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847.
ON THE THEORY OF SEMINVARIANTS.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. xxι. (1886), pp. 92—107.]In my “ Memoire sur les Hyperddterminants,” Grelle, t. xxx. (1846), pp. 1—37, [13, 14, 16*], I gave an investigation for the number of and relations between the quartic invariants of a given binary quantic: the very same formulae apply to the cubic covariants of a given binary quantic, or what is the same thing to the cubic semin- variants of a given weight, and I propose at present (considering the formulae in this point of view) to further develope the theory in regard to the solution of the systems of linear equations obtained in the memoir in question. But I first reproduce the investigation as it stands: I recall that the notation is the ordinary hyperdeterminant notation : for instance,

and that, when the variables do not disappear, each set {x^, y^, y^), ∙∙∙ is ultimatelyreplaced by (x, y), so that these are the variables of any covariant.The investigation* is as follows:“...We pass to the derivatives of the fourth degree,"considering the forms in which all the differential coefficients are of the same order. It is easy to see that we may write
[* This Collection, vol. ι., p. 104: see also, vol. ι., p. 117.]

www.rcin.org.pl



847] ON THE THEORY OF SEMINVARIANTS. 345Writing· for shortness we have
Suppose Z7= K= TΓ = >y, and consider the derivatives which correspond to the same value f of α, /3, γ: we have to find how many of these derivatives are independent, and to express the others in terms of these. Since the functions are equal after the differentiations, we may before the differentiations interchange in any manner the symbolic numbers 1, 2, 3, 4 : this gives

But we have identically
Multiplying by and applying it to the product iAFTΓJΓ, we have 
which, putting α + 6 + c=∕-1, gives a system of equations between the derivatives 
Da, β, y for which a + β + <γ =/. Reducing these by the conditions just obtained, suppose that Θ∕ denotes the number of partitions of / into three parts, zero included, and the permutations of the parts being disregarded, we have a number Θ∕ of derivatives Z>α, β, y, and a number Θ {f-1) of linear relations between these derivatives. There remains therefore a number Θ/—Θ (/-1) of independent derivatives: but when f is an even number, we have included among these the functions Df^ θ, o, that is, 12Λ34≠Z7FTFX", which evidently reduces itself to 
that is to say, to the square of Bf{U, F). We must therefore diminish by unity this number Θ/—Θ(∕-1), when f is even. Let E denote the integer part of the fraction : it can be shown that the required number is equal to 
according as f is even or odd. Giving to f the six forms 
we obtain for the independent derivatives of the fourth degree the corresponding numbers 
there is for example a. single derivative for each of the orders 3, 5, 6, 7, 8, 10, two for each of the orders 9, 11, 12, 13, 14, 16, &c.C. XΠ. 44
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3 4 6  O N  T H E  T H E O R Y  O F  S E MI N  V A RI  A N T S.  [ 8 4 7

λ V e m a y  t a k e f o r i n d e p e n d e nt d e ri v ati v e s,  w h e n  f i s e v e n, t h e t e r m s of t h e s e ri e s  

Df-s,  3, 0, D /_ s, 6,  oj ∙∙∙, a n d w h e n  /  i s o d d, t h o s e of t h e s e ri e s D∕-ι,  i, o,  1) /- 7, 7, 0...:
c o nti n ui n g e a c h s e ri e s u ntil t h e l a st t e r m i n w hi c h  t h e fi r st s uffi x e x c e e d s o r i s e q u al  

t o t h e s e c o n d s uffi x. W e  h a v e i n e a c h c a s e t h e ri g ht n u m b e r of t e r m s; f o r e x a m pl e,  

i n t h e c a s e / =  9, w e  t a k e f o r i n d e p e n d e nt d e ri v ati v e s t h e t w o f u n cti o n s D gi o  a n d D 5 4 0,  

a n d w e  f o r m t h e e q u ati o n s

-i) 9 0 θ 4 "  J ^ 8 1 0  4 ^  - Db o I =  θ,  4 ^  - ^ S 3 1 4 ^  ~  θ,

÷  ÷  D m  —  0,  D 5 4 0  ÷  -i) 4 5 θ ÷  D a y  =  0,

-i ^ 7 2 0 ÷  - ^ 6 3 0 +  Df a γ  =  0,  ' D 5 3 1  +  D 4 4 1  +  —  0,

- ^ 7 1 1 ÷  D q 2 ∖  4 ^  D q j 2  —  θ,  +  D 4 3 2  +  =  0,

-i ^ es o +  +  Dssi.  =  0,  D 4 3 2  ÷  D  3 4 2 "i·  D∙is 3  —  θ,

w hi c h  a r e t o b e  r e d u c e d b y  m e a n s  of  t h e f o r m ul a e

D q o o  = D q q q  =  0, D g γ Q  = D g(fi,  & c.

W e  will  p r e s e ntl y gi v e t h e s ol uti o n of t h e s e e q u ati o n s : b ut b e gi n ni n g wit h  t h e 

s e c o n d o r d e r a n d g oi n g s u c c e s si v el y t o t h e ni nt h o r d e r, w e  f o r m e a sil y t h e f oll o wi n g 
t a bl e:

D 2 0 0  =  B 2 ,̂  D γ o Q  =  0,  D 9 0 0  =  0,
- ^ 1 1 0 =  ⅜  D qi q  , D g y Q ,

— D gι o,  =  D gι o,

Ds o a  =  0,  D gjj  =  0,  =  0,

- ^ 2i oj =  D gi Qf  D g g Q  =  D gi Q ∙∣ ∙

D m  0.  D 4 2 1  =  0,  ∙ D 6 2i =  ⅜  D gi Q  D ^ ,

D 3 3ι  =  0,  - ^) 5 4 0,

D 4 0 0  =  D ,̂  =  0.  D 5 3j  =  —  ⅜  D g 4 Q  —  ⅜  D g 4 o,

- ^ 3i o =  ⅜ J D ^ ^  =  0,

D 2 2 O =  D 4 4 ^ =  0,

- Z) 2 u 0.  D g(j Q  =  B g,  Dj S 2  —  ⅜  D g 4 Q  +  ⅜  D g 4 Q,

Dτ 4 g  =  ~  ⅛  Dsi  D g g g  =  0.

-i)s θ O θ, D gf 2 Q  =  B g  D g∙ 3 S) }

Di w >  D g 4 4  =   B g ^ — Dss ni

D gs a  = ■  ~  D 4 4 Q,  D g-i g,

Ds a,  —  0,  2) j2 i =  ~  ⅛  B g ^  —  D n g g,

D 2sι  —  0,  Ό 4 4 0  =  —  B g ^  —  Ι- ∣∣ D 5 3 0,

Di 3i  =   B g ^ +  ⅛  D g gfj ,

D m  - B ,̂  =  + D m >

D 5 1 0  ∙∣ ∙ B ,̂  =  _  D g a g.

D 4 2 a =  —

D 4 1 1  =  ⅜ ⅛  +  ∣∣ D 3 3 0,

D 3 3 0 >

D s ∙ 2i =  —  ̂ B g ^ —  B 3 3 o,

D 2z 2 =  ⅜ ⅛  +  ∣∣ - D 3 3 0.

w w w.r ci n. or g. pl



847] ON THE THEORY OF SEMIN VARI ANTS. 347For any value of f except /=2, 3, or 4, the table commences, for f even and f odd respectively, in the following manner : 

but beyond this I do not know the law of the series.”Before going further, I remark that if 31, 33, (5, instead of the foregoing values, denote respectively 
then identically 
and the same theory applies to the cubic derivatives 2i^33^S^. UVW, that is, to the cubic covariants, or, attending only to the coefficients of the highest powers of sc, to the cubic seminvariants.Or, we may use the Clebschian notation, for instance 
that is.
viz. in the language of Prof. Sylvester, a^, a^, b^,bι,... αtq here umbroe. The invariant is 

and so in other cases. To apply this directly to the theory of seminvariants, it is more convenient to write 
that is.
where α, β,... are umbrae.The invariant is

44—2 
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348 ON THE THEORY OF SEMIN VARI ANTS. [847or, to take the case of a cubic function
that is, 
a seminvariant is 

and so in other cases. Writing here 
the general form of a cubic seminvariant of the weight ω is now 51^’335(5’’, or say -¾. ¢. »·’ where p + q + r = ω (the new letters p, q, r being used for the exponents, since α, β, <y are now employed in a different sense; and since f will be required as a coefficient, I have also written ω instead of f for the weight). We have, as before.
and we again see that the theory as to the number of and relations between the cubic seminvariants is identical with that of the quartic invariants. Observe also that for ω odd, D„,o, o is = 0, while for ω even, o, o> =21", is a quadric seminvariant, which is of course not to be reckoned among the proper cubic seminvariants; this exactly corresponds to the B∕ which is not a proper quartic invariant.The choice of the functions -D∕, o, o, ¼→, 3, o, ∙∙∙, θr i,o, ¼-4,4, o, ∙∙∙, for expressing in terms of them the other functions has its advantages, but also its disadvantages; in what follows, I in effect replace them by -D∕, o, o, 2,0, ∙∙∙ andrespectively. And instead of considering the whole series of the functions Dp^ r for a given weight ω, I consider only those of the form Dp^ 0; these form a single series Dω,o,o> 2, o> ∙--! and for shortness, I call them
Λ, B, C, D, &c. respectively, viz. I write

Suppose first that ω is odd; we have 
and, in particular,that is,that is.Hence
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847] ON THE THEORY OF SEMIN VARIANTS. 349moreover
and similarly G ÷ 2D + E = 0, &c.; that is, we have

The readiest way of solving these is to express the other functions in terms of 
B, Jλ F, H, &c.; viz. we thus have

read according to the columns
A = 0,B = B,
G=- B,
D= D,
E= B^2D,
F= F,
G = - 3B-∖-W-'3F,

and, by way of verification of the numbers, observe that the sum of the numbers in a column is 1 and — 1 alternately.The formulas are true for any odd value of ω whatever; but they require an explanation, viz. for any finite value of ω, the terms B, D, F,... are not all of them arbitrary. For any given value of ω the number of arbitrary terms is in fact given by what precedes, and it is also known by Captain MacMahon’s theorem, viz. the number of cubic seminvariants is = that of the non-unitary symmetric functions 3“2^ of the proper weight 3α + 2β = ω; thus for ω = 9, the forms are 3222 and 333; so that there should be only two arbitrary terms.
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350 ON THE THEORY OF SEMINVARIANTS. [847We have here, writing for shortness 900, 810, &c., instead of Dsm, Dsw, &c· respectively, 900 = 0,810 = B,720 = - B,630 = D,540= 5- W,450 = F,360 = - 35+ W- ^F,270 = H,180= 11B-23D+14iF-MI,090 = L.But we have 900 = 0, 810 + 180 = 0, 720+ 270 = 0, 630 + 360 = 0, 540 + 450 = 0; that is, Z = 0,185-287) +145-4fi· =0,- 5 + Σ7 =0,- 35+ 65- ^F =0,
B- F =0,all satisfied by 5=-5+ 2D, H=B, L≈(). The proper course is to stop at the equation for 540, viz. the system is 900 = 0,810 = 5,720 = -5,630 = 5,540= 5-25,equations which may be considered as expressing the several functions 900, 810, 720, 630, 540 in terms of 5 = 810 and 5 = 630. They agree, as they should do, with a foregoing result, 900, =0,810,720, =- 810,630, = ⅜810-⅜540,540,and it would of course be possible to express the remaining forms 711, 621, 522, 441, 432, and 333 in terms of 5 = 810 and 5 = 630. But observe that the speciality of 
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847] ON THE THEORY OF SEMINVARIANTS. 351the present process is that, instead of the whole series of forms 900, 810, 720, 711, 630, 621, 540, 531, 522, 441, 432, 330, we work only with the forms 900, 810, 720, 630, 540, for which the last element is =0.A more simple solution of the system of linear equations in A, B, C,... is the following:

∙XX V J

B = iv,

G = -X,

D= Λ! + y,

E = — X — 2y,

F = ic + 3y +
G = — X — ^y — '^z,where x, y, z, ... are arbitrary; the numbers in the table are the binomial coefficients with the signs + and — alternately.We may, it is clear, express x, y, z,... in terms of B, D, F,..., viz. we thus have

x= B,

y = - B + D,

z= 2B-W + F,

and substituting these values, we reproduce the foregoing expressions of A, B, C, ... in terms of J5, 7), F,....For a given finite value of ω, have of course the same number of arbitrary coefficients x, y, z,... as there were of arbitrary coefficients B, D, F,...∖ thus for ω = 9, only X and y are arbitrary, and the remaining coefficients z, &c., are determined in terms of these. Or, what is the same thing, we stop with the equation E=-x-2y, next preceding an equation with the non-arbitrary coefficient z.
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352 ON THE THEORY OF SEMIN VARIANTS, [8 47For the case ω even, I write
A + 2B = A',

B + 2G = B',

C + 2D ≈ G',&c.;and I say that the new functions A', B', G',... axe related together precisely in the same manner as are the functions A, B, G,... belonging to an odd weight ω: viz. we have
A' =0,

B' + G' = 0,C' + 2D' + E' = 0,
which being so, the theory is included in what precedes, and there is no occasion to consider it separately.To prove this, observe that ω being even, we have 
that is,whence, in particular.we thus have 
which is =0. Similarly 
or, since this is which, in virtue of is which is = 0. And similarly

I come to a new part of the theory: to fix the ideas, consider the weight ω = 27 ; and write also> > ¾> >··■ 1, c, d) βf h, Ϊ, J, kf If Ίίϊΐ, , ,
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847] ON THE THEORY OF SEMIN VARI ANTS. 353'using, if we please, the suffixed a for the higher terms. The cubic seminvariants are 32^2, 3®2®, 3^2≡, 3®, viz. the number of them is = 5; we have thus the 5 terms
B, D, F, JI, J. Here B = {β — γ)^® (^y -a) = (a- (β — y), or, interchanging the α and /3,, 
= {a. — βy^ {a — r∕), there is an initial term aF = a^, and a final term α'≡∕3^≡γ = Z>n≡, or we∙ may write

B = {a — βY' (a-y) = (1.2, + ■,and similarly for the other forms. We have thus
B = (α - β}^^^ (a - γ)’ = a.^, FbiF,

D = (0.- βy^^ (a — γ)≡ = «27 + cZm®,
F = (a- β)"^ (a - yγ = a.2, Ffl∖
H=(a- β}^^ (a - yγ = «27 +
J = (a- βy^ (α - 7)≡ = a^, +j∖where the initial term = a^, has in each case the coefficient unity, but the final terms have each of them the proper numerical coefficient.It must be possible to form linear combinations

B ≡ «27 “h biFj

(fJ, D} = (c + 6“) + dm^,

(^B, D, F) ≈a2i(e +c'^'}+ fl-,

(B, D, F, = «21 (5r + cZ≡) + hk",

{B, D, F, H, J) = «18 (i + ) +j∖where c + b^, e + g + dJ, i ÷ denote the seminvariants
c-b^, e— 4∙bd + 3c^ g — Qbf+ 15ce — 10dζ

— 3bh + 2Scg — ~)I)df -∖- 35e^respectively. The expressions indicated by their initial and final terms «27+ bF, ^δc.,are what I call “columns;” see my paper “ Seminvariant Tables,” American Journal 
of J∖Iathematics, t. vιι. (1885), pp. 59—73, [831], where, however, the theory is not by any means completely developed.As "to this, observe that B, D are each of them of the form «27 + a.fb + «25 (c, 6≡) -∣-..., the proper combination in order to eliminate «27 is obviously B — D, the term in a^J will then disappear of itself, and the terms in «25 (c, δ≡) will combine into a term ⅜5 (c — b!^∖ in the function qua seminvariant the coefficient of the highest letter «35 will be the seminvariant c — b^. Similarly, in the combination B, D, F, the two coefficients will be determinable so that there are no terms in «27, «26, ¾5 or «24, and this being so, the term in «23 will be «23 (e — 4∣bd + 3c^), viz. in the function, qud seminvariant, the coefficient of the highest letter «23 will be the seminvariant e — Abd ÷ 3Λ And similarly for the remaining two linear combinations.

C. XII. 45
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354 ox THE THEORY OF SEMIN VARIANTS. [847As a partial verification, I write 
or, retaining only the terms which have an index at least = 25, this is 

and similarly 
or, retaining only the terms which have an index at least = 25, this is 

and thence 
viz. the coefficient of «25 is = 20 (c —But instead of the foregoing forms B, D, F, H, J, we may start with five other forms which are in fact linear combinations of these, viz. these are the forms 

where as well the initial as the final terms should have tbeir proper numerical eoefficients.
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847] ON THE THEORY OF SEMINVARIANTS. 355As to this, observe that in K we have a term (β — γ) which is = 0, and similarly a term /3“ (α — γ) which is = 0; the highest powers are thus α∞ and giving a term in which can only be ^(c —6^). In Z we have the terms α'≡≡ (/? — γ)’,. and (α — giving the term (c — ; in IT we have the terms (yS — γ)≡ and∕3-*(α-γ)≡ which are each =0, the highest powers thus are α≡≡, giving a term in «23 which can only be «23 (e — + 3c≡^); and in Τ’ we have the terms {β — y)* and
β!^^{a.-y)∖ which give the term (e - ^hd + 3c≡).The combinations which give the columns thus areA = ¾7 + bn^,

{Y} = a∙2s (c + + drn^,

(γ> =«23(6 + c^)(Γ, Z, IT) = «21 + d^} +(Γ, Z, Ψ. =I start with the form ιt=(y, z, ψ, y)=r+λz+∕χir+ι∕y.We know that it is possible to determine the coefficients λ, ∕z, v, in suchwise that the linear function shall be of the proper form «i# {i + e≡) +j≡; or, what is the same thing, that there shall be no term with an index exceeding 19; the conditions to be satisfied are apparently more than three, but of course the number of independent conditions must be =3. We have, in particular, to get rid of all the terms of the second degree which precede «ιθτ, viz. the coefficients of «2sC, «246?, n-ιsfi, a<i∖g, must all of them vanish. Now the terms of u which produce terms of the second degi'ee are the terms containing any two but not all three of the symbolic letters α, β, 7, say the biliteral terms; we have for instance β"'^a", β-^γ (there areno terms γ¾- or 7^≡∕3", since the highest power of 7 is 7®), each of which is = a^c. But in the development of u, we may in any biliteral term by an interchange of the letters α, β, <γ make the letter of highest index to be α, and the other letter to be β', thus the several terms σ.^β'^, β!^γ may be each of them convertedinto α≡5yS∖ and so in other cases. Imagining this to be done, the term in «25C is simply the term in CL^β^, and in like manner the term in a^id is the term in and so in other cases; the condition as to the disappearance of the terms «asC,..., is the condition that the terms in a®®/3', α≡^∕3≡, cι^β^, CL^^β^, a^β^, α.^^β’’ shall all of them disappear. And if, in the function u transformed in the foregoing manner, we write for convenience α = l, so that xx has become a function of β only (and observe that u will contain the factor /3®), then the condition is that the terms in β^, β∖ β∖ β’^, β^, β’’ shall all of them disappear. The conditions may in fact be written u = 0; viz. it is assumed that xi is in the first instance transformed into a function of β as just explained, and the equation is then to be understood as denoting that the coefficients of u are to be so determined that as many as possible of the terms (beginning with that which contains the lowest power of β) shall each of them vanish.Consider any term of u, for instance the term
Y≈(cc-βr{a + β-2y)(a-y){β-y). 45—2
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356 ON THE THEORY OF SEMIN VARI ANTS. [847To obtain the biliteral terms in the proper form 1° we write therein 1=0, 2° we write β = 0, changing 7 into β, 3° we write α = 0, changing β, 7 into a, β we thus obtain
(a- βy^(a+ β)aβ, 

a^{a-2,β}{a-β}{ - β),
-β){a-βy,

v'rz. the second and third terms are identical; the first term requires, however, the factor 2 (for any term is accompanied by a corresponding term oflβ^∖ se that,omitting this factor throughout, the terms are(α - βy {μ + β}aβ- (α - 2/3) (a - β) β,nr, putting therein a = 1, the terms are(1 - βy (1 + /3) - (1 - 2β} (1 - β} β.Similarly from Z = (α - βy (a + - 27) (a - 7)≡ {β -we have (1 - (1 + β} ∕3≡ + (1 - 2β~) (1 - βr β^,and the like as regards W and T. The result thus is(1 + /3)/3(1- yδ)≡^ + λ (1 - ^)22 ∕3≡ + ∕Λ (1 - βy β^ + v(l- βy β^-(1- 2^)(1 - ^)^ {1 - λ^(l - ^) + μβ^ (1 - β-γ - vβ^ (1 - βγ} = 0,
or, as this may be written, 
viz. each side is to be expanded in ascending powers of β, and the coefficients λ, μ, V are then to be determined so that as many terms as possible shall vanish.Expanding, we have 

or finally, as far as β^, the equation is
We have in the first place λ = 10, which makes the coefficient of to be = 0; and we then have

_ lzt,. _L 0,, QQ9 _ A ΛT∙ CQV *7,, _ — 10« —A
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847] ON THE THEORY OF SEMIN VARI ANTS. 357where the second equation is equivalent to the first: the three equations give μ, =r = ∙^. I have since found that proceeding one step further, that is, to /3®, thecoefficient is — 8310λ+1791/z — 363p + 36942, viz. putting this =0, and for λ substituting its value =10, we have 597∕χ —121 v≈ 1.5386, an equation which is in fact satisfied by the values just obtained for λ and ∕x. For the function (F, Z, W) wehave the same equations with r = 0 ; and therefore λ = 10, ya = 28; and for the function(F, Z) the same equations with ya = O, v = Q’, and therefore λ=10. The linear combinations thus are X = α∙27 + bn^,

Y = (c + ) ÷

Y + lOZ ' = «23 (e + c≡) + /1“^,y + 10Z + 28 IF = «21 + +25Γ + 250Z + 8231F+ 9317^ = a,, (i + e≡) + j∖where remark that in Y + 10Z, by means of the coefficient 10, we make to disappear the two terms «gsC, α.24(ί; in the next function, by means of the coefficients 10 and 28, the four terms «asC, f<24d, a23e, a∙2nf∖ and in the last function, by means of the three coefficients, the six terms α.25C, a^d, a^if, and a<2Jι.It is possible that a larger number of terms will disappear; but if this is so, the general form shown by the combinations on p. 353 will require modification.The investigation applies without alteration to any odd weight ω whatever; the condition for the determination of the coefficients λ, μ, v,... is obviously

For the case of an even weight ω, the series of functions is 

and the condition for the determination of the coefficients λ, ya, v,... is in like manner found to be 

which is to be understood as explained above.
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