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818.

NOTE IN CONNEXION WITH THE HYPERELLIPTIC INTEGRALS
OF THE FIRST ORDER.

[From Crelle's Journal der Mathem., t. XcvilL (1885), pp. 95, 96.]

IN the early paper by Mr Weierstrass “Zur Theorie der Abelschen Functionen,”
Crelles Jowrnal, t. XLVIL (1854), pp. 289—3806, we have pp. 302, 303, certain equations
(43), and (stated to be deduced from them) an equation (49). Taking for greater
simplicity n =2, the equations (43) written at full length are

Kn']m i K12 Jn ate K21J22 i K22 le = O; KluJ/m T Kllz']lu g KlelJ/ze— K,zlem = 0;
(4'3) KnJlm e K,12J11 i K?lJI22 —EKlzz sz = 0, Km J,u (e K,llJl'l e Kzfz Jlﬂl i K'me = 0,
KnJ’u it K/nJu S KzlJlm = K’m Jn - %‘77', Kl2 Jll2 o K’12Jl2 <+ Kez J'._,z g Klzszz - ‘%’"’ 5

viz. in the theory of the hyperelliptic functions depending on the radical

No—ay.&—ay. 0 — 0y & — 3. 2— ay,
these are relations between the eight integrals K of the first kind, and the eight
integrals J of the second kind. Each equation contains both K’s and J’s, and there
is not in the paper any express mention of a rclation between the K’s only, which
occurs in Rosenhain’s Memoir, and is a leading equation in the theory. But taking
as before n=2, and for the G’s which occur in (49) substituting their values as
obtained from the preceding equations (46) and (47), the equation becomes

49) KuKy—-KuK,+K,Ky—KnK,=0,
which is the equation in question: it is the equation v — w0, + @, — w0, =0 of
Hermite’s Memoir “Sur la théorie de la transformation des fonctions Abéliennes,”
Comptes Rendus, t. XL. (1855).

It is interesting to see how the equation (49) is derived from the equations
(43). I write for greater convenience

Kll; Kl?; KZI; K‘22; K,ll’ Kllﬁh K,Ql’ KI?Z) J-ll: Jl‘h J2l) J.’?: J,lly JIIZ, J'21: Jl22
wd B 0, D, A& 8,0, I, & Bl e
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The given equations then are
AB —Ba +08 —Dy =0, A'8' —Ba +C'—-Dy=0,
(48) {AB —Ba+ (0¥ —Dy=0, AB—-Bd +08 —Dy =0,
Ad —A'at+ Oy —=Cy=1%mw, BB —BB +D¥ —D8§ =ir;
and it is required to show that these lead to the relation
(49) AC'—A'C+BD' -BD=0.

From the first and fourth equations, and from the second and third equations of (43),
we deduce

(AC"~ AC)B +(Co = C'a) B +(0y = C9) D =0,

(AC"— A’C) B +(Col — C'a) B + (Cy — C'y) D' =0;

and again from the first and third equations, and from the second and fourth
equations of (43), we deduce

(BD'—B'D)ya +(DB'—=DB)A +(D§-D8)C =0,
(BD'—BD)o +(DB —D'B) A’ +(D& - D'8) "' =0.
These pairs of equations give respectively
AC'—AC : Cd —Ca : Oy ~C'y=BD' - BD : DB —-DB : — (BB - Bp),

and

AC'-AC : Cd —C'a : —(Ad'—A'a)=BD'—B'D : D'—DB : D& - D’§;

whence putting for shortness Ao’ — Ad’a, BB’ — BB, Cy'—C'y, D& —D8=a, b, ¢, d, we
have j '
AC'—-4'C c o A
B —BD-"b= "’ whence ab = cd.
But the last two of the equations (43) are
at+c=4%m, b+d=4mr;

we have thus a+c=b+d, =b+3-::—), =ck(a+c); or, since a+¢, =4m, 18 not =0, this

gives b=c, whence also a=d, and we have

AC'-A'C

e

that is,
HCELA'C BD — B’ D=0,

the required equation.

Cambridge, 10th September, 1884.
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