the value of V^, we find 

which is to be taken between the limits 0 and 2tt; viz. we thus have 

agreeing with a former result.

29. But this former result, previous to the final step of taking the integrals 
between the limits, was 

viz. the integrals are the same, but the integrated terms are altogether different; 
the explanation of course is that the φ,s are different in the two formulae, which there
fore do not correspond element by element but only in their ultimate value between 
the limits.

30. In order to discuss numerically the Potential of the Circle, 

this must be reduced to elliptic functions. Writing t = θ + x2, we have
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if for shortness

The constants a, β, θ may be considered as replacing the original constants α, c, f∖ 
viz. from the last two equations and the equation 

we deduce 

showing that α2, β2, θ are in order of decreasing magnitude; viz. α2 - β2, β2 - θ, a2-θ 
are all positive. The formula may be written 

which, in virtue of the identity 

becomes

31. Writing here 'p = αcotw, and therefore dx —— a cosqc2 u du, to the values 
x = ∞ , 0 correspond u = 0, ∣7r, and we have

Writing we have

and thence
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Λ
viz. writing n = — 1 + — (so that n is negative and in absolute magnitude < 1), and 

moreover ∕32 = α¾'2 and 0 = (n + l)α2, this is 

viz. this is

32. This may be further reduced by substituting for the complete function 
∏ι (n, k), its value ; viz. writing 

that is, sin2 λ = —; then, writing the value first in the form 

and observing that 

we have 

where 

or, what is the same thing, 

θ being, it will be recollected, the positive root of

33. Thus when in particular a — 0, we have θ = c2, and thence
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whence 

or

which is right.

34. If c = 0, a being f, then θ = a2-fi, k = -, λ = ⅟2 , a=a; so that, retaining 

fk as standing for its value -, we have a

which may easily be verified.

If c = 0, a being <f  then, recurring to the original equation for the determination 
of θ, viz. (θ + f2)2 θ -^y-2 + ~ — 1 = 0, which for c = 0 becomes θ (θ + f2) (θ — a2 + f22) = 0, 

we have (as the positive root of this equation) θ = 0; whence a=f', also, observing 

that  and sin2 λ=——(where  is finite), =0, and retaining k
  

to denote its value = we obtain 1/4V =fE1k, or V= FfE1k.

If α =f, then in each of the formulae k = 1; and since in the first formula 

k'iFλk, k nearly =1, is =Aι'2log^,, vanishing for k = 1 or k'=Q, we have V= ⅛fE1l, = 4/

Section of Equipotential 
surfaces of a Circle.

It would be interesting to consider the value of the potential at different points 
Ct^ c‘“of the ellipse y⅛ + = 1 constant, a, c current coordinates). For this purpose

writing a = a∕∕"2 + θ cos q, c = Vβ sin q, we should have α = √∕2 + 0 (a constant), and 

and then V through k, k', λ, is a given function of q.
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35. Suppose, to fix the ideas, f= 1, and consider the points (0, c) and (a, 0), which 

have equal potentials. First, if a >f (that is, a > 1), then writing k = -, the relation is
CL

and we have

Secondly, if a <f (that is, a < 1), then writing k = a, the relation is

(1) In particular α = ⅛, =sin30o, this is

(2) a = l, then 

for the values of c, corresponding to the foregoing values of a.
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