
1 0 8 1  3 5

1 0 8.

O N  C E R T AI N  M U L TI P L E  I N T E G R A L S C O N N E C T E D  WI T H  T H E  

T H E O R Y  O F  A T T R A C TI O N S.

[ Fr o m t h e C a m bri d g e  a n d  D u bli n  M at h e m ati c al  J o ur n al, v ol. vιι. ( 1 8 5 2), p p. 1 7 4 — 1 7 8.]

It is e as y t o d e d u c e fr o m Mr  B o ol e ’s f or m ul a, gi v e n i n m y  p a p er  “  O n  a M ulti pl e

I nt e gr al c o n n e ct e d wit h  t h e t h e or y of  Attr a cti o ns, ” J o ur n al, t. ιι. [ 1 8 4 7], p p. 2 1 9 — 2 2 3,  

[ 4 4], t h e e q u ati o n  

w h er e  n is t h e n u m b er of v ari a bl es of t h e m ulti pl e  i nt e gr al, a n d t h e c o n diti o n of t h e 

i nt e gr ati o n is 

als o w h er e 

a n d € is t h e p ositi v e r o ot of

S u p p os e  f = g ... =  θ ,̂ a n d writ e  ( α - αj) ≡  +  ... =  k ∖ w e  o bt ai n
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t h e li miti n g c o n diti o n f or t h e m ulti pl e  i nt e gr al b ei n g  

a n d t h e f u n cti o n σ,  a n d li mit e, b ei n g  gi v e n  b y  

e d e n oti n g, as b ef or e,  t h e p ositi v e  r o ot. O bs er vi n g  t h at t h e q u a ntit y  u n d er t h e i nt e gr al 
si g n o n t h e s e c o n d si d e v a nis h es f or s =  e, t h er e is n o diffi c ult y i n d e d u ci n g, b y a  

diff er e nti ati o n  wit h  r es p e ct t o t h e f or m ul a

w h er e  d Z is t h e el e m e nt of t h e s urf a c e ( ξ —  +  ... =  θ γ ∖ a n d t h e i nt e gr ati o n is

e xt e n d e d o v er t h e e ntir e s urf a c e.

A  sli g ht c h a n g e of  f or m is c o n v e ni e nt. W e  h a v e  

if w e  s u p p os e

T h e  f or m ul a e t h e n b e c o m e  

i n w hi c h  e is t h e p ositi v e  r o ot of  t h e e q u ati o n

I pr o p os e  t o tr a nsf or m t h es e f or m ul a e b y  m e a ns  of  t h e t h e or y of  i m a g es; it will  b e  c o n ­

v e ni e nt  t o i n v esti g at e s o m e pr eli mi n ar y  f or m ul a e. S u p p os e  λ ≡  =  α ≡  +  / 3 ®..., =  α∕  +  y 3∕. ..;

als o c o nsi d er t h e n e w  c o nst a nts α,  b,...,  o ⅛, 6ι,...,  w,  ∕ι, d et er mi n e d  b y  t h e e q u ati o ns  

w h er e  δ is ar bitr ar y. T h e n,  p utti n g
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it is easy to see that 

and

Proceeding to express the single integrals in terms of the new constants, we have in 
the first place = where 

or if we write

we have

Hence also χ = Z*j, where 

whence 

where = P + Z,≡ — 2iZι cos ω, that is 

consequently + χs - υ≡ = δ*∏, where ∏ is given by 

and it is clear that e will be the positive root of

It may be noticed that, in the particular case of u = 0, the roots of this equation 
in’ — f ≡Ι fZ ≡ — fare 0, and ~ - Consequently if p®-/? and Z∕-∕∕ are of opposite signs,

Vi
z-n≈> — f≡VZ ’ — ∕*Ι we have 6 = 0; but if j9≡-and l^-f^ are of the same sign, e = --- -----∙
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In order to transform the double integrals, considering the new variables x, y,..., 
I write x^ + ... and 

whence also, if ξ"^ + Λ-... ≈(which gives rp ≈ δ≡), we have 

also it is immediately seen that

and from the latter equation it follows that the limiting condition for the first integral 
is (x— «1)2 +... (there is no difficulty in seeing that the sign < in the former
limiting condition gives rise here to the sign >), and that the second integral has to be 
extended over the surface {x — θι)2 +...= ∕√. Also if dS represent the element of this 
surface, we may obtain 

and, combining the above formulae, we obtain 

the limiting condition of the multiple integral being 

and 

where dS is the element of the surface (x — αι)≡ + (y — δι)≡ ...= //, and the integratio» 
extends over the entire surface. In these formulae, Z, ρ, ∏ denote as follows: 

and e is the positive root of the equation ∏ = 0.
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T h e  o nl y o b vi o usl y i nt e gr a bl e c as e is t h at f or w hi c h  i n t h e s e c o n d f or m ul a q  = l', 
t his gi v es

I n t h e c as e of u  =  Q,  w e  h a v e,  as b ef or e,  w h e n  a n d  3,τ e of o p p osit e

si g ns, €  =  0, a n d t h er ef or e 1  +  e  =  1  ; b ut w h e n  a n d  ar e of t h e s a m e
si g n, t h e v al u e  b ef or e  f o u n d f or e gi v es

C o nsi d er  t h e i m a g e of t h e ori gi n  wit h  r es p e ct t o t h e s p h er e { x  —  Oi·) ’ +  ( y —  bi)·  ... = 

t h e c o or di n at es of  t his i m a g e ar e »  

a n d c o ns e q u e ntl y, if ∕ χ b e  t h e dist a n c e  of  t his i m a g e fr o m t h e p oi nt  ( a, b...),  y v e h a v e  

w h e n c e,  b y  a si m pl e r e d u cti o n.

or  t h e v al u es of  t h e i nt e gr al ar e

P ^-f ∖  a n d l χ-fι o p p osit e  si g ns,

j) ≡ —  / 1’ a n d 4 ’ —  fl t h e s a m e si g n.

w h er e  μ, is t h e dist a n c e  fr o m t h e p oi nt  ( a, b...)  oi t h e i m a g e of  t h e ori gi n wit h  r es p e ct 

t o t h e s p h er e ( x —  +  ... — ∕i ≡ =  0.

St o n e  B uil di n gs,  A u g ust  6, 1 8 5 0.
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