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111.
ON A THEOREM OF M. LEJEUNE-DIRICHLET'S.

[From the Cambridge and Dublin Mathematical Journal, vol. IX. (1854), pp. 163—165.]

Tue following formula,
Eqw'+sbwy+w' o= Equ'x!ﬂbfwﬂ’sﬂ + ... = 23§t ghin*-) G_i;) qm’, _________________ (3)

is given in Lejeune-Dirichlet’s well-known memoir “Recherches sur diverses applica-
tions &ec.” (Crelle, t. xxX1. [1840] p. 8). The notation is as follows:—On the left-hand
side (a, b, ¢), («, ¥, c'),... are a system of properly primitive forms to the negative
determinant D (i.e. a system of positive forms); @, y are positive or negative integers
including zero, such that in the sum ZIZgw'tawter’ gu® 4 2bxy + cy® is prime to 2D,
and similarly in the other sums; ¢ is indeterminate and the summations extend to
the values first mentioned, of # and y. On the right-hand side we have to consider
the form of D, viz. we have D=PS or else D=2P8, where §* is the greatest
square factor in D and where P is odd: this obviously defines P, and the values
of 8, ¢ which are always +1 (or, as I prefer to express it, are always +) are given
as follows, viz. '

D=PS, P=1 (mod 4), 9,
D=PS, P=3 (mod 4), § e=—+,
D=2P8, P=1 (mod 4), 8 e=+-,
D=2P8, P=3 (mod 4), §

£= -+,

€=——

»

n, ' are any positive numbers prime to 2D, (%) is Legendre’s symbol as generalized

by Jacobi, viz. in general if p be a positive or negative prime not a factor of n,
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then (;—;) =+ or — according as m is or is not a quadratic residue of p (or, what is

the same thing, p being positive, (% ) = ni® (mod p)), and for P =ppp” ...,

CREICIEOM

and the summation extends to all the values of n, ' of the form above mentioned.
In the particular case D=—1, it is necessary that the second side should be doubled.
The method of reducing the equation is indicated in the memoir. The following are
a few particular cases.

Da-1, SgPHA = 45 (<) g,
or (1+2¢*+2¢° + 2¢*+...) 9+ Q¢+ ¢*+g°+...)
e
Dacicy gt = 23, (= hern bty gun
or A +2¢+2¢°+2¢®...) (g + ¢ +q*+q¢*+...)
G e +i i, O sl o + &e.

1_q2 1_q6 l_qlo l_qu

an example given in the memoir.
D=-3, g7 =23 (’é) i

or (ql +q25+949+q121 i qles )(1 + 2q12+ 2q48+2q108 )
+2(P+H T+ ) L)

L gt e oy ek il Bt i \
=l_qs_1_q30+1_q42_1_q66"+"‘

I am not aware that the above theorem is quoted or referred to in any sub-
sequent memoir on Elliptic Functions, or on the class of series to which it relates:
and the theorem is so distinct in its origin and form from all other theorems relating
to the same class of series, and, independently of the researches in which it originates,
so remarkable as a result, that I have thought it desirable to give a detached state-
ment of it in this paper.
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