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149.

ON THE SYMMETRIC FUNCTIONS OF THE ROOTS OF CERTAIN
SYSTEMS OF TWO EQUATIONS.

[From the Philosophical Tramsactions of the Royal Society of London, vol. CXLVIL. for the
year 1857, pp. 717—726. Received December 18, 1856,—Read January 8, 1857.]

SUuPPOSE in general that ¢ =0, Y =0, &c. denote a system of (n—1) equations
between the = variables (z, v, 2, ...), where the functions ¢, v, &c. are quantics (ie.
rational and integral homogeneous functions) of the variables. Any values (z, ¥, 2, ...)
satisfying the equations, are said to constitute a set of roots of the system; the roots
of the same set are, it is clear, only determinate to a common factor prés, ie. only
the ratios nfer se and not the absolute magnitudes of the roots of a set are deter-
minate. The number of sets, or the degree of the system, is equal to the product
of the degrees of the component equations. Imagine a function of the roots which
remains unaltered when any two sets (@, %, 2, ...) and (@, ¥,, 2, ...) are interchanged
(that is, when @, and @, % and ¥, &c. are simultaneously interchanged), and which is
besides homogeneous of the same degree as regards each entire set of roots, although
not of necessity homogeneous as regards the different roots of the same set; thus,
for example, if the sets are (ay, ¥,), (@, ¥.), then the functions z@,, @+ 2z, 11Y:
are each of them of the form in question; but the first and third of these functions,
although homogeneous of the first degree in regard to each entire set, are not homo-
geneous as regards the two variables of each set. A function of the above-mentioned
form may, for shortness, be termed a symmetric function of the roots; such function
(disregarding an arbitrary factor depending on the common factors which enter implicitly
into the different sets of roots) will be a rational and integral function of the coefficients
of the equations, i.e. any symmetric function of the roots may be considered as a
rational and integral function of the coefficients. The general process for the investi-
gation of such expression for a symmetric function of the roots is indicated in Pro-
fessor Schlifli's Memoir, “Ueber die Resultante eines Systemes mehrerer algebraischer
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Gleichungen,” Vienna Transactions, t. 1v. (1852). The process is as follows:—Suppose
that we know the resultant of a system of equations, one or more of them being
linear; then if ¢ =0 be the linear equation or one of the linear equations of the
systein, the resultant will be of the form ¢¢,..., where ¢,, ¢,, &c. are what the
fanction ¢ becomes upon substituting therein the different sets (zy, v, 2 ...), (@2, ¥s, 22...)
of the remaining (n—1) equations ¥ =0, x =0, &c.; comparing such expression with
the given value of the resultant, we have expressed in terms of the coefficients of the
functions ¥, , &c., certain symmetric functions which may be called the fundamental
symmetric functions of the roots of the system 4=0, ¥y =0, &c.; these are in fact
the symmetric functions of the first degree in respect to each set of roots. By the
aid of these fundamental symmetric functions, the other symmetric functions of the
roots of the system =0, ¥y =0, &c. may be expressed in terms of the coefficients,
and then combining with these equations a mnon-linear equation ® =0, the resultant
of the system ®=0, =0, xy=0, &c. will be what the function ®,®,... becomes, upon
substituting therein for the different symmetric functions of the roots of the system
V=0, x=0, &c. the expressions for these functions in terms of the coefficients. We
thus pass from the resultant of a system ¢ =0, =0, ¥ =0, &c, to that of a systend
©=0, =0, ¥y=0, &c, in which the linear function ¢ is replaced by the non-linear
function @. By what has preceded, the symmetric functions of the roots of a system
of (n—1) equations depend on the resultant of the system obtained by combining the
(n—1) equations with an arbitrary linear equation; and moreover, the resultant of any
system of m equations depends ultimately upon the resultant of a system of the same
number of equations, all except one being linear; but in this case the linear equations
determine the ratios of the variables or (disregarding a common factor) the values of
the variables, and by substituting these values in the remaining equation we have the
resultant of the system. The process leads, therefore, to the expressions for the
symmetric functions of the roots of any system of (n—1) equations, and also to the
expression for the resultant of any system of n equations. Professor Schlifli discusses
in the ‘general case the problem of showing how the expressions for the fundamental
symmetric functions lead to those of the other symmetric functions, but it is not
necessary to speak further of this portion of his investigations. The object of the
present Memoir is to apply the process to two particular cases, viz. I propose to
obtain thereby the expressions for the simplest symmetric functions (after the funda-
mental ones) of the following systems of two ternary equations; that is, first, a linear
equation and a quadric equation; and secondly, a linear equation and a cubic
equation.

First, consider the two equations

(a, b, ¢, f, 9, h}iw, y, 2 =0,
(@ B, y¥=, y, 2)=0,

and join to these the arbitrary linear equation

& m El=, y, 2)=0,
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then the two linear equations give
z:y:z=Bf—on: yE—af: an—BE;

and substituting in the quadratic equation, we have for the resultant of the threc
equations,

(a, b, ¢, f, 9, hQBE—yn, vE—af, an— BE) =0,
which may be represented by
(a» b’ c, f; 8 h}if’ 7, C)2=O)

where the coefficients are given by means of the Table.

a b c f g h
a= + 9 + 32 —2By ?gﬁ)
b=| +y? + a? —2vya 7%)
c=| +p +a® —2af8 £C)
f=| —By ' —a'  +af  +ya | 2(nf)
g= —ya +af3 —p* +By | 2(¢)
h= —of | +ya  +By -7 | 2(&)

viz. a = by* + ¢f3* — 2/By, &c.
But if the roots of the given system are

(wl) ,%, zl): (wﬂ) yi) za):
then the resultant of the three equations will be
(wl’ yl’ ZIZZE’ s g) L (‘1‘.2) 3/2, z?]ifx 7, {)':0; \

and comparing the two expressions, we have

a = &@,,
b=y,
C = 2,2,,

2f = Yi%s + Yo%,
2g = 2\%; + 2, ,
2h = 2.y, + 2,

which are the expressions for the six fundamental symmetric functions, or symmetric
functions of the first degree in each set, of the roots of the given system.

By forming the powers and products of the second order a? ab, &c., we obtain
linear relations between the symmetric functions of the second degree in ‘respect to
each set of roots. The number of equations is precisely equal to that of the
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symmetric functions of the form in question, and the solution of the linear equations
gives—

a? = o222,
b2 s :‘/12y22,
¢ =222,
be = y,2,902,,

CaV= 2,2, 5.0, §

ab = z,9,2,ys,
4f2 — 2be = y%2? + y.%2.2,
4g? — 2ca = 220 + z.%n2,

4h? — 2ab = %2 + wfg/{‘,

2af = myi2,0, + 2124,
2bg = 12125 + 1Y1Y 2%,
2¢ch = 2YaZs + Y1212:%5

4gh — 2af = 22,2, + 2,2y,2,,
4hf — 2bg = y12zzt"v2 G %221‘”1,
4fg - 2Ch = lexgyg + 222x1y1!

2bf = y,2ys2, + YiPyr2:,
260 = 2%z, -t 2057,

2ah = @ %z,y, + zl0,y,,

2ef =2'y:2 + 22,
2ag = 222, + %27,
2bh = y, 2@y, + Y2219,

Proceeding next to the powers and products of the third order a® a®h, &c., the
total number of linear relations between the symmetric functions of the third degree
in respect to each set of roots exceeds by unity the number of the symmetric functions
of the form in question; in fact the expressions for abe, af?, bg? ch? fgh, contain,
not five, but only four symmetric functions of the roots; for we have

abe =22, . BYaz;,
daf* = (myie)’ + ay'os’) + 20,92,
4bg® = (12.'ysmy’ + Ya2’Y@r®) + 202y,
4ch? = (31“'1252:722 i 325"'2221."/12) .. 2w1y121w23/222,
8fgh = (@%@, + @ay:22:2,° )
+ (22’ + %22223/1“'12) L‘*‘ 22,912,322,
7o (21'7;1222‘1'22 ¢ 32'1'2221.7/12 ) )
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and consequently the quantities a, b, ¢, f, g, h, are not independent, but are connected

by the equation
abe — af? — bg? — ch? + 2fgh = 0,

an equation, which is in fact verified by the foregoing values of a, &c. in terms of
the coefficients of the given system.

The expressions for the symmetric functions of the third degree .considered as
tunctions of a, b, ¢, f, g, h, are consequently not absolutely determinate, but they may
be modified by the addition of the term A (abc — af®—bg® — ch? + 2fgh), where A is an
indeterminate numerical coefficient.

The simplest expressions are those obtained by disregarding the preceding equation
for fgh, and the entire system then becomes :

a’ = a'a),
b = ylsyas’
¢t =2z,

b’e = y\*2,y,%z,
cla = 2 %2.%x,,

a’b = TN T

be? = Y Yazs®,
cal = 2,2,%2.2.,
ab? = zy, .y},

abe = 2,y,2,2,y.2,,

22 = 222 + 2y.2a2,

2b’g = ylzaysd + Yy, :
2¢th = zlwy.2? + 2fw,22

2a%y = Z,°2,%5° + Tlizx2,

2b%h = y;"wayg’ = yz"mxyl’,

Zo] = 2%z + 2%y,2.%,

20h = a2.%, + vz,

2b9f - yl”l‘g’fh + 3/23'71‘13%,

26tg.— 2’z + 2%’z ,

2bef = y2zyya2® + Y222,
2cag = z%z2:x2 + 2.°w,2,2.2
2abh= -Tlﬂylwuy‘_’? - “«'22.’7 Mlay

2beg = S)lez-z‘gyzzz + Yozimy,2,
2cah = 22’2 + NI
2abf = ‘leylzxg!/ aZs + & 2‘1/2%‘:% z,
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2bch= y?z5y52, + Yolzaiyr2 5
2caf = z2x&.y.2 + 22%.200Y,2
2abg = z,*y,@yya2s + Y2121,

4af? — 2abe= @y 22x, + v.y020m,
4bg? — 2abe = y.2%ny, + yziwly,,

4ch? — 2abe = 2@%y22, + 207972,

4bf2 — 2b% = y13y2z22 i y23y1312,
4~cg2 — 2023 = 2%z, + 28522,

4ah? —2a%b =  alryl + vlvyd

def? —2bc® = 2%yle + 2%y,
dag® — 2ca’ = &%z, + 0’2,

4bh? — 2ab? = yﬁwfyz Gl 3/2366122/1,

dagh — 22°f = 2’my.2, + 2y,
4bhf — 2b%g =  ylwy.2 + Yty
4Gfg —92cth = lewgygza gl Zzswl,"/lzx >

4.1bg‘h — 2abf = y]?z].wazya 42 y2azzx12yl,x
4chf — 2beg = 2z2wyie, + 2.22:%2,
4afg — 2cah = &%y.2.%0 + 22y,2:°x,,

4‘Cgh — 2acf = y15.12w22zg £ yﬂzzwlzzl 3
4ahf — 2bag = z1x12”f‘/22w2 ar Zzwzzyl% s
4bfg — 2cbh = @:%2"Ys + @y.*%%h,

8f?g — 4chf — 2beg = alzyd + 2Ty’
8g’h — dafg — 2cah = &2’ + 2Pzt
8hif — 4bgh — 2abf = ylaw’ + ylan’

8fg* — 4chg — 2acf = 22y, + 2’07,
8gh? — 4afh — 2bag = @’y'z + 2y,
8hf? — 4bgf — 2cbh = y’z'm + y'a'ey,
8fs — 6bef = ¥’z + Y2,
Sg“3 -_— 603/g — Z13x23 + Z2sxls'>
8h® — 6abh= ,%Y® + 2y,
Secondly, consider the system of equations
(@ b, ¢, f, 9, b 0, J, b W, y, 2 =0,
(0, B, vYe, ¥, 2) =0,

58—2

459



460 ON THE SYMMETRIC FUNCTIONS OF THE ROOTS [149
where the cubic function written at full length is
az® + by® + c2* + 3fy’z + 3gz*x + Bhaty + 3iy2* + 3jza® + Bkay® + 6laysz.

Joining to the system the linear equation

(E’ B CI‘”’ Y, Z)=0,

the linear equations give

z:y:2=B—qyn: yE—al : an— BE,
and the resultant is

(a, b, ¢, 5 h i, j) k, l]iﬁf-')‘ﬂ» vE—at, an — BE)} =0,
which may be represented by

(@ b, o f, g hij k IFE 2 £F=0,

where the coefficients a, b, &c. are given by means of the Table :—

a b ¢ o g h i J k l

i o =R 1 +3B% & |

=| -9 +a? — 3ya? + 3y%a 7 |
c=| 48 —al — 3ap? +3a28 o |
f=1+py +a’  —yla | —a®  —2afy +2ya® | 3y |
o + ya? —a?B + Ry - B —2aBy | +2af® | 32% |
e voff | e By — 2y -7 | +28y | 3E%
8 v + 208y +af -y | 208 | 3gp
i= —Y'a +2aBy +p° —af? +8y | -2 3ggr |
k= —a% +2afy +9° +ye! - By & 25:1 3¢
Lt P o S o i W, e R 6énl |

viz. a = by® — c3® — 3fBy* + 3i3%y, &e.

But if the roots of the given system are

(xl: 91, zl)) (1'2’ ys: Z,), (‘7"3! 3/s, Zs),

then the resultant of the three equations may alse be represented by

(xl) yl: ZIIE’ 7” C)-(wm %, Z?IE) '7, :)-(xs: ys: ZGIEY 7); C);
and comparing with the former expression, we find :
a = s,

b= y.y:ys,

€= 2122
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3t = 125 + YaYstr + Ysth2e,
3g = 2125%5 + 2,250, + 2327,
Shi= TyZoYs + Loy + XsyYs,

3 = Y1252 3 + Ya232y + Y3212,,
3.] = 2\Xo5 + 25237, + 230,25,
3k = 2,Y5Ys + ToYsth + ZsYrYe,

6l = T1Ya2s + LoYs2y + Zslr2s + B1YsZe + XYh25 + XsYeZi.

461

But there is in the present case a relation independent of the quantities a, &c., viz.

we ha‘ve (a) B: 'Yzle) 3/1, zl)=0: (a) B: ')’Ezu’”m :’/2) zﬂ)=0: (a; /37 'YIwS: y3, zs)=0; a‘nd
thence eliminating the coefficients (a, B, ), we find

V= L1Ys2s + XolYs2 + LslYrZe — B1YsZs — X125 — TslaZy = 0.

By forming the powers and products of the second degree a? ab, &c., we obtain 55
equations between the symmetric functions of the second degree in each set of roots.
But we have V?*=0=a symmetric function of the roots, and thus the entire number
of linear relations is 56, and this is in fact the number of the symmetric functions
of the second degree in each set. I use for shortness the sign S to denote the sum
of the distinct terms obtained by permuting the different sets of roots, so that the
equations for the fundamental symmetric functions are—

e
b= 49y,
22,25,

3t =8 1, 9.2,
3g=15 2, 2,2;;
3h =8 z,2,y,,
g =S, 20
31 =8.2, 0.0,
3k = S 2,9y,
61 = S.z,9s2;;

then the complete system of expressions for the symmetric functions of the

order is as follows, viz.
a! =

D=
¢ =
TG

ca =

ab=

2,25,
Yy 223/32;

‘?12 2.*z3,

Y121Y22:Y5%3,

212,290 233,

Y1 XY 2 XY,
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462 ON THE SYMMETRIC FUNCTIONS OF THE ROOTS [149

3a.f = S -Z‘lyp’l:'ayezs-'”s’

3bg = S Y121 Y.2:25Ys,
8ch=S8 217125090523,

3bf = 8 y.*y.y,2,,
30g =8 576, 2,25 ;

3ah =8 wfwfmsys,

3ot =S y12,9,2,22
3ag =8 z,x2..25,
3bh =8 wlylwgyﬂsg,

3ai = S @y, 2,7, 253,
3bj = 8 yi2@ayamsys,
3ck = 8 2,2,.24y5 25,
3bi =8 ¥:y2sys2s,
3¢j =8 2z222,2.7;,
3ak = S @ *w.y.25ys,

3ci - S ylzlzaﬁz;’
3aj =8 zma,’ay,
3bk =S8 -Z'lylygnyss;

6al =8 2 zy,27;,
6bl = S 1 *ys2.mys,
6cl =8 2122232.%323:

9ft —6bi =8 ¥ 2yizd
9g® — 6¢j =8 22z,
9h? — Gak = S z%z.%y7,

9> —6ef =8 Yi*2) 2,
9j2 - Gag e 2z,

9k2 e 6bh G ot S aa@a’ysa,

9fg — 3ck = S 21y.2.2,%,
9gh —3al =8 V1212205257,
9hf — 3bj =8 2@,y
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9jk — 3af = S 2 °2..ys25,
9ki — 3bg = S ¥,2Ys2 2525,
9ij — 8ch = 8 2225y,

9f1 — 8be = S ¥2.2.25%,
9gj — 3ca =8 z%zz,x,
9hk— 3ab = S zz.y.y.,
3(fj +gk+hi—1)=8ayzey2,
3 (2f] —gk — hi + ) = 8 a,y,2.y.253,
3 (2gk —hi —fj +I*) =Sy, 29,227,
3(2hi —fj —gk+18)=8z2z22y2
3 (6f1 —3ki—-bg) =S8ayyi
3 (6gl —3ij —ch) = S y12:2,°x5,
3 (6hl —3jk —af) =8zmaty?

3 (611 — 3fg —ck) = 8 z,rys2s?,
3(6j)1 —3gh—ai) =8azyziz?
3 (6kl e 3hf e bj ) = S ylzlxgﬂysz,

6 (— fj — gk — hi + 412) = 8 z2y2z2.

As an instance of the application of the formule, let it be required to eliminate
the variables from the three equations,

(@b c f9 b 4 j &k e gy 2p=0,
AL i =z, y, 2 =0,
(a" :8: 'Y Iix! y’ z) =0

This may be done in two different ways; first, representing the roots of the linear
equation and the quadric equation by (2, %, 2)), (%, ¥s, 2,), the resultant will be

@,...0%, th, 20 (a,.. 3%, ¥ %)
which is equal to
a? oz + &e.,

where the symmetric functions xS &c. are given by the formule a=ajz? &c,
i which, since the coefficients of the quadratic equation are (a', V', ¢, f, ¢, k),
I have written a’ instead of a. Next, if the roots of the linear equation and the cubic
equation are represented by (@, ¥, ), (s, ¥, 2), (@, ¥s, 2), then the resultant
will be

(@, .. 0@, %, 2).(a@,...0@, Yo, 22 (@, ... 0%, ¥s, 2),
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which is equal to
a’® z2z2x2 + &c.,

the symmetric functions @z 2 &c. being given by the formule a®= z’zz? &c. The
expression for the Resultant is in each case of the right degree, viz. of the degrees
6, 3, 2, in the coefficients of the linear, the quadric, and the cubic equations respec-
tively: the two expressions, therefore, can only differ by a numerical factor, which
might be determined without difficulty. The third expression for the resultant, viz.

(a) B, ’YZE-’L'U yl) zl)'(a: B’ 'Y§$2, y2> Z,)...(a, B) 'Yﬁ%» ysr ZG))

(where (z;, %, 21),... (%, ¥Ys, 2;) are the roots of the cubic and quadratic equations)
compared with the foregoing value, leads to expressions for the fundamental symimetric
functions of the cubic and quadratic equations, and thence to expressions for the other
symmetric functions of these two equations; but it would be difficult to obtain the
actually developed values even of the fundamental symmetric functions. I hope to
return to the subject, and consider in a general point of view the question of the
formation of the expressions for the other symmetric functions by means of the ex-
pressions for the fundamental symmetric functions.
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