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148.
MEMOIR ON THE RESULTANT OF A SYSTEM OF TWO 

EQUATIONS.

[From the Philosophical Transactions of the Royal Society of London, vol. cxlvii. for the 
year 1857, pp∙ 703—715. Received December 18, 1856,—Read January 8, 1857.]
The Resultant of two equations such as

is, it is well known, a function homogeneous in regard to the coefficients of eachequation separately, viz. of the degree n in regard to the coefficients (a, ό, ...) ofthe first equation, and of the degree m in regard to the coefficients (p, q, ...) ofthe second equation; and it is natural to develope the resultant in the form
kAP + k'A'P' + &c., where A, A', &c. are the combinations (powers and products) of the degree n in the coefficients (a, b, ...), P, P', &c. are the combinations of the degree m in the coefficients {p, q, ...), and k, k', are mere numerical coefficients. The object of the present memoir is to show how this may be conveniently effected, either by the method of symmetric functions, or from the known expression of the Resultant in the form of a determinant, and to exhibit the developed expressions for the resultant of two equations, the degrees of which do not exceed 4. With respect to the first method, the formula in its best form, or nearly so, is given in the 
Algebra of Meyer Hirsch, [for proper title see p. 417], and the application of it is ver)· easy when the necessary tables are calculated: as to this, see my “ Memoir on the Symmetric Functions of the Roots of an Equation ”(*). But when the expression for the Resultant of two equations is to be calculated without the assistance of such tables, it is I think by far the most simple process to develope the determinant according to the second of the two methods.

Philosophical Transactions, 18S7, pp. 489—497, [147].
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Consider first the method of symmetric functions, and to fix the ideas, let the two equations be
Then writing
so that 

the Resultant is 
which is equal to 
or adopting the notation for symmetric functions used in the memoir above referred to, this is 

the law of which is best seen by dividing by and then writing 
≡Ιid similarly,
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the expression would then become1 + [1] (1) + [2] (2) + [P] (1≡) + [21] (21) + [1=>] (1≡) + [2≡] (2≡) + [21≡] (2P) + [2=≈1] (2≡1) ÷ [2≡] (2’), where the terms within the [ ] and ( ) are simply all the partitions of the numbers 1, 2, 3, 4, 5, 6, the greatest part being 2, and the greatest number of parts being 3. And in like manner in the general case we have all the partitions of the numbers 1, 2, 3,...nn, the greatest part being n, and the greatest number of parts being m,.The symmetric functions (1), (2), (1≡), &c. are given in the Tables (δ) of the Memoir on Symmetric Functions, but it is necessary to remark that in the Tables the first coefficient a is put equal to unity, and consequently that there is a power of the coefficient α to be restored as a factor: this· is at once effected by the condition of homogeneity. And it is not by any means necessary to write down (as for clearness of explanation has been done) the preceding expression for the Resultant; any portion of it may be taken out directly from one of the Tables (&). For instance, the bracketed portion
+ pqr (21),+ 9’ (1≡),which corresponds to the partitions of the number 3, is to be taken out of the Table III (ά). as follows: a portion of this Table (consisting as it happens of consecutive lines and columns, but this is not in general the case) is

if in this we omit the sign =, and in the outside line write for homogeneity ad instead of d, and in the outside column, first substituting q, p for 1, 2, then write for homoereneity υqr instead of no, we have

viz. pqr × (+ 3oiZ — 16c) + 9’ (— lad), for the value of the portion in question; this is equivalent to
or as it may be more conveniently written.

in which form it constitutes a part of the expression given in the sequel for the Resultant of the two functions in question; and similarly the remainder of the expression is at once derived from the Tables (δ) I. to VI.
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As a specimen of a mode of verification, it may be remarked that the Resultant qua invariant ought, when operated upon by the sum of the two operations, 
to give a result zero. The results of the two operations are originally obtained in the forms in the first and second columns, and the first column, and the second column, with, all the signs reversed, are respectively equal to the third column, and consequently the sum of the first and second columns vanishes, as it ought to do.

Next to explain the second method, viz. the calculation of the resultant from the expression in the form of a determinant.
Taking the same example as before, the resultant is

56—2
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where 12, 13, &c. are the terms of 
and 123, &c. are the terms of 
viz. 12 is the determinant formed with the first and second ∞lumns of the upper matrix, 123 is the determinant formed with the first, second and third columns of the lower matrix, and in like manner for the analogous symbols. These determinants must be first calculated, and the remainder of the calculation may then be arranged as follows:—
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where it is to be observed that the figures in the squares of the third column are obtained from those in the corresponding squares of the first and second columns by the ordinary rule for the multiplication of determinants,—taking care to multiply the dexter lines (i. e. lines in the direction ∖) of the first square by the sinister lines (i.e. lines in the direction /) of the second square in order to obtain the sinister lines of the third square. Thus, for instance, the figures in the square

are obtained as follows, viz. the first sinister line (+ 3, — 1) by
(-1, +1)(-2, +1)= 2 + 1 = + 3,(-1,+1)(+1, 0) = -1+0 = -1,and the second sinister line (—1, 0) by(0, -1)(-2, +1) = 0-1=-1,(0,-1)(+1, 0) = 0 + 0= 0.

I have calculated the determinants required for the calculation, by the preceding process, of the Resultant of two quartic equations, and have indeed used them for the verification of the expression as found by the method of symmetric functions; as the determinants in question are useful for other purposes, I think the values are worth preserving.
Table of the Determinants of the Matrices,

( a, b, c, d, e )

a, b, c, d, e

a, b, c, dy e

a, b, c, d, e,andI ( P, 'τ, s, t )

p, q, r, s, t

p, q, r, s, t

p, q, r, 8, t
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arranged in the form adapted for the calculation of the Resultant of the two quartic equations (a, h, c, d, e^x, yY = 0, and {p, q, r, s, y)* = 0, viz.
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Th,e Tables of the Resultants of two equations which I have calculated are as follows :

c. II. 57
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Table (2, 2). Table (3, 2). Table (4, 2).Resultant of Resultant of Resultant of
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148] MEMOIR ON THE RESULTANT OF A SYSTEM OF TWO EQUATIONS. 451 Table (3, 3). Table (4, 3).Resultant of Resultant of(a, b, c, d‰ y)≡, (a, b, c, d, y}∖
{p, q, r, s‰ y}∖ {p, q, r, s‰ y}∖
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