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848.

ON THE TRANSFORMATION OF THE DOUBLE-THETA
FUNCTIONS.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. XXI. (1886),
pp. 142—178.]

I proPOSE to reproduce Hermite’s Memoir “Sur la théorie de la transformation des
fonctions Abéliennes,” Comptes Rendus, t. XL. (1855), pp. 249,..., 784, with some changes
of notation and developments. Hermite’s functions are even or odd according as we

have uq+vp even or odd; viz. his characteristic is (;’ ;), or the letters p, ¢, are

misplaced ; I write, therefore, » instead of p, so as to have the characteristic (l; 7 :),

and then for symmetry it is necessary to interchange the suffixes 2, 3 and the letters
¢, d; the invariant function of the periods, instead of being as with him

WU — W3V + WU, — Wy,
must be taken to be
WUz — Wely + WV — W3V,

Moreover, I write 4, B for his @, @, so as, instead of
(G, H, 'Y=, y),
to have in the expressions of the theta-functions the quadric function (4, H, BYz, y);
and I alter the arrangement of the memoir so as to separate more completely the
preliminary theory from the theory of the transformation.
GENERAL THEORY. Art. Nos. 1 to 21 (several sub-headings).
The functions II {K, indef. or def.}.

1. Consider a function

v : ‘
1 (% ") @ 9) (4, B, B)(K, indet. or def),
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848] ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. 359

having : the characteristic (#’ :) , where the characters u, », ¢, » are positive or negative

integers, which may be taken to have each of them only the values (0, 1)
at pleasure, so that the number of functions is 24, =16;

the arguments (z, v);

the parameters, or conjoint quarter-periods, (4, H, B);

and the potency K, a positive integer;

and which is either indefinite or definite, as will be explained ; the function, moreover,
contains linearly certain arbitrary constants, the number of them depending on the
value of K, as will be explained.

The function may be written II(z, y) or in any other less abbreviated form which
may be convenient.

2. The function II (#, y) {K indef} is defined by the following four equations:

M@+l ) =@ y)
M@ y+1)  =(-r L, y),
M+ 4, y+H)=(-)2 I (2, y) exp. — 27K (22 + 4),
II(z+ H, y+B)= (=) II (2, y) exp. — 27K (2y + B),
and the function II(z, y) {K def}] by the same equations, together with the following

fifth equation,
(- -y =Cpil(s, y);

viz. the definite function is an even function or else an odd function of the arguments
according as uq+vr is even or odd. We may call ug+ »r the index; and the function
is then even or odd according as the index is even or odd.

It is perhaps worth noticing that it would be allowable to define a function
II (z, y) |K, skew def}, by the corresponding relation

Hi-a ~g)  =-—{=ptlle g
but I do not propose here to develope this notion,
3. The four equations give rise to the following one,

II(z+a,+ Aa,+ Hay, y+a, + Ha, + Ba,)
= (—)paotractaentres T (g, y) x exp. — 27K (20,2 + 2a,y + (4, H, BYa,, a,)*},

where a,, a;, @, a; are any positive or negative integers (zero not excluded), and which
single equation, in fact, includes the preceding four equations.

4. In regard to the parameters it is to be observed that, if 4, H, B=4,+1z,
H,+1y, B,+1iB, we must have (a, 7, B) a determinate positive quadratic form; viz.
this is the necessary and sufficient condition for the convergence of the series for the

development of the function.
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360 ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. [848

5. The number of arbitrary constants is for the indefinite function = K*; but for
the definite function it is, when K is odd, =% (K*+1); and when K is even, it is

= 3K®, except in the case of a characteristic (g’ 2) , when it is =4 (K2 +4).

In particular, for K =1, there is only a single arbitrary constant, which is a
mere factor of the function; taking it to be =1, as presently explained, we have the
16 theta-functions.

6. The function II (#, y) is developed in a series of exponentials, in the form
O (2, y)=3 (=)™t A,, , exp. i {(Zm +pe+Cn+v)y+ é{ (4, H, By2m+p, 2n+ y)2},’

where m and 7 have each of them all positive and negative integer values (zero not
excluded) from —o to . In fact, substituting this series in the four equations, they
are all of them satisfied if only

Am+K, = Am, n) Am, MHES Am, n-

Consequently the following K* coefficients remain arbitrary, viz. those with the

suffixes
0,5 14K =11

K .— 1 » » »

and we have for II(z, y) a sum of K* terms, each a determinate series multiplied
into one of the arbitrary coefficients 4, ,, A, ., &. The indefinite function thus con-
tains, as already mentioned, K* arbitrary constants.

7. Substituting in the fifth equation, we have for the definite function the

further condition
A—m—y., —n—v = Am, r)

which it is clear will be satisfied gemerally if only it is satisfied by the coefficients
in the foregoing set of K* coefficients.

8. In the case K odd, we thus reduce the number of arbitrary coefficients to
3 (K*+1); the mode in which this takes place is best seen by an example. Suppose
K =38, so that Amis,n=4m n; Amnis=Amn For the coefficients of the indefinite
function, the suffixes are

00, 01, 02,
L0 el b 512
20, 21, 22.
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848 ] ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. 361

And if we suppose pw=0, v=1, then the new condition is A_, 1 =An », Viz
writing down only the suffixes, we thus obtain

,.0=0, -1|1, 0=-1, -1(2, 0=-2, -1,

1=0, -2 |1, 1=-1, -2 |2, 1=-2 -2
,12=0, =8 |1, 2==1," =812 2=-=2 =38,
that 1s,
0, 0=0, 2|1, 0=2 2|2 0=1 2
O e Rl e s = 3] 02 1 =1, 1,
Q2 =10 10 W15 2 =D HOTE 9 D=1, -0,

viz. one of these equations 0, 1=0, 1 is an identity, but the other equations occur
each twice; or we have four equations, each of them an equality between two out of
the remaining 8 coefficients ; the number of arbitrary coefficients is thus 1+4(9-1), =5;
and so in general the number is

1+4(K:-1), =LHK2+1).

9. When K is even, it is necessary to distinguish between the case (4, v)=(0, 0)
and the remaining three cases (u, v)=(1, 0), (0, 1) or (1, 1). In the former case, the
relation between the coefficients is 4_,, _, =4, »; there are four identities, 0, 0=0, 0;
0,3K=0,$4K; 3K, 0=%K, 0; $K, $K =}K, }K; and the remaining K*— 4 equations
occur each twice, that is, we have 4 (K®>—4) equations, each of them an equality
between two of the remaining K*— 4 coefficients; the number of arbitrary coefficients
is thus 4+ % (K2 —4), =§(K2+4).

In the latter case, there are no identities and the K? equations occur each twice,
that is, we have }K* equations, each of them an equality between two of the K*
coefficients ; and we thus have § K* arbitrary coefficients.

10. Recapitulating, it thus appears that
for an indefinite function, the number of coefficients = K?;
for a definite function, the number =4 (&K*+1), K odd ;
=4K? K even, and
(w »)=(1, 0), (0, 1) or (1, 1);
=4 (K*+4), K even, and
(4, V)=(0’ 0)

The Theta-functions.

11. In the particular case K =1, the distinction between the indefinite function
and the definite function disappears, and we have instead of II (#, ), the theta-
functions O (z, y), satisfying the four equations

®(w+1’ y) =(_)ﬂ'®(w! 3/);
O@ y+1) =(-ro(y),
O@+A4, y+H)=(-)10 (z, y) exp. —im (2z+ 4),
O (z+H, y+B)=(-)y O (x, y) exp. —im (2y + B),
(LD QG i 46
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362 ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. [848

and the fifth equation
O(-2 -y) =)0 (,y);

as before, ,u,q-.t-vr is the index of the function.

The four equations are all of them included in the following one:

O (z+ay+ Aa, + Ha;, y+ oy + Ha, + Bag) = (—)a%tratattra @ (z, y)
X exp. — im {2a.2 + 2a,y + (4, H, BYa,, a,)),

where a,, a,, a,, a; are each of them any positive or negative integer, zero not excluded.

Moreover, we take 4,,=1, and the value of the function thus is

O (z, y) == (=)™t exp.im {(2m+ p) 2+ (2n+v) y + 1 (4, H, BY2m + p, 2n+ v)}.

12. The sum of two characteristics is the characteristic obtained by taking the
sums of the component terms or characters,

(#, v) . (u', v’) _(#+,u’, v+ V’).
g r ¢, \g+¢q, r+7v)’

and similarly for any number of characteristics. I use the sign =, but this properly
denotes a congruence, mod. 2; and the like as regards the indices.

The sum of two identical characteristics, or generally of any number of character-

istics taken each of them any even number of times, is = (g’ g) And this characteristic

(g, g> may be called the characteristic O.

It should be observed, that the index of the sum is not in general equal to
the sum of the indices. To make it so, we must have, for two characteristics,

(p+p)(q+ )+ @+v)(r+r)=pg+or +pq +v7,
that is,
rY +Eg+vr +0r=0;

and there is obviously a like formula for the case of more than two characteristics.

Two or more characteristics, such that they have the sum of the indices equal to
the index of the sum, are said to be “in direct relation” or “directly related” to
each other. The sum of the indices and the index of the sum may differ by unity
and we then have the inverse relation; but I do not propose to consider this.

13. Consider any number K of theta-functions, of the same arguments and
parameters, but with the same or different characteristics. The product of these
functions is in general a function II (z, y) {K indef.}, having a characteristic which is
= the sum of the characteristics of the theta-functions, In fact, from the four
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848] ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS, 363

equations of the theta-functions, we at once obtain for their products II(z, y) the

four equations
D+1, y) =(-)*I(z, y),

Mz y+1) =) (z, y)
Mz+ 4, y+ H)y=(-)*1I (z, y) exp. —imK (22 + 4),
MM(z+H, y+ B)=(-)*1I(z, y)exp.—iwK (2y + B),

which proves the theorem.
14. But if the indices are in direct relation to each other, then we have further
O(=a. =gt st anic il (o, )
and the product is thus a function IT (2, y) {K, def}.

15. Take the square of a theta-function, the characteristic is =(g’ g) or 0, and

we have also twice the index =0; viz. the theta-function is in direct relation with
itself. Hence the squared function is a function II (g’ 8) (z, y) {2, def}, and as such
it contains linearly % (2°+ 4), =4 arbitrary constants. Hence, taking any five squares,
since each of them is a function of the form in question, it follows that the squares
of the 5 theta-functions are connected by a linear relation.

Gopel's relation between 4 theta-functions.

16. We may in a variety of ways (in fact, in 60 ways, as will presently be
shown) select four theta-functions, all of them even, or else two of them even and
two odd (that is, having the sum of their indices =0), such that the sum of their
characteristics is =0; for instance, the functions may be

] / O’ 0 WA O) O ¥ Ll 1’ 1 T4 A 17 1
P—(l, 1>’ P-<O, O>’ S—(O, 1)’ A —(1,0>’

0

indices
> 050 il ve ik

The functions are thus in direct relation, and the product of the four functions
0, 0
0, 0
times, or any two of them taken each twice, are in like manner four functions
in direct relation, or the fourth powers P4 P”4 8% 8”4, and the squared products
PP 828" P82 P2S”2 P”38" P?8’2 are in like manner each of them a function
Al (g’ 8) {4, def}, viz. we have thus in all 1+4+6, =11 such functions. But the II
function contains only % (4% + 4), =10 arbitrary constants; hence there must be a linear
relation between the 11 powers and products, and this is Gopel’s relation.

is a function H( ){4, def}. But obviously any one of the functions taken four

46—2
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364 ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. (848

17. Starting with any two characteristics a, b at pleasure, the remaining charac-
teristics form seven pairs, such that

a+b=c+d=e+f=g+h=it+j=k+l=m+n=o0+p;

but among the seven pairs we have only three, suppose c+d, e+ f, g+ h, which are
such that (a, b, ¢, d), (a, b, ¢, f), (a, b, g, h) are each of them either all even or
else two even and two odd; that is, starting with any pair (@, b), we have these
three tetrads having each of them the required property. The number of pairs (a, b)
is $16.15, =120; and we thence derive 120 x 3, =360 tetrads; but each such tetrad
is of course derivable from any one of the six pairs contained in it; or the number
of distinct tetrads is }360, = 60, viz. we have, as mentioned above, 60 Gopel-tetrads.

The four functions II,, II,, TI,, II,.

18. We consider four theta-functions 6,, 6,, 6., 6;, which are such that to the
modulus 2, the sum of the characters is =0, and also the sum of the indices is
= 0; taking the characters to be

,l,, y) (;‘,’, y/) (“Il, l}I/) (’l,”/’ V”’)
<q’ r 2 ql’ rl > q’/’ r’l ’ q’/, ?./Il 2
and writing throughout = for = (mod. 2), we have

ptp+p+ " =0,
v+ +v" +0v" =0,
q+q +q"+q¢" =0,
r+r 417 42" =0,

”_rn L ) " 1 i

pq+or+p'q + v+ p Q" VI p g VY =0,

Writing for shortness (01)=pug¢ +p'q+vr'+v'r, and so in other cases; and further
(01)+ (02) + (12) = (012), &c., then substituting for u”, »"”, ¢, ” their values from
the first four equations, we deduce (012) =0; and similarly (013) =0, (023)=0,
(123)=0.

19. Consider now a product 6,6,0.°6,", where a+b+c+d is = a given odd
number %k; the characteristic is

“a+#/b+#//c+/‘md, va+v’b +1/”C +11,”d)
\qa+q,b +q//c y qmd, ra,+r'b +,r//c+rmd ’

and it hence follows that the index is
i (,U'q & V”‘) + b ('u'q/ + ylrl) +ec (/"”q” + v”'r") e d (Flmqm e erm).

In fact, forming the index in question, we have first terms in a? b? ¢? d? which
upon writing therein a, b, ¢, d for these values respectively (a’=a, &c.) give the
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848] ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. 365

required value; we have therefore only to show that the sum of the remaining
terms in ab, &ec., is =0. These terms are

ab (01) + ac (02) + ad (03) + be (12) + bd (13) + cd (23),
and writing herein a+b+4+c+d=1, and thence ad=a(l—-a—b—c), =ab+ac, and
- similarly bd =ab + be, ed =ac + be, the terms in question become
=ab (013) + ac (023) + be (123),
that is, they become =0.
20. We thus see that the function 6,°6,°0.°0,% has an index which is
=aind 6,4+ b ind 6, + cind 6, + d ind 4,.

Consider separately four products 6,'6,°0,°0,%, in which the exponents a, b, ¢, d
satisfy successively the relations (always to modulus 2)

b+d=0, c+d=0,
b+d=1, c+d=0,
b+d=0, c+d=1,
b+d=1, c+d=1

Combining herewith the relation a+b+c+d=1, it follows that the exponents a, b, ¢, d
are

=d+1, (o it I MR, [
d , d+1, o bt (3 by
dv; d R d T d.
‘o By, RS LA AR ARG T 8

in the four cases respectively. Then substituting these values, the characteristics become

(#, v) w, v
q, ) q/, »
viz. the four products have the same characters as 6,, 6,, 6., 6, respectively; and in
like manner recollecting that \

ind 6,+1ind 6, +ind 6, +1ind 6, =0,

77 "

”n
(r EESL
2 )

’/ s 7’
ik 0

”

‘“’ »
) 7

2691

we see that the four products have the same indices as 6,, 6,, 6., 6, respectively.

More generally write II,, IL, II,, II, = 36,°6,°6.°0,%, where for the four -cases
respectively the exponents a, b, ¢, d satisfy the conditions already referred to; then
II,, II,, II,, II, have the same characteristics, and the same indices, as 6, 6,, 6., 6,
respectively.

21. It can be shown that each of the functions II contains 4 (k*+ 1) constants.
It will be recollected that we have between 6,, 6,, 6,, 6, an equation of the form

0= (004, 614, 024; 04, ‘902912’ 602022, 6,05, 012922, 0.505, 622932; 90919293);
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366 ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. (848

this serves to express, say 6%, in lower powers of 6;; and by successive applications
of this equation, we can reduce X6,°6,°0,°0, to a form in which d has only one of
the values 0, 1, 2 or 3; we do not by this transformation alter the suffix of II,
viz. a term originally of the form II,, II,, II, or II;, will by the transformation give
rise only to terms which are of the same form II,, II,, II,, II; (as the case may be).
The number of constants in II, is thus

=number of partitions of % into four parts a, b, c, d,
under the conditions
d=0 or 2; a odd , b, ¢ each even,

d=1 or 3; a even, b, ¢ each odd,

where, in reckoning the partitions, the order of the parts is taken into account: the
partitions are thus as follows

d'=0, (@=1) +5 b W he =ik=1,

di=i1 a +(Mb-=1)+(C=-1)=k-3,

d=2, (@-1)+ b + ¢ =k-3,

d =3, a +(Mb-=1)+@Cc=-1)=k-5
where the parts a or (a—1), b or (b—1), ¢ or (c—1), as the case may be, are all
of them even; hence, writing #' =% (k—1), the cases are

a+b+c=k k-1, k-1, or k-2,

where the a’, b, ¢ are odd or even (zero not excluded) at pleasure; as already
mentioned, the order of the parts is taken into account: thus the particulars of 3
would be

300, 210, 120, 030, No. is 10, =44.5.

201, 111, 021,
102, 012,
033.

Hence, in the four cases respectively, the numbers are
3 (k*+ 3K + 2),
§ (K2 + F),
(K2 + K),
F (R = &), ’
giving a total
=3 @2+ 4K +2), = {2 + 1+ 1},

that is, =4 (k*+1). And similarly the number is =% (% +1) in the other three cases
respectively.
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ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS.

The Hermation quartic matriz.

367

PREPARATION FOR THE TRANSFORMATION. Art. Nos. 22 to 44 (several sub-headings).

22. Observing that, for the adopted form of the II- or ®-functions, the periods

so that we have

Wg; Vi are: 10

;, Yy
@3, Uy

W3, Us

WyVUy — Wy V) + @,V — W3V,

I
4, H,
8,

=H-0+0-H, =0,

we have to consider the automorphic transformation of the bilinear form

and the coefficients are assumed to be such that we have identically

23. We write

(wo: @, Wy, w3)=

(Uo: Uy, Vs, v3)=

WUy — WV + W V3 — W3V,

@y, @,
bo, by,
Co, G,
do, d,,
Ay, @,
bo, by,
Co, Cny
dy, i,

Gy @ JQy, Oy, Uy, Qy),
by 0 b3
Cyy, Cg
dy; | ds
v b B8 i Ta 1Es)
(i
Cyy C3
ds; dg

U, — 0V + 0 V3 — wyu, =k (2T, — QT + Q, T, — Q,T),

where & is in the sequel taken to be a positive integer.
substitution the value of w,v, — w.v, + w,v; — w,v, in the following form:

Y|

Yy

Y,

Q

9,

Q2

We obtain by direct

Q,

ayCy — Coty + bydy — dyb,

4,6y — €14+ by dy— d, b,

@y Cy— Coty + by, — d, b,

@y ¢y — Cy + b3y —ds b,

@€, — Coty + bydy — dyby

4,6, — €10 + by dy — dyb,

Ay Cy = Coty + byd,— dyby

@y¢, — Cyay + bydy — dgby

@y Cy — Cyty + by — dyb,

@1y — Cy 0y + by dy — d, b,

Wy Cy— Coly + by, — dyb,

3Cy — Cylly + bydy — dyby

€3 — Cotty + bydy — by

@, Cy — €,y + by dy — dy b,

Uy Co — Co@y + bydly — by

gy — Cytty + by — dsby
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368 ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. [848

viz. equating this to its value %(Q,T,—Q.T,+Q,T;—Q,T,), we have 4 identities and
12 equations which are, in fact, 6 equations occurring each twice. We have thus six
equations, which are the conditions in order that the matrix may be the matrix of
automorphic transformation of the bilinear form v, —w,v,+ w,v3—wyv,.  The six
equations may be written

(ac + bd), =0,
(ac + bd)y, = F,
(ac + bd),; =0,

(ac + bd),, =0,
(ac + bd); =k,
(ac + bd),; =0,

viz. the first of these equations is a,c, — ¢+ byd, — b,d,=0, and so in other cases.
It is convenient to remark that each interchange of two letters @ and ¢, b and d,
also interchange of the suffixes 0 and 2, produces a change of sign; thus the second
equation may be written (ca + db),=—k, or (ca+ db), =k.

24. The inverse matrix is found to be
(@, @, a, a ) _1( o dy, —ay, —0by);
R T Sl o) ML L ! B
B Bhn. s R —¢y, —dy, @y, b,
oy A —¢, —d, O b, |
and the determinant of each of the matrices in this formula is = &2
We have thus
k(0,001 0 ) = (et dy, —a;,, —b Qo o, 0, o);

Cs, ds; =ity ol o b3
— ¢y —d, ay, b,
ek £ dls @y, bl

and the like formula for the T, v. Substituting these values in the equation
k(QTy—Q,Ty + QT — Q1) = w,vy — 0,0 + @, U5 — w3y,

we obtain 6 new equations, which are in a different form the conditions for the
automorphic transformation.

The 6 new equations may be written
(02 + 13),3 = 0,
(02 + 13),, = £,
(02 + 13),, = 0, -
(02 + 18),3= 0,
(02 + 18)q = &,
(02 4+ 13),, = 0,

viz. these equations are
Cody — Cody + ¢,y — csdy, =0, &ec.
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25. It is worth while to show how the foregoing formula for the inverse matrix

comes out. Take for instance the diagonal minor

bl) b2) bs >
G, G G
dl ’ d2 ) d3
this is
= €1 (dB):s + €3 (db)n + €5 (db)rs,
which is

= ¢, (ac)s + ¢ (k& + (ac)y} + ¢; (ac),

= ek,

since the remaining terms destroy each other. And dividing by the determinant, which

is =k, we have the term c¢,+% of the inverse matrix.

The Symmetrical Hermitian Matria.

26. We may consider a symmetrical Hermitian matrix, say the matrix

(%A, $, 6 ¢ ),

H, B, § M
G, §, € N
Sl AR

viz. we have

AC — &+ HN -23 =4,

HN-F +BD —

AT — GH +s;>sm—m s 0
AN — G +HD — WM =0,
6H-FG +BR —MF =0,
GR—-62 +FD — MR =0.

The characteristic property is that, effecting a Hermma.n transformation, we have

a new symmetrical Hermitian matrix

(A, H, 6 ¢ Jaz+ay+az+aw, bz+...
', B, F. M
'®, §, 6, N
LM R, D |
= AR
@,
a0
(3R, & 1 K
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370 ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. (848

In fact, the new matrix is

(Q[,---)=(’ao: by, Gy, do)(?[)( Gy O, Gy, G )

l @, b, ¢, d b, by ba, by
a2) b2, 021 d'z co ’ cl > 02 > 08
l as, b, ¢, dy dy, dy, dy, dy

where the first factor, qud transposed matrix, is Hermitian. Hence the product is a
symmetrical %*¢p matrix.

27. Write
Ay=HpP— A,B,—(n*—afB), 6=0aB—17?
{ 8 =2Hm—aB,—pBA,,
and consider the following matrix

( B » == , —nH,+BA, —nB, +BH, §=, y, 2, wy

-9 J o , —nd,+aH,, —nH,+ abB,
| —qH,+BA, —nd,+aH, +ad, —84,, —OSH,+nA,
| —uB, +BH,, —nH,+aB,, —8H,+nb,, +BA,— 3B,

=(B, —n, aQaz+ A,z + Hyw,y + Hyz + Bw)* — (° — af) (az* + 2nzw + Bu?);

it is easily shown that this is a symmetrical @-matrix. In fact, representing it for a

moment by (B B e 8
H$, B8, § M
@l % ] @, gt
RGeS

so that A=78, B=a, H=—1n, &c.,, we have
AC — G+ HN - W =B (aA,— 84,) — (—nH, + B4,)
. 3H, + 74,) — e 7B, + :BHO) {~ nd,+ aHo):
which is
=aBA,- B84, — n*Hy +2Bnd,H,— B*A? + ndH, —n*A,— 94, B, + naB,H,+nBA,H,-aBH;
or, for the two terms —B84,+ néH,, = (nH,—BA,)8, substituting the value

("7H0 3 BAO) (2Ho”7 —abB, — BAO)»
the whole is found to be :

=(aB —7®) (A, — H,+ 4,B,), that is, =(aB— v*) =6

And, similarly, HRN —LF+BD —M? is found to be =¢*; and the remaining four com-
binations of terms to be each of them =0; the matrix is thus a. symmetrical ¢*-matrix.

'28. It is to be added that the diagonal minors and the determinant
A AB-H°, ABE + &c., ABED + &e,,

have respectively the values B, 6, af? 6*; viz. if @, 8, 6 are positive, then these are
all positive; or the last-mentioned quadric function is a definite positive form.
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The general matriz resumed : Arithmetical theory.

29. The matrix containing, as before, the parameter %, may be called a k-matrix;
if £ be =1, it is a unit-matrix. From the fundamental equation

k (QoTz -Q, T+ O, T, — QSTI) = WUy — W3V + @, V3 — W3V,

it at once follows that, compounding a k-matrix with a &’-matrix, we have a kk'-matrix ;
and in particular, compounding a A-matrix with a unit-matrix, we have a k-matrix.

30. The symbols a,, @, b,, &c., and %, have thus far been arbitrary magnitudes,
but we now take them to be integers; and we consider in particular the case where
k is a positive odd prime. The number of k-matrices is of course infinite, but if
we regard as equivalent any two such matrices which are derivable one from the
other by post-multiplication by a unit-matrix (viz. U being a unit-matrix, the matrices
M and M.U are regarded as equivalent), then the number of distinct k-matrices is
finite, and =1 + k + k> + %°.

The first step is to show that we can by post-multiplication, by a properly
determined unit-matrix, reduce the %-matrix to the form

( Qy, a,, s, a/B ))

0) bl; b2) b:i
0 300 0L, aa0gi 0
0: O ’ dz; d.}

these values being such as to satisfy identically two out of the six conditions; the
remaining conditions present themselves under the two equivalent forms
aoC, =k, byds=k, ab,+ab,—a;b,=0, a,d,+ a;d;=0,
and 5 A
aC =k, bdy="k, a,c;+bd, =0, —ayes+ body—byd; =0.

Hence a, ¢;=1, k, or k, 1; and b, dy=1, %k, or k, 1; so that, combining these
pairs of values, we have four different types of matrix, each type depending on the
coefficients @, ds, @, bs, a3, by, connected together by two equations. But the forms of
the same type are not distinct from each other, and we have to determine for each
of the four types a system of non-equivalent forms comprised therein, and such that
from these, by post-multiplication by a unit-matrix as before, the other forms of the
type can be obtained. This final system is:— \

L e I T 0 0 04,
0, 1, 0, 0 0, k 0, i
0, 0, k 0 0, 0, & 0
0, 0, 0, k 00,1

L |k 3, & 0|, IV.|k O 4 4 |,
G TR 0 k.5
SR R i |o,o,1,ol
0, 0, —i, k 409, 50 1430 |

47—2
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where ¢, 7, 7/ are integers, having each of them any one of the values 0, 1, 2,..., k-1,
viz. there are in the four types 1, k, k% %* forms respectively, and the number of
forms is thus =1+ k44 + 4% as already mentioned. I abstain from the further details
of the proof.

There is obviously a like theory for which, in place of post-multiplication, we have
pre-multiplication ; viz. here the matrices M and U.M are regarded as equivalent.

81. Any two k-matrices are reducible one to the other by a combined pre- and
post-multiplication; viz. we have always M'=U.M.U’, where M, M’ are any two
k-matrices, and U, U’ properly determined unit-matrices; and in particular, M’ being
any given k-matrix, this is expressible in the foregoing form, where M denotes the
principal matrix

A, 790, Gy
(0 W,
0,050, 5 00
0,70, 05 k&

~
~
~

Congruence theorems, k an odd nwmber.

82. Taking % an odd number, and using throughout = instead of = (mod. 2), we
have the following congruences:
(o + a3, bby + byby, cocs + €103, dody + dydy)
=( @, W, @ & Y0:C+ bads, ayc; + byds, agc,+body, a6, +b:dy);
by, b, by, b
Cos> Cis Cas: Cs
dy; 'dyy dy, dy |
or, conversely,
(@sCs + byds, ay05 + bydy, @y + body, ticy + bidy)
=( ¢, dy, —ay, —b, Yaas+ aas; bb,+ by, cico+cicy, dodo+ didy),
Cs ds, —a;, —b
—Cy —dy, o, b,
-6, —d, @, b,

where observe that on the right-hand side the signs — may be changed into +; in
fact, to the modulus 2, we have for any integer value whatever —p = +p.

33. The first congruence is

oy + 1@y = @y (AsCo + body) + @y (A5C5 + byds) + s (@ocy + body) + a5 (ay¢, + bidy), say X =7,
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and to verify this, I see no other method than that of considering separately all the
combinations of even and odd values of a,, @, @, @, ; viz. we have the 16 cases

Case @oa' 1ilsy ; 1y Gus ay X, 5
1 0 0 0 0 | does not exist
2 0 0 0 110 0
3 0 0 1 0 0 0
4 0 0 1 il il 1
5 0 1 0 0 0 0
6 0 1 0 1 0 0
7 0 1 1 0 0 0
8 0 1 1 1 1 1
9 1 0 0 0 0 0

10 1 0 0 1 0 0
¥ 1l 0 1 0 0 0
12 1 0 1 1 1 1
13 1 1 0 0 1 1
14 1 1 0 1 1 v
15 1 1 1 0 1 i
16 1 1i 1 1 0 0

viz. the X colﬁmn gives in each case the value of X, =a,a,+ a0y, and then it has
to be shown that ¥ has the same value. The coefficients satisfy the conditions

WCa — WaCy + U, C3 — Ay =1,

b0d2 s bgdo + bld3 -, bsdl = 1,

oy — asby + a,by — a;b, = 0,

Aoy — aydy + ayds — agd, =0,

byc, — bycy + byc; — bye, =0,

Cole — Cody + 1z — 6y =0,
so that from the first equation we cannot have a,, @, a,, a each =0, or the first
case does not exist. As to the remaining cases, it is easy to see that they group
themselves as follows: 2, 3, 5, 9: 4, 13: 6, 7, 10, 11: 8, 12, 14, 15: 16: the proof
being substantially the same for the several cases in the same group.
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34. Case 2. We have ¥ =0b,d, which should be =0, and in fact, the six equations
give b,=0, d, =0, whence ¥V =0.

(?ase 4. We have Y=c¢, + ¢;+ b, d, + byd;, which should =1, and in fact, the six
equations give ¢;—¢, =1, by—0,=0, dy—d,=0; whence ¢, +¢c;=1, b,d,+b,d; =0, and
therefore ¥V =1.

Case 6. Here Y =b,d,+b,d, which should =0; and in fact, the six equations
give b, + b, =0, d,+ d, =0, whence ¥ =0.

Case 16. Here Y =c,+ ¢, +cy+c;+ bydy + bydy + body + byd;, which should be =0;
the six equations give
—00—01+02+03=1, _bo—b1+b2+b3=0,
—dy—dy+ dy+d; =0, and b,d,— b,d, + bydy — byd, = 1.

Writing
by+b,=b,+b; and dy+dy=d, + d,,
we find
body + bydy + bydy + bydy = bydy + bydy + bydy + by,
that is,

body+ by dy + body + byd; = byd, + bod, + by d; + bsdy, =15
and ¢,+ ¢ + ¢+ ¢;=1, whence YV =0.
35. Case 8. This is the only case of any difficulty: we have
Y=c,+c¢ +bydy+ by d; + byds,
which should be =1. The six equations give

_'00+03_01= 1, —bo+b3—b1=0, _d0+d3_d1=0,

or, say
c=—1—-c+¢, by==b+b,, dy=—-d,+d;;

or, substituting these values and omitting even terms
Y=c +c¢—bd;—byd,.
The remaining three of the six equations are
bydly — bydy + bydy — bydy =1, bycy — bocy + by — bye, =0, cyds — €2y + €,d5 —¢;d, =0 ;

or, substituting for b,, ¢,, d, their values, these become

A+c—c) by + (bs = by) . = =bic +be,
(d, —d;) by + (bs— b)) dy=1 —b,d; + byd,,
(di—dy)e+(—1—=c+¢)do= —cds +cdy;

we can from these equations eliminate b,, ¢,, d,; viz. from the first and third equations
eliminating ¢,, we have

(1 +¢ = ¢) {(dy = dy) by + (by — by) do} = (ds — &) (= by + byey) + (bs — by) (= s + c,d)),
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and this, by means of the second equation, becomes

l+ea—c) -1+ bd,— bsdl) =(d;— dl) (- bics+ bye) + (bu —-b)(— e d; + c;dy),

viz. reducing, this is
—c+e—1+bd,—b,d,=0;

and in virtue of it we have ¥Y=c¢,+¢; —bd,—byd, =1.
It can be further shown that, to the modulus 2 (& being, as before, odd), we have
(@@ + @1as) (CoC + 165 ) + (bobs + b,by) (dod + didy) = 0,
(@oCo + body) (@62 + body) + (aycy + bydy) (ayc; + bydy) = 0.
To prove the first equation, write for a moment
Q = (At + ¢ ay) (6oCs + ¢1¢5), Q' = (byby + byby) (dods + d,dy),
X = (a0, — 1,6 (aC3— ay0,), X' = (byd, — byd,) (body — byds,);
then in virtue of the equations
@y, — ;¢ + bydy — by,
AyCy = A3Cy + byl — byds,
we have X =X’. But we have identically

Q- X =(ac,+ ,C;) (AaCo + 4Cy),
and from the equation
o0y — UsCy + U, C3 — @30, =1,

that is, a,c,+ @0 =—14 teC;+ 105, we have Q —X=0; and simila.rly Q' — X'=0, that
is, Q —Q'=X-X =0; we have thus the required equation Q+Q'=0. In a similar
manner the second equation may be verified.

36. Write
: W=y + vy + Gy + 10y + Goas + A, Gy,

v = pby + vb, + qb, + 7b; + byb, + bb;,
q = o + V01 + s + 765 + CoC2 + €105,
v = pd, + vd, + qd, + rd; + dod, + d, d;.
It is to be shown that to the modulus 2 we have
Wq +vr = puq+or.

In fact, forming the value of w'¢’+17, we have first a constant term (term
without u, », g, ) which vanishes; next writing u®= u, the whole term in u is

o Co + Doy + @ty (CoC2 + €,C5) + by (dod, + dld:,) + ¢y (apas + ayay) + dy (byb, + b, bs),

which also vanishes; and similarly the terms in », ¢, » each of them vanish; there
remain only the terms in uv, wg, &c. The coefficient of pg is a.c,+ ayc,+ byds + bod,

www.rcin.org.pl



376 ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. [848

which (always to the modulus 2) is =a,c; — a0y + byd, — bod,, that is, it is =1; and
similarly the coefficient of »r is =1; and in like manner the coefficients of the other
terms are each =0; we have thus the required congruence w'q’+ v7' = uq+ vr.

The quintic matriz.
37. I consider a quintic matrix composed of the foregoing coefficients (a, b, ¢, d)y,1, 5, 3,
viz. the matrix contained in a linear transformation which I write as follows:

01, .21, .2.02 <03 .32

T, P, @B BYmabl fl 4005 4 . .| P @ R,S8),
cb
ac | . 2 —k
ad
de

T = (@b T+ (@) P+ 2 (ab)n @ + (@b} B + (@b} S,
where as before (ab)y = a,b,—a,b,, &c., and so in other cases; in particular, observe
that, in the expression of @, the term involving @ is {—%+ 2(ac)x} @ which, in virtue
of the relation (ac+bd),==Fk, may also be written {(ac).—(bd)s} Q. T notice that in
Hermite’s paper, p. 366, the term is in effect written without the —%, =2 (ac), Q;
the correction of this erratum and of a corresponding one, p. 366, is made p. 787 at
the conclusion of the memoir.

38. The matrix is automorphic for the form 7™ — PR — TS, viz. we have identically
Q*—PR -T'S=k(@—-PR-T8).

As a partial verification, consider in Q?— PR —71"S’ the term containing @ The
coefficient of @ is

read

(= k4 2 (ac)u) — 4 (cb) (@) — 4 (ab)es (d)e,
where the first term is
{(ac)y — (bd)yf?, which is = {(ac)e + (bd)w}* — & (ac)w (bd)n = k* — 4 (ac)n (D).
Hence, observing that we have
(@C)os (b )os + (b )z (@)oo + (@b (d)oe = 0,

the whole coefficient is =#? as it should be; and in like manner the verification may
be effected for any other term.

39. We require the following formule: -
( = Co, Qo, bO )(T,; P’, Q’)=k( > bl: = bo’ Q| bs )(T’ P’ Q’ R’ S)’
|

" — G,y by ¥ b, - by, = b,
“ — Gy, (o, b2 - b]_, . Al b?; T b37
| = Cs, as, b3 bo, b2, b3, . . '
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that is,
and
( e d07
e dl:
= d?)
! ds;

From the first set, multiplying the first, third and

ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS.

— " + a P +bQ =k (b,P —b,Q — b:S), &e.,

&, by Y@, Q, \R)=1"F( L, =y, Dt 0ty
@, 0O, < shig 4t Dy = Lo
a;, b, A, < A, QAg,
as, b | —@y =05 — @ .

377

a; )(T, P, Q R, S).

- Qg

fourth equations by 7, P, @

respectively and adding, and again multiplying the second, third and fourth equations
by 7, @, R, and adding, we obtain

— (T 4¢P +¢.Q) T + (aoT + a, P + a,Q) P + (b,T + b,P +b,Q) Q' =

kb, (Q* — PR — TS),

—(@T+cQ +cR) T+ (T + a.Q + a,R) P+ (b, T + b.,Q + b:;R)Q =— kb, (Q* — PR—T8);

and similarly, from the second set of equations, we obtain

o (doT+ d2P+dsQ)T+(aoT+ a, P+ asQ) Q +(boT+ b2P+b3Q)R/
-, T+dQ +dR) T + (0, T + 0,Q + a,R) @ + (b, T + b,Q +b,R)R' =

40. We have the inverse system

(T B O R S)—82

read

de ad 2bd cb ab
Y g
03 !
13 —k
21
01

— kas (@2 — PR—T8),
ka, (@ — PR —TS).

QI’ R/’ SI),

T'=(do)s T" + (ad), P’ + 2 (bd)y @' + (ch)yy B + (@) 8 ;

and in particular observe that, in the expression for @, the term containing @ is
{—k+ 2 (bd)s} @, where, in virtue of (ac+bd), =k the coefficient of @ is also
= (bd),5s — (ac)s.

41.

( ao,
bo,
co: Ca,

i do, d?)
O.  XTL

g,

b,

These equations give

@ BL Pl m B (. i ety ey

b, — 0, O, b,, % s
oy | ey WES G . b,
dy | st L dy, —¢;, ~a
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and
(@, a, as QT Q, R)=k( —dy, o) a, b, . P9, B, S')
iS5Gy 0, Coy — Ay, — by, ., §
O Oy By Jy =y, ' Aot L S
st tlsalics LS e ay

From the first set of equations, multiplying the first, third and fourth equations
by -8, —R, +@Q respectively, and adding, and again multiplying the second, third
and fourth equations by — &', @, — P’ respectively, and adding, we deduce

T(—aS —cR +d@)+ P (- a8 — . R + d,Q)

+Q(— a8 — ;R + dyQ)=— ke, (Q° = PR - T'8'),

T (= b8+ cQ —dyP) + P(— b8 +¢,Q — d.P')

+Q(— bS8 +¢,Q —dy )= kd;(Q*— PR -T'8);
and in like manner, from the second set of equations,

T(-aS8 —aR +d,Q)+ Q(— S — . R + d, Q)

+ R(—a;S" — ;R +d,Q)=—kd, (Q*— PR - "8,

T-bu8 +aQ —dP)+Q(-=bS +c.Q —d.P)

+ R (= b8+ c,Q — dyPy= ke, (Q*— PR -1'S").

42. Assume that T, P, @ R, S and 7", P, @, R, S’ are linearly connected
as above; and write

T vP:Q :R:8mlcd W R HYS A
T B Q) R Bl A e B s VH S AR

equations which establish a like relation between 1, 4, H, B, H®—- AB, and
1, A’, H', B, H?— A’B. Observe that these forms are admissible since, if

T* — PR - QS =0,
then also

Q*—PR -T'8'=0,
The quantities 4, H, B were taken as the parameters of a theta-function; viz. taking
A, H, B=A,+ 1a, H,+1n, B+,

then («, 7, BYx, y)* must be a positive form (or what is the same thing, a and
a3 —n* must be positive). If A', H', B’ are also the parameters of a theta-function,
then writing

A, H, B=A4)+1, H/ +u/, B, +8,
(«, 7, BQx, y)* must also be a positive form. It can be shown that, 4', H', B’
being determined as above, the former condition implies the latter one; viz. if the
form (a, 7, BUx, y)* be positive, then also the form (o, %, B8'Qx, y)* will be positive.

www.rcin.org.pl



848] ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. 379
Write

A=A+ 72, A'=A4A/+ 7,

B =B, +i8, B =B/ +1i8,

H=H,+m, H'=H +1u.

A =4,+13,

Ay=Hp— A,B,— (n* — aB),

=2H,n — Bya— 4,8,
and let the quintic matrix in the foregoing transformation
(I, P, @, R, 8)=(MYT, P, Q R, 8)

be represented by
i IR AR A

B W N = O

43. It is to be shown that a'z®+2y'zy+ B'y* is definite and positive.

We require o, B, n’; we have

_(tl) P, @15 Ty 31) (1; A, + 1a, Ho+'i7), B, + 8, Ao+i8);M1+N1";

e BT, B ) 3 )~ My + Foi
and thence :
o <Moo ipde_ Lt -y,
Now
M,N,— M\N,= (t,p, —t,po) e
+ g —tg)
+ (tyry — ) B
+ (68 —14,8) &
+ (s — P1q0) (Aom — Hya)
+ (o1 — 7o) (408 — Byar)
+ (Posi — pi8o) (4,8 — Aja)
+ (g7 — qro) (HoB — Byn)
+ (9o — quro) (H,8 — Bym)
+ (08 — @8) (Hyd — Aym)
+ (108 —m8) (B8 — AB);
48—2
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and so for 9, B with only the change of ¢, p, ¢, 7, 8 into t, P, G, 7. 8 and

ts, Ps, Qs> 73, Sy respectively; we find, omitting a factor % throughout,

o« = 7y & B =
a by — by, s
7 — 2b,b,, aoby + a, by, — 20,04,
B by, — ayb,, al
8 — (boby + b, by), 3 (@oby + ashy + a by + ashy), — (aya, + ayay),
Am — Hya — 2b,b,, a,b, + a,b,, - 2a,as,
H,8 — By + 2b,b;, — (ayb; + ab,), + 2a,as,
A,8 — B,a boby — bibs,  — & (aoby + asby — a,by — ashy), Wy — A A,
A8 — Aja - b2 a;b,, —ag
H,8 — Ay — 2b,b;, + ayb; + asb,, — 2a,as,
B,d —AB — b asbs, — ag,
and hence
a@® + 2n'zy + By
_k( B, —n, —nH,+B4, —nB,+BH, Ybz—ayy, bx—a,y, bx—a,y, byz—a,y)*.
Rk —a, a, —nd,+aH,, —nH,+ aB,

—qH, 4+ BA,, —nd,+aH,, +ad,— 84,, —8H+ 74,

—nB, +BH,, —nH,+aB,, 8H,— nA,, +BA— 8B,
The right-hand is here definite and positive (suprd No. 28), hence also the left-hand
is definite and positive.

44, As a specimen of the work, observe that we have
bopr — tipo = (ab)n (cb)a — (ab)m (Cb)m
= b, {by (ac)n + by (ac)y + by (ac)e}
= b, [— by (bd)ey — b, (bd)so + by {— (b)) + K} ]
= b12k1

since the remaining terms destroy each other. Dividing by [J, and then omitting

the factor i , we have thus the term ab? in the foregoing expression for o

]

THE TRANSFORMATION. Art. Nos. 45 to 53.

45. Consider (a, b, ¢, d), 1 45, the components of a quartic matrix as above, and
also T, P, Q, R, S; T, P, ¢, R, S' connected as already mentioned; and write for

shortness :
2y = Qo + bo?/, z=az+ by,

z2=2+ by, 23=a;x+ by,

www.rcin.org.pl



848] ON THE TRANSFORMATION OF THE DOUBLE-THETA FUNCTIONS. 381

and consider the function
(2, y)= 0 (2,+ Az + Hz;, 2,+ Hz,+ Bz) exp. 1w {(z02.+ 2:25) + (4, H, Bz, 2)},
where ® denotes the function
® (’q‘ :) (4, H, B).
It is to be shown that II is a function
m (‘q‘ :) (@, y)(d', H', B)(K, def),
where the new parameters A4, H', B' are given in terms of the original parameters
A, H, B by the equations
L A uH B B s HS = AR == T s P s @Ry S,
D8 A JHO 2R o= HOLANR = 1%} P QAR 8
and where u', v, ¢/, v have the values
W= pay + vay + qa, + ra, + a,a, + a,a;,
v = pb, + vb, + qby + by + byb, + bb;,
q’ = pucy +ve, + Q6 + 105 + CoCy + €1Cs,
v = ud, + vd, + qd, + rd; + dod, + d,dy ;

viz. it is to be shown that the function II, as above defined, satisfies the fundamental

equations
H(z+1, y) =) (= y),
I (z, y+1) = (=) L (z, y),
M@+ 4, y+H')=(-) Il (#, y) exp. — 27k (2z + 4’),
2 D@+ H', y+ B)=(-) Il (2, y) exp.— 2wk 2y + B),
an

- (-2,~y) = (=) (, y).

46. It is proper in the first place to show how .it is that A, H’, B’ are
capable of being the parameters of the new function.

‘Write for shortness
X =2+ Az, + Hz,,

Y=2+ Hz + Bz,

and suppose z changed into z+1 we have 2z, z, 2, z increased by a, a,, a,, a
respectively; and thence X, Y increased by a,+ Ada,+ Ha,, o, + Ha,+ Bay; the theta-
function is thus changed into

O X +a,+ Aa,+ Ha,, Y +a,+ Ha,+ Ba,),

viz. the arguments are increased by multiples of the quarter-periods (1, 0, 4, H) and
(0203 B).
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And, similarly, by the change of y into y+ 1, the theta-function is changed into
O (X + by + Ab, + Hb;, Y + b+ Hb, + Bby),
or the arguments are increased by integer multiples of the quarter-periods.

47. But suppose next that a, y are changed into #+ A’, y + B’: we have 2, 2, %, %

increased by
A'a,+Hb,, A'ay+H'b, Aa,+H'b,, Aas+H'D,

and thence
X increased by 4’ (a,+ Aa,+ Ha,) + H' (b, + Ab,+ Hb,), = ¢y + Ac, + He,
)4 ¥ » A’ (a,+ Ha,+ Ba,) + H' (b, + Hb,+ Bb;), = ¢, + He,+ Bes,

since these equalities are the before-mentioned equations
P (Tay+ Pa, + Qas) + Q (T, + Pb, + Qbs) = T" (T, + Pcy + Qcs) =0,
P (Ta, + Qa, + Ray) + Q (16, + Qbs + Rbs) — 1" (Tey + Qc, + Re;) = 0.

It thus appears that, by the change of », y into #+4’, y+ H’, the theta-function

is changed into
O X +c¢,+Ac,+ Hey, Y+ ¢+ He,+ Bey),

viz. we have again the arguments increased by integer multiples of the quarter-
periods; and in like manner, by the change of z, y into «+ H', y+ B, the theta-
function is changed into

O X +d,+ Ad,+ Hd;, Y+ d,+ Hd,+ Bd,),
or the arguments are again increased by integer multiples of the quarter-periods.
48. We have to complete the verifications, first for the equation
Hz+1, y)=() Uz y).
Reverting to the definition of II, we have
(=¥ 1I(z+1, y)+ 1 (2 y)
= (=) B VI—90T exp, — U7 {Goly + Oy L) ;
O (X +a,+Ada,+ Hayy Y +a,+ Hay, + Ba,) + 0 (X, Y)
= exp. 1T {@y2y + A2y + W25 + A2y + ATy F W@} X
exp. i (2 (Aa, + Hay) 2, + 2 (Ha, + Bas) 2+ (4, H, B) (@2, @)} ;
the second line of this is
= (—)pactvantaartras oxp, igr {— 20, X — 20, Y — (4, H, B)(ay, a5)?},

and the right-hand side of the equation will thus be =1 if-only the whole argument
of the exponential be =0; that is, omitting the terms which destroy each other

and the common factor ¢, if only
— 20, X —2a,Y
+ A2y + Q2o+ 23+ 32,
+ 2 (da, + Hay) 2,+ 2 (Ha, + Bas) 2,= 0.
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Substituting herein for X, ¥ their values

@+ Aay + Hay, ay+ Hay+ Bay,
the equation becomes

@o2o— Qa2+ Ay 23— A32, =0,

and finally substituting herein for 2z, 2, 2, 2, their values, the coefficient of # is
identically =0, and the coefficient of y is

aoby — asby + a,by — agh,
which is (02 + 13),, and is thus =0. This completes the proof of the equation
M@+l y)=(-)1( y);
and we have of course a precisely similar proof for the equation
(2, y+1)=(=)" 1L (2, y).

49. For the next equation, writing for shortness a,, oy, @, a, for A’a,+ H'b,,
A'a,+ HY,, A'ay+ H'D,, A'ay+ H'b;, so that z, z,, 2z, 2, are increased by a,, o, oy, @
respectively, we have

(=) "I@z+ 4", y+ H)=+ 1l (z, y)

= (—) M1 "% exp, — 7 (CoCs + C1C5) ;
O X +cy+Ac,+ Hey, Y+ ¢,+ He,+ Be,) + O (2, y)
= eXP. i {82 + W2+ X 25 + 42, + %0y + & 8} X
exp. im {2 (Aay + Hay) 2,+ 2 (Hay + Bag) 2, + (4, H, B)(as, o).
The second line is here
= (—)pertvectaertres exp, g (— 26, X — 26, ¥ — (4, H, BYe,, o)},
and the whole expression should be
= exp. 1w {— 2kz — kA'}.

Hence bringing these terms over to the left-hand side, the equation will be satisfied
if only the whole argument of the exponential be =0; viz. omitting the factor i,
the equation will be satisfied if only

o2 + a2y + A 25 + Gy 2y + 0,8y + X Oy — CoCy— C1Cs
+2(A1 H) B)(az, as)(‘ZZ) Z3)+(A, H) B) (a2) a3)2
—202X —2O3Y e (A: H: B) (02! 03)2+k(2‘”+ A,)=0'
Substituting here for X, ¥ their values

2+ Az, + Hz,, 2,+ Hz,+ Bz,
and attending to the values

wz+ by, wmz+by, wz+by, a,z+by

of 2, 21, 2, z;, the equation contains a term in #, a term in y, and a constant term ;
and we may consider these terms separately.
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50. The term in # will vanish if
Uy + ayty+ tyay + oy + 2 (Ao, + Hay) ay+ 2 (Ha, + Bag) ay
—2¢, (ay + Ay, + Haz) — 2¢; (a, + Ha, + Ba,) + 2k =0,
and substituting herein for a,, %, @, a; their values
A'ay+ H'b,, A'a,+ H'b,, A'a,+ H'b,, A'a;+ H'by,
the equation becomes
A’ [2a0ay + 20,05 + 2 (Aay,+ Hay) a, + 2 (Ha, + Bay) a,]
+ H' [aoby + asby + a,b; + asby + 2 (Aa, + Hay) b, + 2 (Ha, + Bay) b;)
— 20, (ay + A, + Hay) — 2¢5 (0, + Ha, + Bag) + 2k =0,
or observing that the first and second lines may be expressed in the form
A’ [2a, (ay + Aay, + Has) + 2a, (a, + Ha, + Bay)]
+ H'[2b, (ay + Aa, + Ha;) + 2b, (a, + Ha, + Bay)] — (aoby — @by + a,bs — ashy),

where the term a,b, — a,b, + a,b;, — a;b,, that is, (02+18),;, is =0, and may therefore
be omitted, the whole equation, omitting the factor 2, which divides out, is

(A'ax+ H'b, — ¢,) (ay + Aay,+ Hay) + (A'a; + H'b;— ¢;) (o, + Hay + Bas) + k=0,
an equation which, in the form
(=T +a, P 4+ 0,Q) (@ T + ay P + a;Q) + (— ¢ 7" + ay P’ + b,Q) (. T + 0,Q + az R) + kTT" = 0,

has been above shown to be true. The term in « thus vanishes.

51. The term in y will vanish if
0oby + by + o, by + ayb, + 2 (A, + Hay) by, + 2 (Ho, + Bo) by
—2¢, (b, + Ab,+ Hby) — 2¢; (b, + Hb, + Bb;) =0
and this is in a similar manner reduced to
(A'ay + H'b, — ;) (by+ Ab, + Hb;) + (A’as+ d'by — ¢;) (b, + Hb, + Bby) =0,
an equation which, in the form
(=" + P’ + 6,Q) (0T + b, P+ bsQ) + (— ¢, T" + as P’ +b,Q) (0. T + b,Q + b, R) = 0,

has been above shown to be true. The term in y thus vanishes.

52. It only remains to show that the constant term also vanishes, viz. that we
have
o0+ oyas+ (4, H, B) (a, o)

— CyCy— €1 C5 — (A? H, B) (¢, ¢;)*+ k4’ =0.
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Substituting here for a,, a,, a,, a;, their values
=A'ay+ Hby, A'oy+Hb, Aay+ Hb,, A'a,+ Hb,,
the equation becomes

A (ay05 + ayag) + A'H' (aob; + @by + aybs + azb,) + H™ (byb, + b, by)

+ A[A4%a? +24'Ha,b, + H"”b,? ]
+ 2H [A%a,a;+ A'H' (asb; + azby) + H"™b,b;)
+ B[A"a® +24'H'a;b, + H"by ]

—coCa—Cics— (A, H, BYc,, ;) +kd" =0.
This may be written
A” {ay (ay+ Aay+ Hay) + a; (0, + Ha, + Ba,))
+ A'H' (b, (ay+ Aas, + Hay) + by (0, + Ha, + Bas)
+ ay (b + Ab, + Hb,) + ay (b, + Hb, + Bb,)}
+  H"*{b,(by+ Ab, + Hby) + by (b, + Hb, + Bb,)}
'y , — ¢y (Co+ Acy+ Hey) — ¢y (¢, -~ Hey+ Bes) + kA’ = 0.
Writing herein
co+ Ac, + Hey= (ay + Aay, + Hay) A" + (b, + Ab, + Hb;) H,
¢, + He, + Be; =(a, + Ha, + Ba,) A’ + (b, + Hb, + Bb,) H', |
equations which are true in virtue of :
— (oL + P +¢;Q) T" + (ay T+ au P + a, Q) P’ + (b T+ b, P + b,Q) Q' =0,
—(@T+¢Q+eR)T + (a, T+ a.Q + a;R) P + (b, T+ b,Q + b,R) Q' =0,
the equation becomes
(@ + Aa, + Ha,) A’ (A'ay + H'b,— c,)
+ (ay + Hay + Bay ) A" (A'a;+ H'b; — c,)
+ (b + Ab, + Hby) E' (A'ay+ H'by — )
+ (b, + Hb, + Bby) H' (A’a; + H'by — ¢;)+ kA’ =0,
that is;

A’ [(a0 + Aty + Hay) (= ¢+ A'ay + H'by) + (ay + Ha, + Bay) (= c;+ A'ay + H'by) + k]
+ H [(by+ Ab, + Hby) (= ¢y + A'ay + H'by) + (b, + Hb, + Bby) (— cs+ A'as + H'b,)]=0;

and we have the coefficients of A" and H’ each =0, in virtue of

385

(doT+ a P + a3Q) (— 1" + a, P’ +0,Q) + (T + a,Q + ay R) (— & 1" +ay P’ + b;,Q") +&TT" =0,

G +b,P +5,Q) (6T + &P + bQ) + (0T +5,Q +b,R) (=T’ +aP +b,¢)
c. XIL
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53. This completes the proof of the equation
O(z+A4", y+ H)= (=) (2, y) exp.—imk (22 + 4');
the proof of the remaining equation
M(z+ H, y+B)= (=) (2, y) exp. —imwk (2y + B'),
is of course precisely similar.
It has already been seen that wq'+ 7' =pug+vr; we have
®(-X, - ¥)= (- @ (X, V),
I (- o, —y) = (-pr T (3, y),
M (-a —y)= (7" (2, y),
which is the last of the equations which should be satisfied by the function II(z, y).

and thence

that is,

RECAPITULATION, AND FINAL Form. Art. Nos. 54 to 58.
54. Recapitulating, we have a Hermitian k-matrix (£ an odd prime)

(g 0 A,
oy by b
Coiy oL og it
doy dyy s,y

susceptible of (1+%&+4*+%*) forms; further, writing for shortness

2y = &y + by,
z=mz+ by,
2o = @ + byy,

23 = Q& + bsya

and then
X=z+ Az, + Hz,,

Y=2+ Hz+ B,
and assuming

T (s, y)=© (;‘ V)X, V)(A, H, B) exp.in {(aeat 212) + (4, H, B) (o, 2},

then II (z, y) satisfies the equations
e+l y ) =K y),
O( z ,y+1) ==y (= y),
M(z+ A4, y+ H')=(—)? 1 (2, y)exp.—imk (2z+ 4’),
M@+ H,y+B )=(-) I(z, y)exp.—imk(2y+ B'),
(-2 —y) = (=) U (s, y),
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and it is consequently a function
m (% %) (@ 9)(A' B, B) (K, det),

and as such, contains linearly 4 (k*+ 1) constants.

55. The values of the new parameters are given as above, viz. 7, P, @, R, §
being linear functions of 7, P, @, R, S (the coefficients in these relations being given
functions of the coefficients (a, b, ¢, d),,,,,,; of the Hermitian matrix), then

3 S S SR SRR SR W AR SN 0 0 LA
i st B YA’ Bl » P Q& B0 8,
which represent the required relations.

56. We consider four such functions II(z, y), derived from ©-functions having
respectively the characteristics

(ll'o: Vo) (#1: Vl) (/-"2; V2> (I‘:s, Vs)
Qo> To : G, T ' Q25 T2 ; Qs> T3 )
being a (0123) system; and having consequently the characteristics

(,“'o,: Vol) (//'1’: V1,> (I‘z’, Vzl) (/J's’; V3l>

QO,; 7'0' ) qll, 7'1, ) qu, 7‘2, ) q:}/’ 7'3/ )
which also form a (0123) system; say the four are II,, II,, II,, TI,.

This being so, consider four theta-functions
0(z, y)(4', H, B),

having respectively the characteristics

(I‘o,: vo'> (,ul’, v{) (/1'2” v2’> (.U's/: Vs'>

QO,; ry /"’ %I; Piser q;; o q:a,> ry/)"

which as already mentioned form a (0123) system; form with these the four sums

2eoﬂ' olbozcesd;

where in each case a+b+c+4+d==Fk but in the first sum a, in the second sum b, in
the third sum ¢, and in the fourth sum d is of contrary parity to the other three
letters (even, if they are odd; odd, if they are even), say the four sums are %, %,, %,, 2,
respectively ; each sum depends linearly on % (4% + 1) constants.

The general transformation theorem then is

So=lly, =1l S,=I,, 2=1I,;
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each of which equations in fact represents % (k*+ 1) equations; viz. on the left-hand
side we assign to the constants % (k*+ 1) systems of values at pleasure, then to each
such system there corresponds on the right-hand side a determinate system of values
of the 4 (&*+ 1) constants.

57. The results may be presented in a more symmetrical form. Writing & 7, § o
for the foregoing x, vy, z, w, we may consider

@ l‘l’: 14 (E+A/§+va, ”)+H,§+ Blw)(Al, H‘/’ BI)
g5

3

as a function of the four arguments & 7, { o, and express it by

#, D‘ 7 7 /
® (12 )& 7 b @) (4, B, B).
Writing then
m=§+A'§+H’w,
y=n+HE¢+ Bo,
X’ Y’ Zx W=( ao, bo; co’ do 3{5! 77: g) (IJ),
(_Ll) bl) c]: dl |
a, b, ¢, 0,

as, bs, €5 ds
e

2,4+ Az, + Hzy = age + by + A (az + b.y) + H (axz + byy)
=(a,+ Aa,+ Ha;) (§ + A'S + H'w)
+ (by + Bb, + Hb,) (n + H¢+ B'w),

we have

and also X+ AZ+ HW =
aE +bm+el+dew = (a+ Ada,+ Hay) €
+ A (E+bm+ et +dw)  + (b + Ab, + Hby) n
+ H (a;E + by + ;¢ + dyw) +(co + Ac, + Hey) &
+ (o + Ad,+ Hd,) o,
or since, as above,
A’ (a+ Aa,+ Ha,) + H' (b, + Ab, + Hb) = ¢, + Ac, + Hc*"

H' (a,+ Aa, + Ha;) + B’ (b, + Ab, + Hb,) = d,+ Ad, + Hd,,
we find
zo+ Az, + Hey =X+ AZ + HW,;

and in like manner another equation, viz. we have
2o+ Az, + Hz; =X +AZ + HW,
z2v+ Hzo+ Bz, =Y + HZ + BW.
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Moreover
22+ 212, + (A, H, BYz, 2)
= 2,(5+ Az, + Hz) = (@ + by) (X + AZ + HW)
+ 23 (2, + Hz, + Bz,) + (@ + byy) (Y + HZ + BW)

! = @E+At+Ho)(X+AZ+ HW)
+b (n+HE+Bw)( 5 )
+a, (E+ At + Ho) (Y + HZ+ BW)
+b; (n+ HE+ Bow)( 5 )

which qua function of X, ¥, Z, W may be called y.

58. And we then have the final result in the following form, viz.

exp. z’vrx.tb<g’ '), Y, 7, W)(4, H, B,

389

in each of the four forms, is a homogeneous function of the order k& of the corre-

sponding four forms

o(% ") 1 & )&, H, B).
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