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145.
A MEMOIR UPON CAUSTICS.

[From the Philosophical Transactions of the Royal Society of London, vol. CXLVII. for the 
year 1857, pp. 273—312. Received May 1,—Read May 8, 1856.]

The following memoir Contains little or nothing that can be considered new in principle; the object of it is to collect together the principal results relating to caustics 
in piano, the reflecting or refracting curve being a right line or a circle, and to discuss, with more care than appears to have been hitherto bestowed upon the subject, some of the more remarkable . cases. The memoir contains in particular researches relating to the caustic by refraction of a circle for parallel rays, the caustic by reflexion of a circle for rays proceeding from a point, and the caustic by refraction of a circle for rays proceeding from a point; the result in the last case is not worked out, but it is shown how the equation in rectangular coordinates is to be obtained by equating to zero the discriminant of a rational and integral function of the sixth degree. The memoir treats also of the secondary caustic, or orthogonal trajectory of the reflected or refracted rays, in the general case of a reflecting or refracting circle and rays proceeding from a point; the curve in question, or rather 
a secondary caustic, is, as is well known, the Oval of Descartes or ‘ Cartesian ’: the equation is discussed by a method which gives rise to some forms of the curve which appear to have escaped the notice of geometers. By considering the caustic as the evolute of the secondary caustic, it is shown that the caustic, in the general case of a reflecting or refracting circle and rays proceeding from a point, is a curve of the sixth class only. The concluding part of the memoir treats of the curve which, when the incident rays are parallel, must be taken for the secondary caustic in the place of the Cartesian, which, for the particular case in question, passes off to infinity. In the course of the memoir, I reproduce a theorem first given, I believe, by me in the Philosophical Magazine, viz. that there are six different systems of a radiant point
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145J A MEMOIR UPON CAUSTICS. 337and refracting circle which give rise to identically the same caustic, [see post, xxvιιι]. The memoir is divided into sections, each of which is to a considerable extent intelligible by itself, and the subject of each section is for the most part explained bj the introductory paragraph or paragraphs.
I.Consider a ray of light reflected or refracted at a curve, and suppose that ξ, η are the coordinates of a point Q on the incident ray, α, β the coordinates of the point G of incidence upon the reflecting or refracting curve, α, b the coordinates of a point N upon the normal at the point of incidence, x, y the coordinates of a point q on the reflected or refracted ray.Write for shortness, (δ-^)(^-α)-(α-α) {η-β}= QGN,

(^^^a}{ξ-a) + φ-β'){∏-β} = [2QGN,then V QGN is equal to twice the area of the triangle QON, and if ξ, y instead of being the coordinates of a point Q on the incident ray were current coordinates, the equation V QGN = 0 would be the equation of the line through the points G and W, i.e. of the normal at the point of incidence; and in like manner the equation □ Q(zW=0 would be the equation of the line through G perpendicular to the line through the points G and W, i.e. of the tangent at the point of incidence.We have
and therefore identically.
Suppose for a moment that φ is the angle of incidence and <∕>' the angle of reflexion or refraction; and let μ be the index of refraction (in the case of reflexion μ, = -1), then writing
and
we have
and substituting these values in the equation

C. II. 43
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338 A MEMOIR UPON CAUSTICS. [145we obtain 
an equation which is rational of the second order in x, y, the coordinates of a point 
q on the refracted ray; this equation must therefore contain, as a factor, the equation of the refracted ray; the other factor gives the equation of a line equally inclined to, but on the opposite side of the normal; this line (which of course has no physical existence) may be termed the false refracted ray. The caustic is geometrically the envelope of the pair of rays, and for finding the equation of the caustic it is obviously convenient to take the equation of the two rays conjointly in the form under which such equation has just been found, without attempting to break the equation up into its linear factors.It is however interesting to see how the resolution of the equation may be effected; for this purpose multiply the equation by NG‘\ then reducing by means of a previous formula, the equation becomes 
which is equivalent to 
and the factors are 
it is in fact easy to see that these equations represent lines passing through the point G and inclined to GN at angles + <∕>', where φ' is given by the equations 

and there is no difficulty in distinguishing in any particular case between the refracted ray and the false refracted ray.In the case of reflexion ∕ι = -l, and the equations become 
the equation 
is obviously that of the incident ray, which is what the false refracted ray becomes in the case of reflexion; and the equation 
is that of the reflected ray.
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145] A MEMOIR UPON CAUSTICS. 339
II.But instead of investigating the nature of the caustic itself, we may begin by finding the secondary caustic or orthogonal trajectory of the refracted rays, i.e. a curve having the caustic for its evolute; suppose that the incident rays are all of them normal to a certain curve, and let Q be a point upon this curve, and considering the ray through the point Q, let 6r be the point of incidence upon the refracting curve; then if the point G be made the centre of a circle the radius of which is· 

. GQ, the envelope of the circles will be the secondary caustic. It should be noticed that, if the incident rays proceed from a point, the most simple course is to take such point for the point Q. The remark, however, does not apply to the case where the incident rays are parallel; the point Q must here be considered as the point in which the incident ray is intersected by some line at right angles to the rays, and there is not in general any one line which can be selected in preference to another. But if the refracting curve be a circle, then the line perpendicular tσ the incident rays may be taken to be a diameter of the circle. To translate the construction into analysis, let ξ, η be the coordinates of the point Q, and α, the coordinates of the point Q, then ξ, η, α, β are in effect functions of a single arbitrary parameter; and if we write 
then the equation 
where x, y are to be considered as current coordinates, and which involves of course the arbitrary parameter, is the equation of the circle, and the envelope is obtained in the usual manner. This is the well-known theory of Gergonne and Quetelet.

III.There is however a simpler construction of the secondary caustic in the case of the reflexion of rays proceeding from a point. Suppose, as before, that Q is the radiant point, and let G be the point of incidence. On the tangent at G to the reflecting curve, let fall a perpendicular from Q, and produce it to an equal distance on the other side of the tangent; then if q be the extremity of the line so produced, it is clear that q is a point on the reflected ray Gq, and it is easy to see that the locus of q is the secondary caustic. Produce now QG to a point Q' such that 6'Q' = QG, it is clear that the locus of Q' will be a curve similar to and similarly situated with and twice the magnitude of the reflecting curve, and that the two curves have the point Q for a centre of similitude. And the tangent at Q' passes through the point q, i.e. q is the foot of the perpendicular let fall from Q upon the tangent at Q'; we have therefore the theorem due to Bandelin, viz. 43—2
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340 A MEMOIR UPON CAUSTICS. [145If rays proceeding from a point Q are reflected at a curve, then the secondary caustic is the locus of the feet of the perpendiculars let fall from the point Q upon the tangents of a curve similar to and similarly situated with and twice the magnitude of the reflecting curve, and such that the two curves have the point Q for a centre of similitude.
IV.If rays proceeding from a point Q are reflected at a line, the reflected rays will proceed from a point q situate on the perpendicular let fall from Q, and at an equal distance on the other side of the reflecting line. The point q may be spoken of as the image of Q; it is clear that if Q be considered as a variable point, then the locus of the image q will be a curve equal and similar but oppositely situated to the curve, the locus of Q, and which may be spoken of as the image of such curve. Hence it at once follows, that if the incidental rays are tangent, or normal, or indeed in any 'other manner related to a curve, then the reflected rays will be tangent, or normal, or related in a corresponding manner to a curve the image of the first- mentioned curve. The theory of the combined reflexions and refractions of. a pencil of rays transmitted through a plate or prism, is, by the property in question, rendered very simple. Suppose, for instance, that a pencil of rays is refracted at the first surface of a plate or prism, and after undergoing any number of internal reflexions, finally emerges after a second refraction at the first or second surface; in order to find the caustic enveloped by the rays after the second refraction, it is only necessary to form the successive images of the first caustic corresponding to the different reflexions, and finally to determine the caustic for refraction in the case where the incident rays are the tangents of the caustic which is the last of the series of images; the problem is not in effect different from that of finding the, caustic for refraction in the case where the incident rays are the tangents to the caustic after the first refraction, but the line at which the second refraction takes place is arbitrarily situate with respect to the caustic. Thus e.g. suppose the incident rays proceed from a point, the caustic after the first refraction is, it will be shown in the sequel, the evolute of a conic; for the complete theory of the combined reflexions and refractions of the pencil by a plate or prism, it is only necessary to find the caustic by refraction, where the incident rays are the normals of a conic, and the refracting line is arbitrarily situate with respect to the conic.
V.Suppose that rays proceeding from a point Q are refracted at a line; and take the refracting line for the axis of y, the axis of x passing through the radiant point 

Q, and take the distance QA for unity. Suppose that the index of refraction μ is put equal to Then if φ be the angle of incidence and φ' the angle of refraction.
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145] A MEMOIR UPON CAUSTICS. 341

we have sin φ' = k sin φ, and the equation y — x tan φ' = tan φ oi the refracted ray becomes, putting for φ' its value,
Differentiating with respect to the variable parameter and combining the two equations, we obtain, after a simple reduction.

where A;' = Vl — Aj≡ ; hence eliminating.
which is the equation of the caustic. When the refraction takes place into a denser medium k is less than 1, and k'^ is positive, the caustic is therefore the evolute of a hyperbola (see fig. 1); but when the refraction takes place in a rarer medium k is greater than 1, and k'^ is negative, the caustic is therefore the evolute of an ellipse (see fig. 2). These results appear to have been first obtained by Gergonne. The conic (hyperbola or ellipse) is the secondary caustic, and as such may be obtained as follows.

VI.The equation of the variable circle is 
or reducing, the equation is 
whence, considering tan φ as the variable 'parameter, the equation of the envelope is 
that is,

www.rcin.org.pl



342 A MEMOIR UPON CAUSTICS. [145or
is the equation of the secondary caustic, or conic having the caustic for its evolute. The radiant point, it is clear, is a focus of the conic.

VII.Let the equation of the refracted ray be represented by
we have
from which we obtain
for the tangential equation of the caustic; or if we represent the equation of the refracted ray by
then we have
for the tangential equation of the caustic.
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145] A MEMOIR UPON CAUSTICS. 343
VIII.If a ray be reflected at a circle; we may take α, b as the coordinates of the centre of the circle, and supposing as before that ξ, η are the coordinates of a point Q in the incident ray, a, β the coordinates of the point G of incidence, and x, y the coordinates of a point q in the reflected ray, the equation of the reflected ray, treating x, y as current coordinates, is

Write for shortness.
and similarly for Wq, &c. ; the equation of the reflected ray is

Suppose that the reflected ray meets the circle again in G' and undergoes a second reflexion, and let x', y' be the coordinates of a point q' in the ray thus twice reflected. We see first {G' being a point in the first reflected ray) that
Again, considering G as a point in the ray by the reflexion of which the second reflected ray arises, the equation of the second reflected ray is 
and from the form of the expressions N^o a Tq « it is clear that 
the equation for the second reflected ray may therefore be written under the form 
or reducing by a previous equation, we obtain finally for the equation of the second reflected ray, 
and in like manner the equation for the third reflected ray is 
and so on, the equation for the last reflected ray containing, it will be observed, the coordinates of the radiant point and of the first and last points of incidence (the coordinates of the last point of incidence can of course only be calculated from those of the radiant point and the first point of incidence, through the coordinates of the intermediate points of incidence), but not containing explicitly the coordinates of any of the intermediate points of incidence. The form is somewhat remarkable, but the result is really the same with that obtained by simple geometrical considerations, as follows.
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344 A MEMOIR UPON CAUSTICS. [145
IX.Consider a ray reflected any number of times at a circle; and let be theray incident ∙ at G^ and GG' the last reflected ray, the point at which the reflexion takes place or last point of incidence being G. Take the centre 0 of the circle for

the origin, and any two lines Ox, Oy through the centre and at right angles to each other for axes, and let Ox meet the circle in the point Λ. Write 

then the radius of the circle being taken as the centre of the circle, the equation of the reflected ray is 
and if there have been n reflexions, then 
and therefore the equation of the reflected ray is

X.If a pencil of parallel rays is reflected any number of times at a circle, then taking Λ 0 for the direction of the incident rays, we may write Θq = φ, ψo = fr, ≡^nd the equation of a reflected ray is
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145] A MEMOIR UPON CAUSTICS. 345differentiating with respect to the variable parameter, we find 
and these equations give 

which may be taken for the equation of the caustic; the caustic is therefore an epicycloid: this is a well-known result.
XLIf rays proceeding from a point upon the circumference are reflected any number of times at a circle, then taking the point A for the radiant point, we have ‰ = 0, 

ψo = 7r — φ, and the equation of a reflected ray is 
differentiating with respect to the variable parameter, we And 
and these equations give 

which may be taken as the equation of the caustic ; the caustic is therefore in this case also an epicycloid : this is a well-known result.
XII.Consider a pencil of parallel rays refracted at a circle; take the radius of the circle as unity, and let the incident rays be parallel to the axis of as, then if φ, φ' be the angles of incidence and refraction, and μ, or be the index of refraction, so that sin φ' = k sin φ, the coordinates of the point of incidence are cos φ, sin φ, and the equation of the refracted ray is 

i.e.
C. II. 44
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346 A MEMOIR UPON CAUSTICS. [145or
which may also be written

the equation of the refracted ray becomes
and differentiating with respect to the variable parameter φ, observing that

we have
and the combination of the two eαuations srives

and we have therefore

i.e. 
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145] A MEMOIR UPON CAUSTICS. 347or multiplying the numerator and denominator by (1 — sin≡ φ) (φ cos φ + sin φ), the numerator becomes 

and the denominator becomes

Hence we have for the coordinates of the point of the caustic, 
and eliminating φ, we obtain for the equation of the caustic,

τ 7 <J f 1 7__ t 7fτ Ί *li

or writing - instead of k, find 
P>

for the equation of the caustic by refraction of the circle, for parallel rays. The equation was first obtained by St Laurent.
XIII.The discussion of the preceding equation presents considerable interest. In the first place to obtain the rational form write 

this gives
and we have
and consequently

44—2
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348 A MEMOIR UPON CAUSTICS. [145Hence dividing out by the factor (1 — the equation becomes
or reducing and arranging,
which is of the form
and the rationalized equation is
where the values of A, B, G may be written

the caustic is thereiore a curve oi the 12th order.To find where the axis of x meets the curve, we have
where
i. e.
or there are in all four points, each of them a point of triple intersection.To find where the line ∞ meets the curve, we havem A = ∏where
i.e.
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145] A MEMOIR UPON CAUSTICS. 349or the curve meets the line ∞ in four points, each of them a point of triple intersection : two of these points are the circular points at ∞ .
To find where the circle a? + y^ = 1 meets the curve, this gives a? = 1 — y^, and thence 

and the equation becomes
which is only of the eighth order; it follows that each of the. circular points at oo (which have been already shown to be points upon the curve) are quadruple points of intersection of the curve and circle. The equation of the eighth order reduces itself to
the values of x corresponding to the roots y = + μ are obtained without difficulty, and those corresponding to the other roots are at once found by means of the identical equation
we thus obtain for the coordinates of the points of intersection of the curve with the circle ar* + y^ = 1, the values

each of the points of the first system being a quadruple point of intersection, each of the points of the second system a triple point of intersection, and each of the points of the third system a single point of intersection.
1 Next, to find where the circle + = meets the curve; writing ar> = -ι-y≡,we obtain for y an equation of the eighth order, which after all reductions is
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350 A MEMOIR UPON CAUSTICS. [145and we have for the coordinates of the points of intersection.

each of the points of the first system being a quadruple point of intersection, each of the points of the second system a triple point of intersection, and each of the points of the third system a single point of intersection.The points of intersection with the axes of x, and the points of triple intersection with the circles = \ and + = are all of them cuspidal points;the two circular points at ∞ are, I think, triple points, and the other two points of intersection with the line' ∞, cuspidal points, but I have not verified this: assuming that it is so, there will be a reduction 54 accounted for in the class of the curve, but the curve is, in fact, as will be shown in the sequel, of the class 6; there is consequently a reduction 72 to be accounted for by other singularities of the curve.
XIV.It is obvious from the preceding formulae that the caustic stands to the circle, radius -, in a relation similar to that in which it stands to the circle, radius 1, i.e, to the refracting circle. In fact, the very same caustic would have been obtained if the circle radius i had been taken for the refracting circle, the index of refraction 

being — instead of μ,. This may be shown very simply by means of the irrational form of the equation as follows.The equation of the caustic by refraction of the circle, radius 1, index of refraction ∕i, is as we have seen (1 -μf)x = {∖- + μ (1 - ;hence the equation of the caustic by refraction of the circle radius c', index of refraction μ, is
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145] A MEMOIR UPON CAUSTICS. 351or, what is the same thing, 
which becomes identical with the equation of the first-mentioned caustic if μ! = c' = — .Hence taking c instead of 1 as the radius of the first circle, we find.Theorem. The caustic by refraction for parallel rays of a circle, radius c, index of refraction ∕x, is the same curve as the caustic by refraction for parallel rays of a concentric circle, radius -, index of refraction -.

/X, μ

XV.We may consequently in tracing the caustic confine our attention to the case in .·ύwhich the index of refraction is greater than unity. The circle, radius -, will in this case be within the refracting circle, and it is easy to see that if from the extremity of the diameter of the refracting circle perpendicular to the direction of the incident rays, tangents are drawn to the circle, radius -, the points of contact are the points of triple intersection of the caustic with the last-mentioned circle, and these points of intersection being, as already observed, cusps, the tangents in question are the tangents to the caustic at these cusps. The points of intersection with the axis of 
X are also cusps of the caustic, the tangents at these cusps coinciding with the axis of x'. two of the last-mentioned cusps, viz. those whose distances from the centre are T ∙ ∙ . c+------γ, lie within the circle, radius -, the other two of the same four cusps, viz.

-f-1 p>those whose distances from the centre are + —r, lie without the circle, radius ∕Λ- 1c-; the last-mentioned two cusps lie without the refracting circle, when ∕x, < 2, upon ∕*this circle, when μ = 2, and within it and therefore between the two circles, when 
μ > 2. The caustic is therefore of the forms in the annexed figures 3, 4, 5, in each
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352 A MEMOIR UPON CAUSTICS. [145of which the outer circle is the refracting circle, and μ is > 1, but the three figures correspond respectively to the cases μ, < 2, μ, = 2 and μ > 2. The same three figures will represent the different forms of the caustic when the inner circle is the refracting circle and μ is < 1, the three figures then respectively corresponding to the cases 
μ > ⅜, = and ∕ι< ⅜.

XVI.To find the tangential equation, I retain k instead of its value the equation of the refi:ucted ray then is
and representing this by
we have
equations which give
and consequently

and we have
which gives
or, dividing out by the factor VX≈≈ + K≡, the equation becomes
from which
or reducing and arransriner, we obtain
for the tangential equation of the caustic by refraction of a circle for parallel rays. The caustic is therefore of the class 6.

www.rcin.org.pl



145] A MEMOIR UPON CAUSTICS. 353
XVII.Suppose next that rays proceeding from a point are reflected at a circle.A very elegant solution of the problem is given by Lagrange in the M4m. de 

Turin; the investigation, as given by Mr P. Smith in a note in the Cambridge and 
Dublin Mathematical Journal, t. ii. [1847] p. 237, is as follows:Let B be the radiant point, RBP an incident ray, and PS a reflected ray; CA a flxed radius; AGP = a, AGB = e, reciprocal of CB = c, reciprocal of GP≈a. The equations of the incident and reflected ray, where u = ^, may be written

u = A sin d + B cos d ; incident ray, 
u = A sin (2α -^) + 5 cos (2α — d}; reflected ray,the conditions for determining A and 5 being

a = A sin α + 5 cos a,c = A sin e + 5 cos e,whence
Substituting these values, the equation of the reflected ray becomes 
from which and its differential with respect to the arbitrary parameter a, the equation of the caustic, or envelope of the reflected rays, will be found by eliminating a.In this, a being the only quantity treated as variable in the differentiation, let 
therefore

C. II. 45
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354 A MEMOIR UPON CAUSTICS. [145and the equation becomes
Make

also
then the equation becomes
with the condition
Hence
multiplying by x and y, and adding, we find λ = 1; therefore
Hence
or restoring the values nf P and Q,

the equation of the caustic.
XVIH.But the equation of the caustic for rays proceeding from a point and reflected at a circle may be obtained by a different method, as follows:Take the centre of the circle for origin; let c be the radius of the circle, a, b the coordinates of the radiant point, a, β the coordinates of the point of incidence, 

X, y the coordinates of a point in the reflected ray. Then we have from the equation of the circle α≡ + ∕32=c≡, and the equation of the reflected ray is by the general formula.
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145] A MEMOIR UPON CAUSTICS. 355or arranging the terms in a different order, 
and writing herein α = c cos θ. β = c sin θ, the eαuation becomes 
where θ is a variable parameter.Now in general to find the envelope of 
we may put e*® = z, which gives the equation 
and equate the discriminant to zero : this gives 
where 
and consequently 
and substituting for A, B, G, 1), E their values, we find
for the equation of the caustic in the case of rays proceeding from a point and reflected at a circle: the equation was first obtained by St Laurent.It will be convenient to consider the axis of x as passing through the radiant point; this gives 6 = 0; and if we assume also c = 1, the equation of the caustic becomes

XIX.Reverting to the equation of the reflected ray, and putting, as before, c=l, ό = 0, this becomes 
differentiating with respect to θ, we have

45—2
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356 A MEMOIR UPON CAUSTICS. [145and from these equations

which give the coordinates of a point of the caustic in terms of the angle θ which determines the position of the point of incidence. The values in question satisfy, as they should do, the equation
we have, in fact.

from which it is easy to derive the equation in question.
XX.If we represent the equation of the reflected ray by

then we have
and thence

and consequently
or, what is the same thing,
which may be considered as the tangential equation of the caustic by reflexion of a circle: or if we consider X, Y as the coordinates of a point, then the equation may be considered as that of the polar of the caustic. The polar is therefore a curve of the fourth order, having two double points defined by the equations JΓ(X — 1) — 2α≡= 0, Y=0, 
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145] A MEMOIR UPON CAUSTICS. 357and a third double point at infinity on the axis of F, i.e. three double points in all; the number of cusps is therefore 0, and there are consequently 4 double tangents and 6 inflections, and the curve is of the class 6. And as Y is given as an explicit function of X, there is of course no difficulty in tracing the curve. We thus see that the caustic by reflexion of a circle is a curve of the order 6, and has 4 double points and 6 cusps (the circular points at infinity are each of them a cusp, so that the number of cusps at a finite distance is 4): this coincides with the conclusions which will be presently obtained by considering the equation of the caustic.
XXI.The equation of the caustic by reflexion of a circle is

Suppose first that y = 0, we have
i. e.or the curve meets the axis of a; in two points, each of which is a triple point of intersection.Write next + = α≡, this gives
and consequently
or the curve meets the circle sc^ + y^ — a^ = Q in two points, each of which is a triple point of intersection.To find the nature of the infinite branches, we may write, retaining only the terms of the degrees six and five.
and rejecting the factor + this gives
or reducing.
and it follows that there are two asymptotes, the equations of which are
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358 A MEMOIR UPON CAUSTICS. [145Represent for a moment the equation of one of the asymptotes by y = A (a; — a), then the perpendicular from the origin or centre of the reflecting circle is Λa ÷ √1 +A^, 
and

and the perpendicular is 1, which is less than a if only α≡< 1, i,e. in everycase in which the asymptote is real.The tangents parallel and perpendicular to the axis of x are most readily obtained from the equation of the reflected ray, viz.
the coefficient of x (if the equation is first multiplied by sin θ} vanishes if sin = 0,1 . . V4α≡ — 1which gives the axis of x, or if cos^ = , which gives y = ±---- θ----- , for the tangents

∆ct Zldparallel to the axis of x.The coefficient of y vanishes if a 2Θ — cos = 0; this gives
and the tangents perpendicular to the axis of x are thus given by
these tangents are in fact double tangents of the caustic. In order that the point of contact may be real, it is necessary that sin θ, cos θ should be real; this will be the case for both values of the ambiguous sign if α > or = 1, but only for the upper value if α < 1.It has just been shown that for the tangents parallel to the axis of x, we have
the values of y being real for α > ⅜ : it may be noticed that the value y = ——
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145] A MEMOIR UPON CAUSTICS. 359
is greater, equal, or less than or to y = 2α^ Vl — a^, according as α > = or < ; thisdepends on the identity (4α^ — 1) — 16a® (1 — α≡) = (2α≡ — 1)® (2α≡ + 1).To find the points of intersection with the reflecting circle, + y≡ — 1 = 0, we have(3α=≈ - 1 - 2αzr)3 - a? (1 - ar≈) (1 - = 0 ;or, reducing,8α≡iτ≡ + (— 27 α* + 18α^ — 15) a^zr® + (54α^ — Ββα^ + 6) arc + (— 27 α^ + 18α≡ + 1) = 0,i. e. (ow; — 1)2 (8αzr-27α^ + 18α≡ + 1) = 0.The factor (aa; —1)^ equated to zero shows that the caustic touches the circle in the points ic = , y = ± ∕∖J 1 — , i. e. in the points in which the circle is met by the polar of the radiant point, and which are real or imaginary according as a > or <1. The other factor gives
Putting this value equal to +1, the resulting equation is (α + 1) (27α^ + 9α +1) = 0, and it follows that x will be in absolute magnitude greater or less than 1, i.e. the points in question will be imaginary or real, according as α>l or α< 1.It is easy to see that the curve passes through the circular points at infinity, and that these points are cusps on the curve; the two points of intersection with the axis of X are cusps (the axis of x being the tangent), and the two points of intersection with the circle + — α≡ = 0 are also cusps, the tangent at each of the cuspscoinciding with the tangent of the circle; there are consequently in all 6 cusps.

XXII.To investigate the position of the double points we may proceed as follows: write for shortness P = — 1) + — 2ax — α≡, Q = ayS, S=-x+y"^ — -, the equation of thecaustic ishence, at a double point.

one of which equations may be replaced by
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360 A MEMOIR UPON CAUSTICS. [145

Now

substituting these values in the last preceding equation, we find
or, reducing,
and using this to simplify the equation
we have
i.e.and therefore
Multiplying by P and writing for P≡ its value we have
and thence
whence
and substituting in the equation
we find
or, rationalising.
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o r, w h at  i s t h e s a m e t hi n g,

T h e  f a ct o r 4 a x  —  1 e q u at e d t o z e r o gi v e s = f r o m w hi c h  y m a y  b e f o u n d, b ut t h e 
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p oi nt s,  a n d if w e  w rit e

w e  fi n d
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it mi g ht  b e s h o w n, ά  p ost e ri o ri, t h at t h e p oi nt  i n q u e sti o n w a s  a d o u bl e p oi nt.

X XIII.

T h e e q u ati o n
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362 A MEMOIR UPON CAUSTICS. [145
XXIV.The equation

becomes when α = ∞ (i. e. in the case of parallel rays),
which may also be written

XXV.It is now easy to trace the curve. Beginning with the case a = ∞, the curve lies wholly within the reflecting circle, which it touches at two points; the line joining the points of contact, being in fact the axis of y, divides the curve into two equal portions; the curve has in the present, as in every other case (except one limiting case), two cusps on the axis of x (see fig. 6). Next, if a be positive and > 1, the general form of the curve is the same as before, only the line joining the points of contact with the reflecting circle divides the curve into unequal portions, that in the

neighbourhood of the radiant point being the smaller of the two portions (see fig. 7). When α = 1, the two points of contact with the reflecting circle unite together at the radiant point; the curve throws off, as it were, the two coincident lines x==l, and the order is reduced from 6 to 4. The curve has the form fig. 8, with only a single cusp on the axis of x. If a be further diminished, α < 1 > the curve takes the form√2shown by fig. 9, with two infinite branches, one of them having simply a cusp on the axis of x, the other having a cusp on the axis of x, and a pair of cusps at its intersection with the circle through the radiant point; there are two asymptotes equally inclined to the axis of x. In the case a = ~, the form of the curve is nearly theV 2same as before, only the cusps upon the circle through the radiant point lie on the axis of y (see fig. 10). The case α<^>J is shown, fig. 11. For α = ⅜, the two 
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145] A MEMOIR UPON CAUSTICS. 363asymptotes coincide with the axis of x∙, one of the branches of the curve has wholly disappeared, and the form of the other is modified by the coincidence of the asymptotes

with the axis of x; it has in fact acquired a cusp at infinity on the axis of x (seefig. 12). When a< ⅜, the curve consists of a single finite branch, with two cusps onthe axis of x, and two cusps at the points, of intersection with the circle throughthe radiant point; one of the last-mentioned cusps will be outside the reflecting circleas long as a>|; fig. 13 represents the case α = ⅜, for which this cusp is upon the reflecting circle. For a < ⅜, the curve lies wholly within the reflecting circle, one of the cusps upon the axis of x being always within, and the other always without the circle through the radiant point, and as a approaches 0 the curve becomes smaller and smaller, and ultimately disappears in a point. The case a negative is obviously included in the preceding one.Several of the preceding results relating to the caustic by reflexion of a circle were obtained, and the curve is traced in a memoir by the Rev. Hamnet Holditch, 
Quarterly Mathematical Journal, t. i. [1857, pp. 93—111].

46—2

www.rcin.org.pl



364 A MEMOIR UPON CAUSTICS. [145
XXVI.Suppose next that rays proceeding from a point are refracted at a circle. Take the centre of the circle as origin, let the radius be c, and take ξ, η as the coordinates of the radiant point, α, β the coordinates of the point of incidence, x, y the coordinates of a point in the refracted ray : then the general equation

becomes, taking the centre of the circle as the point N on the normal, or writing 
a = b, 6 = 0,or putting a? + /3^ = c≡, and expanding.

which may be represented by
The equation thus becomes
or expanding,
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145J A MEMOIR UPON CAUSTICS. 365in which z may be considered as the variable parameter; hence the equation of the caustic may be obtained by equating to zero the discriminant of the above function of z; but the discriminant of a sextic function has not yet been calculated. The equation would be of the order 20, and it appears from the result previously obtained for parallel rays, that the equation must be of the order 12 at the least; it is, I think, probable that there is not any reduction of order in the general case. It is however practicable, as will presently be seen, to obtain the tangential equation of the caustic by refraction, and the curve is thus shown to be only of the class 6.
XXVII.Suppose that rays proceeding from a point are refracted at a circle, and let it be required to find the equation of the secondary caustic: take the centre of the circle as origin, let c be the radius, η the coordinates of the radiant point, α, β the coordinates of a point upon the circle, μ, the index of refraction; the secondary caustic will be the envelope of the circle.

where of, β are variable parameters connected by the equation α≡ + — c≡ = 0; theequation of the circle may be written in the form
But in general the envelope of Aa + Bβ + G = Q, where α, β are connected by the equation α≡ + /3’ — c≡ = 0, is c’ + B^) — = 0, and hence in the present case the equationof the envelope is
which may also be written
If the axis of x be taken through the radiant point, then η =Q, and writing also 
ξ = α', the equation becomes
or taking the square root of each side.
whence multiplying b^ and adding on each side ∣ we have
or 
which shows that the secondary caustic is the Oval of Descartes, or as it will be convenient to call it, the Cartesian.
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X X VIII.

R e v e rti n g  t o t h e o ri gi n al f o r m of  t h e e q u ati o n of  t h e s e c o n d a r y c a u sti c, m ulti pl yi n g  

b y —  (1 ---- -) a n d a d di n g o n e a c h si d e 1 1 --- 1 +  - [{ x —  α) ≡  +  y ≡}, t h e e q u ati o n
∕ Z∙ ∖  O r  J ∖  Q i / Q

b e c o m e s

o r e xt r a cti n g t h e s q u a r e r o ot.
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( 1)
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145] A MEMOIR UPON CAUSTICS. 367or what is the same thing, (1)(«)
(/3)
(7)
(δ)
(β),
(1)
(≈)
(β)

(y)

(δ)
(0,

or what is again the same thing,

we have in each case identically the same secondary caustic, and therefore also identically the same caustic; in other words, the same caustic is produced by six different systems of a radiant point and refracting circle. It is proper to remark that if we represent the six systems of equations by (α', c', μ') = (a, c, μ), (α', c', μ') = a. (a, c, μ), &c., then, α, β, y, δ, e will be functional symbols satisfying the conditions
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368 A MEMOIR UPON CAUSTICS. [145

XXIX.The preceding formulae, which were first given by me in the Philosophical Magazine, December 1853, [124] include as particular cases a preceding theorem with respect to the caustic by refraction of parallel rays, and also two theorems of St Laurent, 
Gergonne, t. xvιιι., [1827, pp. 1—19] viz. if we suppose first that α=c, i.e. that the radiant point is in the circumference of the refracting circle, then the system (a) shows that the same caustic would be obtained by writing c, -, 1 (or what is the same 

P thing — 1) in the place of c, c, ∕χ, and we haveTheorem. The caustic by refraction for a circle when the radiant point is in the • circumference is also the caustic by reflexion for the same radiant point, and for a reflecting circle concentric with the refracting circle, but having its radius equal to the quotient of the radius of the refracting circle by the index of refraction.Next, if we write a = cμ, then the refracted rays all of them pass through a point which is a double point of the secondary caustic, the entire curve being in this case the orthogonal trajectory, not of the refracted rays, but of the false refracted rays; the ¢2formula (δ) shows that the same caustic is obtained by writing -, c, 1 (or what is 
Cbthe same thing — 1) in the place of a, c, μ, = , and we have

Theorem. The caustic by refraction for a circle when the distance of the radiant point from the centre is to the radius of the circle in the ratio of the index of refraction to unity, is also the caustic by reflexion for the same circle considered as a reflecting circle, and for a radiant point the image of the former radiant point.
XXX.The curve is most easily traced by means of the preceding construction ; thus if we take the radiant point outside the refracting circle, and consider μ, as varying from a small to a large value (positive or negative values of p give the same curve), we see that when ∕χ is small the curve consists of two ovals, one of them within and the other without the refracting circle (see fig. 14). As μ, increases the exterior oval continually increases, but undergoes modifications in its form; the interior oval in the first instance diminishes until we arrive at a curve, in which the interior oval is reduced to a conjugate point (see fig. 15); then as p continues to increase the interior oval reappears (see fig. 16), and at last connects itself with the exterior oval, so as to form a curve with a double point (see fig. 17); and as p increases still further the 
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145] A MEMOIR UPON CAUSTICS. 369curve again breaks up into an exterior and an interior oval (see fig. 18); and thenceforward as μ, goes on increasing consists always of two ovals; the shape of the exterior oval is best perceived from the figures. An examination of the figures will also show how the same curves may originate from a different refracting circle and radiant point.
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370 A MEMOIR UPON CAUSTICS. [145

XXXI.The theorem, “ If a variable circle have its centre upon a circle >S, and its radius proportional to the tangential distance of the centre from a circle G, the envelope is a Cartesian,”is at once deducible from the theorem—“ If a variable circle have its centre upon a circle /S' and its radius proportional to the distance of the centre from a point G', the locus is a Cartesian,”which last theorem was in effect given in discussing the theory of the secondary caustic. In fact, the locus of a point P such that its tangential distances from the circles G, G' are in a constant ratio, is a circle >S. Conversely, if there be a circle G, and the locus of P be a circle S, then the circle G' may be found such that the • tangential distances of P from the two circles are in a constant ratio, and the circle
G' may be taken to be a point, i.e. if there be a circle G and the locus of P be a circle 8, then a point G' may be found such that the tangential distance of P from the circle G is in a constant ratio to the distance from the point G'.Hence treating P as the centre of the variable circle, it is clear that the variable circle is determined in ιhe two cases by equivalent constructions, and the envelope is therefore the same in both cases.

XXXII.The equation of the secondary caustic developed and reduced is
or, what is the same thiner.
which may also be written
which is of the form
and the values of the coefficients are
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145] A MEMOIR UPON CAUSTICS. 371The equation just obtained should, I think, be taken as the standard form of the equation of the Cartesian, and the form of the equation shows that the Cartesian may be defined as the locus of a point, such that the fourth power of its tangential distance from a given circle is in a constant ratio to its distance from a given line.
XXXΠLThe Cartesian is a curve of the fourth order, symmetrical about a certain line which it intersects in four arbitrary points, and these points determine the curve. Taking the line in question (which may be called the axis) as the axis of x, and a line at right angles to it as the axis of y, let a, h, c, d be the values of x corresponding to the points of intersection with the axis, then the equation of the curve is

It is easy to see that the form of the equation is not altered by writing x + d for x, and a + d, b+ θ, c + θ, d + θ for a, b, c, d, we may therefore without loss of generality put α+δ + c+ tZ = O, and the equation of the curve then becomes 
where <z & -∣- c —1“ c? = 0 5the curve is in this case said to be referred to the centre as origin.The last-mentioned equation may be written 
or 

or observing that

47—2
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372 A MEMOIR UPON CAUSTICS. [145the equation becomes 

which is of the form 
and, as already remarked, signifies that the fourth power of the tangential distance of a point in the curve from a given circle, is proportional to the distance of the same point from a given line. The circle in question (which may be called the dirigent circle) has for its equation 
the line in question, which may be called the directrix, has for its equation 
the multiplier of the distance from the directrix is
It may be remarked that a, 1), c, d being real, the dirigent circle is real; the equation may, in fact, be written

XXXIV.Considering the equation of the Cartesian under the form
the centre of the dirigent circle x^ + — α = 0 must be considered as a real point, but α may be positive or negative, i.e. the radius may be either a real or a pure imaginary distance; the coefficients A, m must be real, the directrix is therefore a real line. The equation shows that for all points of the curve x — m, is always negative or always positive, according as A is positive or negative, i. e. that the curve lies wholly on one side of the directrix, viz. on the same side with the centre of thedirigent circle if A is positive, but on the contrary side if A is negative. In theformer case the curve may be said to be an ‘ inside ’ curve, in the latter an ‘ outside ’ curve. If m = 0, or the directrix passes through the centre of the dirigent circle, then the distinction between an inside curve and an outside curve no longer exists.It is clear that the curve touches the directrix in the points of intersection of thisline and the dirigent circle, and that the points in question are the only points of intersection of the curve with the directrix or the dirigent circle; hence if the directrix and dirigent circle do not intersect, the curve does not meet either the directrix or the dirigent circle.
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XXXV.To discuss the equation
I write first ?/ = 0, which gives
for the points of intersection with the axis of x. If this equation has equal roots, there will be a double point on the axis of x, and it is important to find the condition that this may be the case. The equation may be written in the form
the condition for a part of equal roots is then at once seen to be
or reducing and throwing out the factor this is
This equation will give two equal values for Λ if
an equation which reduces itself to
Hence, if 4nn^ — 3α be negative, i.e. if α>-^, the values of Λ will be imaginary, but if 4>m^ — 3α be positive, or α < , the values of Λ will be real. If α = ,o 3then there will be two equal values of Λ, which in fact corresponds to a cusp upon the axis of x. Whenever the curve is real there will be at least two real points on the axis of x; and when a < , but not otherwise, then for properly selected valuesof A there will be four real points on the axis of x.Differentiating the equation of the curve, we have
and if in this equation we put dx = 0, we find y=0, or + α = 0, i.e. that the points on the axis of x, and the points of intersection with the circle x^ + — a = 0, are the only points at which the curve is perpendicular to the axis of x. To find the points at which the curve is parallel to the axis of x, we must write dx = 0, this gives
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374 A MEMOIR UPON CAUSTICS. [l45and thence
and
this equation will have three real roots if A < and only a single real root if
A > ; for = , the equation in question will have a pair of equal roots. Itis easy to see that there is always a single real root of the equation which gives ' rise to a real value of y, i.e. to a real point upon the curve; but, when the equation has three real roots, two of the roots may or may not give rise to real points upon the curve.

XXXVI.It is now easy to trace the curve. First, when m = Q, or the directrix passes through the centre of the dirigent circle, the curve is here an oval bent in so as to have double contact with the directrix, and lying on the one or the other side of the directrix according to the sign of A. See fig. a.
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145] A MEMOIR UPON CAUSTICS. 375Next, when the directrix does not pass through the centre of the dirigent circle, it will be convenient to suppose always that m is positive, and to consider A as passing first from 0 to ∞ and then from 0 to — ∞, i. e. to consider first the different inside curves, and then the different outside curves. Suppose a > , theo inside curve is at first an oval, as in fig. b, where (attending to one side only of the axis) it will be noticed that there are three tangents parallel to the axis, viz.4∣zzZ'^one for the convexity of the oval, and two for the concavity. For A = the two tangents for the concavity come together, and give rise to a stationary tangent (i.e. a tangent at an inflection) parallel to the axis, and for A > the two tangents for the concavity disappear. The outside curve is an oval (of course on the opposite side of, and) bent in so as to have double contact with the directrix.
Next, if a = --, the inside curve is at first an oval, as in fig. c, and there are, oas before, three tangents parallel to the axis: for J.=-—, the tangents for the con- 

Zi 9cavity of the oval come to coincide with the axis, and are tangents at a cusp, and for A > the cusp disappears, and there are not for the concavity of the oval any tangents parallel to the axis. The outside curve is an oval as before, but smaller and more compressed.
Next, a < > then the inside curve is at first an oval, as in fig. d, and

othere are, as before, three tangents parallel to the axis; when A attains a certain value which is less than , the curve acquires a double point; and as A further increases, the curve breaks up into two separate ovals, and there are then only two tangents parallel to the axis, viz. one for the exterior oval and one for the interior oval. As A continues to increase, the interior oval decreases; and when A attains a certain value which is less than > the interior oval reduces itself to a conjugate point, and it afterwards disappears altogether. The outside curve is an oval as before, but smaller and more compressed.Next, if the directrix touch the dirigent circle, i.e. if Then the insidecurve is at first composed of an exterior oval which touches the dirigent circle, and of an interior oval which lies wholly within the dirigent circle. As A increases the interior oval decreases, reduces itself to a conjugate point, and then disappears. The outside curve is an oval which always touches the dirigent circle, at first very small (it may be considered as commencing from a conjugate point corresponding to A = 0), but increasing as A increases negatively.
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376 A MEMOIR UPON CAUSTICS. [145Next, when the directrix does not meet the dirigent circle, i.e. if α < m≡. The inside curve consists at first of two ovals, an exterior oval lying without the dirigent circle, and an interior oval lying within the dirigent circle. As Λ increases the interior oval decreases, reduces itself to a conjugate point and disappears. The outside curve is at first imaginary, but when Λ attains a sufficiently large negative value, it makes its appearance as a conjugate point, and afterwards becomes an oval which gradually increases.Next, when the dirigent circle reduces itself to a point, i. e. if α=0. The inside curve makes its appearance as a conjugate point (corresponding to Λ = 0), and as Λ increases it becomes an oval and continually increases. The outside curve comports itself as in the last preceding case.Finally, when the dirigent circle becomes imaginary, or has for its radius a pure imaginary distance, i.e. if a is negative. The inside curve is at first imaginary, but when Λ attains a certain value it makes its appearance as a conjugate point, and as A increases becomes an oval and continually increases. The outside curve, as in the preceding two cases, comports itself in a similar manner.The discussion, in the present section, of the different forms of the curve is not a very full one, and a large number of figures would be necessary in order to show completely the transition from one form to another. The forms delineated in the four figures were selected as forms corresponding to imaginary values of the parameters by means of which the equation of the curve is usually represented, e.g. the equations in Section xxvιιι.
XXXVII.It has been shown that for rays proceeding from a point and refracted at a circle, the secondary caustic is the Cartesian; the caustic itself is therefore the evolute of the Cartesian; this affords a means of finding the tangential equation of the caustic. In fact, the equation of the Cartesian is

and if we take for the equation of the normal
(where ξ, η are current coordinates), then
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145] A MEMOIR UPON CAUSTICS. 377equations which give

whence eliminating, we have
where if, as before, c denotes the radius of the refracting circle, α the distance of the radiant point from the centre, and μ, the index of refraction, we have

The above equation is the condition in order that the line Xx + Yy + Z = 0 may be a normal to the secondary caustic + + 1G√1 (x — m) = 0, or it is the tangentialequation of the caustic, which is therefore a curve of the class 6 only. The equation may be written in the more convenient form

XXXVIII.To compare the last result with that previously obtained for the caustic by reflexion, I write μ = — 1, and putting also c = 1 and Z = a (for the equation of the reflected ray was assumed to be Xx + Yy-∖-a = Q}, we have
and the equation becomes, after a slight reduction.

TU∕ “T -zx -which may be written
this divides out bv the factor iV + lV. and the conation then becomes.
which agrees with the result before obtained.

C. II. 48

www.rcin.org.pl



378 A MEMOIR UPON CAUSTICS. [145

XXXIX.Again, to compare the general equation with that previously obtained for parallel rays refracted at a circle, we must write μ = r, c=l, α = ∞, Z = k (for the equation fCof the refracted ray was taken to be Xx + Fy + A; = 0) : we have then
and, after the substitution, a-∞. The equation becomes in the first instance

and then putting α = ∞, or, what is the same thing, attending only to the terms which involve and throwing out the constant factor k^, we obtain
or
which agrees with the former result.

XL. -It was remarked that the ordinary construction for the secondary caustic could not be applied to the case of parallel rays (the entire curve would in fact pass ofi' to an infinite distance), and that the simplest course was to measure the distance 
GQ from a line through the centre of the refracting circle perpendicular to the direction of the rays. To find the equation of the resulting curve, take the centre of the circle as the origin and the direction of the incident rays for the axis of x; let the radius of the circle be taken equal to unity, and let μ denote, as before, the index of refraction. Then if α, β are the coordinates of the point of incidence of a ray, we have α≡ + ^ = l, and considering α, β as variable parameters connected by this equation, the required curve is the envelope of the circle.
Write now α = cos θ, β = sin θ, then multiplying the equation by — 2, and writing 1 + cos 2θ instead of 2 cos≡ θ, the equation becomes
which is of the form
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a n d t h e v al u e s of  t h e c o effi ci e nt s a r e
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1  β  f Z 1 .. 2 I .. 4 ∖ / . 2 I
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W rit e  f o r a m o m e nt  1 —  =  μ ?{ χ ^  +  y ≡- 1)  =  p, t h e e q u ati o n b e c o m e s

o r d e v el o pi n g,

? a n d r e d u ci n g a n d di vi di n g  o ut b y  2 7,  t hi s gi v e s

4 8 — 2
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380 A MEMOIR UPON CAUSTICS. [145whence replacing q, p by their values, the required equation is
which is the equation of an orthogonal trajectory of the refracted rays.In the case of reflexion, a = — 1, and the equation becomes

Theorem. In the case of parallel rays and a reflecting circle, there is a secondary caustic which is a curve similar to and double the magnitude of the caustic, the position of the two curves differing by a right angle.
XLI.The entire system of the orthogonal trajectories of the refracted rays might in like manner be determined by finding the envelope of the circle (where, as before, α, β are variable parameters connected by the equation a? + = 1),

{The result, as far as I have worked it out, is as follows, viz.—

which, it is easy to see, is an equation of the order 8 only. Added Sept. 12.—A. 0)
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