35

108]

108.

ON CERTAIN MULTIPLE INTEGRALS CONNECTED WITH THE
THEORY OF ATTRACTIONS.

[From the Cambridge and Dublin Mathematical Journal, vol. viL (1852), pp. 174—178.]

It is easy to deduce from Mr Boole’s formula, given in my paper “On a Multiple
Integral connected with the theory of Attractions,” Journal, t. 11. [1847], pp. 219—223,

f 8971 (6,2 — o)l ds
'T(#% @ITQ+1) N/{s+§9 s+a}.“}

[44], the equation

J’ dEdny ..
[(E—ay+(n— ﬁ)’+ v gy
where n is the number of variables of the multiple integral, and the condition of the
integration is

CORE N
also where

g = (‘z _-;:)1 (8 ﬁ:)’.”'*“z-,

8+ E’ s+ 9—]2

and € is the positive root of
- 8- 2
eSS B‘)’...+—v—.

6= £
.SL‘ € + 8
Suppose J=g..= 9., and write (a—a,)*+ ... =A%, we obtain
f arin f §171 (02— a)1ds
[(E—c a)‘ v']i""ff FGn-q¢)T'(g+1) QL+
5—2
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36 ON CERTAIN MULTIPLE INTEGRALS [108

the limiting condition for the multiple integral being

(E-—a)+...507
and the function o, and limit ¢, being given by
B o, kB
IR & TR Y

¢ denoting, as before, the positive root. Observing that the quantity under the integral
sign on the second side vanishes for s=e¢, there is no difficulty in deducing, by a
differentiation with respect to @,, the formula

s 20,mrin f 5171 (02 — o) ds
[E=ap . +v" 2 TEn—gT (9 (e

where dZ is the element of the surface (§—a)+...=6* and the integration is
extended over the entire surface.

A slight change of form is convenient. We have

ke v?

IO = B T e WG (L F 0 V0 PR N
if we su
A x=02—F— v
The formule then become
f g s i J'“’ (65 + x8 — v*)? ds
[(E-f!)’---+v”]"““_r(%’n—Q)P(q'i'l) s(1+gpn+e

2", f (62s* + x5 — v')* ds
f = l‘*)2 + v’]"““f I'Gn—q)Tq (1 + s)inte ’

in which e is the positive root of the equation
0.2 + e — vt =0.

I propose to transform these formula by means of the theory of images; it will be con-
venient to investigate some preliminary formule. Suppose A =a*+ 8 ..., M=’ + B ..;
also consider the new constants @, b,..., @, by, ..., u, f;, determined by the equations

S SR
)\."‘+v’_a’ 'Ms__gln'"al’
8’!.' - 8"01 i
Uk B v oy T L
where & is arbitrary. Then, putting
P=ar+b..., P=ag?+b..,
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it is easy to see that
N @) =8 O =0 (- ) =5,
o 8“%

and m‘ d _fz 1
Su 8f; "
ET RS

Proceeding to express the single integrals in terms of the new constants, we have in
the first place k*=8%? where
a a@l\?
k= (ln+ u’—l,"—f;°> +
or if we write :
aa, +bb, ... =1, cos w,
we have
b adss 12 & L 3. 211, cos @
T@+wyr W=7 Erw) G -AY)

Hence also x =8, where

i ﬂa iy u?
VA (X ke Frwp

whence
| + 1 211, cos w
Ve = (ln ) (L= f2)’

1 2
“EEH G- PR
where p*= P+ ;> — 2ll, cos w, that is

p=(a—ay+0-b)+
consequently 6%+ xs — v* = 81I, where II is given by

I= f;z 8§ — (p’ + —fla) u? 1
G2 -1 T (0 —fl’) T+ wy’
and it is clear that e will be the posmve root of
(0 =A%) (l’ u’) G -f @+wy

It may be noticed that, in the particular case of #=0, the roots of this equation

are 0, and (¢ ﬁl,}.(“_fle). Consequently if p*—f? and l*—f;* are of opposite signs,
z

2 P
we have e=0; but if p*—f2 and *—f;? are of the same sign, e—(~P - f’lg;.l; f')

www.rcin.org.pl



38 ON CERTAIN MULTIPLE INTEGRALS [108

In order to transform the double integrals, considering the new variables z, v,...,
I write 2*+42... =7* and

e
whence also, if 249>+ ... =p? (which gives rp = &), we have
o=
p
also it is immediately seen that
S
(E—a)+... =@+ 2)7‘2{(.1:’—a)’+...+uz},

4

(E—a)... —o,ﬂ=(—ll—2—_8712)—7a{(w-—al)’+ =S

and from the latter equation it follows that the limiting condition for the first integral
is (z—a)*+...5f* (there is no difficulty in seeing that the sign < in the former
limiting condition gives rise here to the sign >), and that the second integral has to be
extended over the surface (z —a,)*+ ... =/ Also if dS represent the element of this

surface, we may obtain
2n—2

dgdy ...=§£dxdy..., 5

TZ?I—S

and, combining the above formule, we obtain

f dzdy ..
@+ 2. (e —a)y+(y—b) ... + urjine

05 arin / e X0ds

T TEn—@T @+ D@E+w))  s(1+s)ime’
the limiting condition of the multiple integral being

@—a)P+@y—b)..3SA

and

s
(@ + 3. )+ (@ —a) + (y — by + wit e
. 2minf, = IIeids
TT(n—Tq@+wp—i (2 ~f3)) . A+ gres

where dS is the element of the surface (z—a)+(y —58)...=f?% and the integratior
extends over the entire surface. In these formule, [, [,, p, II denote as follows:

P=a?+b+..., I*=a’+b2+..., pPP=(a—a)+b-=>0b)+

_0 A HeS R S e ) ommiar
(l 2 _f 2)2 (l 2_f12) (la 4 uz) (lz 4 uz)ﬂ |

and € is the positive root of the equation II =0.
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The only obviously integrable case is that for which in the second formula ¢=1;
this gives

ds i 2mins,
@+y I [@—ap +(y— b +wii - T Em) G (i =) (L+

In the case of uw=0, we have, as before, when p*—f* and L*—f;? are of opposite

signs, ¢=0, and therefore 1+e=1; but when p*—f? and [2—f* are of the same
sign, the value before found for e gives

Satim % {Bf2+ (P = £ G2 = £2).

Consider the image of the origin with respect to the sphere (z —a)f+ (y—b) ... =13,
the coordinates of this image are

Ba-f) B £
and consequently, if 4 be the distance of this image from the point (a, b...), we have

=la—-5; (11’ =)+

=£§ R+ @ -0 -4

whence, by a simple reduction,

NG

Y

or the values of the integral are

Qqrin 3
7 ~f and L~ opposite signs, [ = w5 f:~ﬁ=),

Qrin S
i | T (ﬁ-n ) l"n—s e (Ela I fla) *

where p is the distance from the point (a, b...) of the image of the origin with respect
to the sphere (z—a,)*+...—f?=0.

p*—/f* and )* — f;* the same sign, 7

Stone Buildings, August 6, 1850.

www.rcin.org.pl





