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O N  LI N E A R DI F F E R E N TI A L  E Q U A TI O N S.

[ Fr o m t h e Q u art erl y  J o ur n al of  Piir e  a, n d A p pli e d  M at h e m ati cs,  v ol. x xi. ( 1 8 8 6), 
p p. 3 2 1 — 3 3 1.]

1.  T h e  r es e ar c h es of  F u c hs,  T h o m e,  Fr o b e ni us,  T a n n er y,  Fl o q u et,  a n d ot h ers,  r el at e 
t o li n e ar diff er e nti al  e q u ati o ns of  t h e f or m 

or  s a y  

w h er e  jt > o, ∕ >ι, ... » P m  ar θ r ati o n al a n d i nt e gr al f u n cti o ns of  t h e i n d e p e n d e nt v ari a bl e  x',  
a n y c o m m o n f a ct or of all t h e f u n cti o ns c o ul d of c o urs e b e t hr o w n o ut, a n d it is 
t h er ef or e ass u m e d t h at t h e f u n cti o ns h a v e n o c o m m o n f a ct or. It is t o b e  t hr o u g h o ut 
u n d erst o o d t h at x a n d y d e n ot e c o m pl e x m a g nit u d es,  w hi c h  m a y  b e r e g ar d e d as p oi nts  
i n t h e i nfi nit e pl a n e ; vi z. x, = ^  +  ⅛,  is t h e p oi nt t h e c o or di n at es w h er e of  ar e ξ, η : 
a n d si mil arl y f or y.

2.  S u p p os e  X  —  a is n ot a f a ct or of p ,̂ t h e n oi nt x  =  a is i n t his c as e s ai d t o 
b e a n or di n ar y  p oi nt i n r e g ar d t o t h e diff er e nti al e q u ati o n; a n d l et y ,̂ y ,̂ y. >, ..., y m →  

b e ar bitr ar y c o nst a nts d e n oti n g t h e v al u es of  y, , ,..., P θi nf  x =  a.

W e  c a n fr o m t h e diff er e nti al  e q u ati o n, a n d t h e e q u ati o ns d eri v e d  t h er efr o m b y  s u c c essi v e  

diff er e nti ati o ns i n r e g ar d t o x, o bt ai n  t h e v al u es  f or x  =  a  of t h e s u bs e q u e nt diff er e nti al  

c o effi ci e nts , t h es e ar e y ^ ,̂ y m +ι,∙∙∙ ∖ vi z. t h e v al u e of e a c h of

t h es e q u a ntiti es will  b e d et er mi n e d as a li n e ar f u n cti o n of y ,̂ y ,̂ ..., y m-ι, a n d w e  
t h us h a v e  a d e v el o p m e nt  of  y i n p ositi v e i nt e g er p o w ers  of  x  —  a, viz. t his is
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which will in fact be a sum of w determinate series multiplied by y^, y^, ∙∙., ½n-ι
respectively; say the form is 

where Xq, X^, ..., X^-i are each of them a series of positive integer powers of x — a. 
Each of these series will be convergent for values of a? sufficiently near to a, or say 
for points x within the domain of the point a; and since y^,, y^, ..., y^^-i are arbitrary, 
each series separately will satisfy the differential equation; and we have thus m 
particular integrals of the differential equation.

3. Suppose next that x — a is a factor of the point x=a is in this case
said to be a singular point in regard to the differential equation. The foregoing pro- 

cess of development fails, as leading to infinite values of , » ∙ ∙ ∙ ’>

have to consider the developments of y which belong to the neighbourhood of the 
point x==a, or say to the domain of the singular point x = a. This has to be done 
separately in regard to each of the singular points, and among these we have, it may 
be, the point ∞. To decide whether ∞ is or is not a singular point, we may in the 
differential equation write x = l∕t', and then transforming to this new variable, and 
throwing out any common factor, the coefficients of the transformed equation will be 
rational and integral functions of t, without any common factor; say these are 
Po, Pl, ..., Pm', if t is not a factor of P^, then ∞ will be an ordinary point of the 
original equation; but if i is a factor of Pq, then ∞ will be a singular point of the 
original equation.

4. In considering the singular point x = a, we may, it is clear, transform the 
equation to this point as origin, and it is convenient to do this; supposing it done, 
we have an equation wherein x=0 is a singular point,’viz. pθ contains a: as a factor, 
and we have to consider the developments of y which belong to the domain of this 
singular point x = 0.

It is convenient to change the form of the differential equation by dividing the 
whole equation by the first coefficient p^, and then expanding each of the quotients 

— , , ..., in a series of ascending powers of x. The new form is
i>o Po IK 

or say

where pι, p^, ..., Pm denote each of them a series (finite or infinite) of integer
powers of x, but containing only a finite number of negative powers of x.

5. Such an equation frequently admits of a “ regular integral ” of the form 
y = xf‘E{x}, where E(x) is a series of positive integer powers Eq Λ-EiX ÷ E^a^+..., 
{Eq not = 0, for this would imply a different value of p)*. To determine whether

* The expression regular integral is afterwards used in a more general sense, see post, No. 10.
50—2 
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t his is s o, w e  s u bstit ut e i n t h e diff er e nti al e q u ati o n f or y t h e v al u e i n q u esti o n  
i κf E (i c), t h us o bt ai ni n g a s eri es

( w h er e θ is a d et er mi n at e p ositi v e  i nt e g er d e p e n di n g o n t h e n e g ati v e p o w ers of x i n 
t h e e q u ati o n); t h e c o effi ci e nts Ω θ,  ∩ι,  ... ar e f u n cti o ns of p of  a n or d er n ot  e x c e e di n g  
m,  a n d c o nt ai n als o t h e c o effi ci e nts E q , E ,̂  E ,̂  ... li n e arl y; i n p arti c ul ar, ∩ o  c o nt ai ns  
E q as a f a ct or, s a y its v al u e  is =  A' oll „. T h e  s eri es s h o ul d v a nis h i d e nti c all y. S u p p osi n g  
t h at ∏ o  c o nt ai ns p, t h e n w e  h a v e ∏ o  =  0, a n e q u ati o n of  a n or d er n ot e x c e e di n g m  
f or t h e d et er mi n ati o n of p. F or  a n y r o ot p  —  p o oι t his e q u ati o n, E q r e m ai ns ar bitr ar y  
a n d m a y  b e t a k e n =  1  ; t h e e q u ati o ns Ωj  =  0, Ω a  =  0, ... t h e n s er v e t o d et er mi n e t h e 
r ati os t o E q oι  t h e r e m ai ni n g c o effi ci e nts E ,̂  E ,̂  ... ■, a n d w e  t h us h a v e t h e s ol uti o n 
y  =  χ P o ( 1 +  E ^ x  +  E 2 X ^  +  ...), w h er e  P q a n d t h e c o effi ci e nts h a v e d et er mi n at e  v al u es.

6.  I st o p t o n oti c e a c uri o us f or m of ill us or y s ol uti o n ; t h e ass u m e d f or m of  
s ol uti o n is 

t h e s eri es b ei n g a d o u bl e s eri es e xt e n di n g b ot h w a ys  t o i nfi nit y, or s a y a b a c k- a n d-  
f or w ar d s eri es ; w e  h a v e  h er e  a s eri es of  e q u ati o ns  

w hi c h  l e a v e p u n d et er mi n e d,  b ut  d et er mi n e t h e r ati os of t h e s e v er al c o effi ci e nts t o o n e 
of  t h es e c o effi ci e nts, s a y E q ', or  t a ki n g t his =  1, w e  h a v e  a s ol uti o n  

w h er e  t h e c o effi ci e nts ar e d et er mi n at e f u n cti o ns of t h e ar bitr ar y s y m b ol p. S u c h  a  
s eri es is i n g e n er al di v er g e nt f or all v al u es of t h e v ari a bl e, a n d t h us is alt o g et h er  

wit h o ut  m e a ni n g.  As  a si m pl e i nst a n c e, t a k e t h e diff er e nti al e q u ati o n ~  —  y  =  0,  

w hi c h  is s atisfi e d b y  

s e e m y  p a p er,  C a yl e y,  N ot e  o n  Ri e m a n n ’s p a p er,  “  V ers u c h  ei n er all g e m ei n e n A uff ass u n g  
d er I nt e gr ati o n u n d Diff er e nti ati o n, ” W er k e,  p p. . 3 3 1— 3 4 4 ; M at h.  A n n.  t. x vι. ( 1 8 8 0), 
p p.  8 1,  8 2),  [ 7 5 1],

7.  A  m or e  g e n er al f or m of i nt e gr al is T h o m a ’s “  n or m al el e m e nt ar y i nt e gr al,”  

c  c
y  =  e '̂ x ^ E  ( x), w h er e  w  is =  a fi nit e s eri es +...  +  —  of n e g ati v e  p o w ers of  x ( α a  

p ositi v e i nt e g er, =  2 at l e ast). T o  dis c o v er w h et h er  s u c h a f or m e xists, o bs er v e t h at, 

writi n g  f or a m o m e nt  ι ^ = ^ y', a n d s o f or t h e ot h er  s y m b ols, w e  h a v e  —  = w'  +  - ÷ πτ ~ ∖  >  
d x  y  ( c
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where the last term expanded as a series of positive integer powers

of X, so that, writing — = z, 'nq, have

we can, by introducing into the differential equation the new variable z in place

of y, obtain for z a differential equation (not a linear one) of the order m — 1, and 
this should be satisfied by the series in question, viz. a series containing a finite 

number of negative powers of x; we endeavour to determine the first term —,
J.or say — , where the exponent α is a positive integer which is to be determined, and 

A is not = 0; this is done by a well-known process; we write in the equation 

z = —, and (if possible to do so) determine α (a positive integer = 2 at least) by 

the condition that two or more of the terms shall have the same negative index — p 
preceding in order all the other indices, viz. the absolute value of p must be greater 
than the absolute value of any other negative index; we then equate to zero the 
whole coefficient of the term in question x~p, and thus obtain a value not = 0 of A.

And having thus obtained the first term —, we can, by assuming the form 

with indeterminate coefficients, and substituting in the equation, find the remaining 
coefficients B,..., K, L ] we then have

c cgiving the value **Ξj+∙∙∙+~ of instead of determining the subsequent coefficients 

from the 2r-equati0n, ~we may, from the original equation, writing therein y=e^Y, obtain 
an equation for V(= e~^y} which will be linear of the order m, and will admit of a 
regular integral F= x<^E{x). Or we may, going on a step further with the ^-equation, 
find therefrom the coefficient L which is = p.

8. As an example, take the equation 

which has the elementary normal integral
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,j∕
T o  i n v esti g at e t his, writi n g  —  =  z, h a v e —  =  / + a n d t h e n c e t h e ̂ - e q u ati o n  

2/  y

S u bstit uti n g  h er ei n t h e v al u e  z  =  — , w e  o bt ai n  t h e f u n cti o n

_  2l
a n d h er e t h e v al u e α  =  2 gi v es t h e t w o t er ms —  a n d , e a c h wit h  a n e g ati v e  

i n d e x —  4, t h e a bs ol ut e v al u e w h er e of  is gr e at er  t h a n t h e a bs ol ut e v al u es of t h e ot h er  
i n di c es; w e  t h e n h a v e j4 ≡  —  √ 1  = 0,  gi vi n g a v al u e √ 1 = 1,  w hi c h  is n ot = 0;  a n d w e  

h a v e t h us a first t er m = t h e c o m pl et e v al u e is, as it h a p p e ns, t h e fi nit e s eri es

1 1  √  , . . i. _i  1
z =  ; a n d z b ei n g  =  —  , w e  t h e n c e o bt ai n  t h e i nt e gr al i n q u esti o n,  y  =  e «  — .

X “ X  y  X

9.  R et ur ni n g  t o t h e q u esti o n of t h e r e g ul ar i nt e gr als, w e  m a y  c o nsi d er t h e 

f u n cti o n 

s a y t his is t h e s o- c all e d “  d et er mi nir e n d e F u n cti o n, ” b ut I will  c all it t h e I n di ci al 
f u n cti o n ; t his is a f u n cti o n of  { x, p } ; w e  h a v e  t h er ei n t er ms arisi n g fr o m

vi z. t h es e ar e e q u al t o [ p] ^ ^ χ p ~' ,̂ ... r es p e cti v el y, b ut  t h es e will  b e  m ulti pli e d
b y p o w ers of  x c o nt ai n e d i n t h e c o effi ci e nts p.,,  , p m r es p e cti v el y; t h e f u n cti o n
is t h us of t h e d e gr e e m  as r e g ar ds p, b ut t h e c o effi ci e nt of a n y p o w er of x is of  
t h e d e gr e e m,  or of s o m e i nf eri or d e gr e e,  a c c or di n g t o t h e t er ms w hi c h
e nt er i nt o t h e c o effi ci e nt. T h e  c o effi ci e nt of t h e l o w est p o w er of x i n t h e i n di ci al 
f u n cti o n m a y  b e t er m e d t h e i n di ci al c o effi ci e nt, or si m pl y t h e i n di ci al; a n d t h e 
e q u ati o n o bt ai n e d b y e q u ati n g t his c o effi ci e nt t o z er o t h e i n di ci al e q u ati o n. B y  w h at  
pr e c e d es, t h e i n di ci al is a f u n cti o n of p, w hi c h  is of t h e d e gr e e  m,  at m ost,  b ut  w hi c h  
m a y  b e of  a n y i nf eri or d e gr e e, or e v e n b e a n a bs ol ut e c o nst a nt. H e n c e,  c o nsi d eri n g  
a r e g ul ar i nt e gr al x < ^ E  { x ∖ t h e i n d e x p is d et er mi n e d b y t h e i n di ci al e q u ati o n, a n d  
t o e a c h r o ot of t his e q u ati o n t h er e c orr es p o n ds i n g e n er al a r e g ul ar i nt e gr al χf * E { x }∙,  
t h e n u m b er  of  r e g ul ar i nt e gr als is t h us at m ost  =  m.

1 0.  S u p p os e,  first, t h at t h e i n di ci al e q u ati o n is of t h e d e gr e e m,  a n d t h at t h e 

r o ots of  t his e q u ati o n ar e all u n e q u al;  t h er e ar e, i n t his c as e, τ z ⅛ v al u es,  s a y pι,  P 2, ..., p m  
of  p,  a n d e a c h of t h es e gi v es ris e t o a r e g ul ar i nt e gr al x < Ε  { x ∖ vi z. t h er e will  b e  c orr e 
s p o n di n g t o e a c h v al u e of  p a s eri es of p ositi v e i nt e g er p o w ers E  ( x), w hi c h  will  b e  

w w w.r ci n. or g. pl



8 5 0]  O N  LI N E A R  DI F F E R E N TI A L  E Q U A TI O N S.  3 9 9

a c o n v er g e nt s eri es f or s uffi ci e ntl y s m all v al u es of x. S o m e  of t h es e s eri es m a y  b e  
fi nit e s eri es, vi z. t his will  b e t h e c as e if t h e i n di ci al e q u ati o n h as r o ots diff eri n g  fr o m 
e a c h ot h er b y i nt e g er v al u es ( b ut a fi nit e s eri es m a y  of c o urs e b e r e g ar d e d as c o n 
v er g e nt)  ; a n d i n t h e c as e of t w o or m or e  e q u al r o ots, it is n e c ess ar y  t o e xt e n d t h e 
n oti o n of a r e g ul ar i nt e gr al b y i n cl u di n g u n d er it s eri es m ulti pli e d  i nt o p ositi v e  
i nt e g er p o w ers of l o g x ; b ut, wit h  t his m o difi c ati o n,  t h e c o n cl usi o n h ol ds  g o o d ; if t h e 
i n di ci al e q u ati o n b e of t h e d e gr e e m,  t h e n u m b er  of r e g ul ar i nt e gr als will  al w a ys b e  
=  m,  vi z. t h er e will  b e m  i nt e gr als i n v ol vi n g s eri es E { x ∖ or,  it m a y  b e, E ( x)(l o gi c) *, 
w h er e  e a c h s eri es E  { x) is a c o n v er g e nt s eri es f or s uffi ci e ntl y s m all v al u es  of  x.

1 1.  B ut  s u p p os e t h e i n di ci al e q u ati o n is of a n or d er m  —  y i nf eri or t o m,  a n d t o 
fi x t h e i d e as s u p p os e t h at t h e r o ots ar e all u n e q u al. T h er e  ar e i n t his c as e m  —  y  
v al u es, s a y p ,̂ p, ,̂ ..., p m- y of p, a n d e a c h of t h es e will  a p p ar e ntl y gi v e ris e t o a  
r e g ul ar i nt e gr al xf ‘E( x)·,  b ut it m a y  b e t h at i n a n y s u c h c as e t h e s eri es E { x)  is a  
s eri es di v er g e nt f or all v al u es, h o w e v er s m all, of t h e v ari a bl e x, a n d t h at w e  t h us 
h a v e i n a p p e ar a n c e o nl y, b ut  n ot  i n r e alit y, a r e g ul ar i nt e gr al; or s a y t h e i nt e gr al is 
ill us or y. T h e  c o n cl usi o n is t h at t h e i n di ci al e q u ati o n b ei n g  of a d e gr e e  m  —  y i nf eri or 
t o v n, t h e n u m b er of r e g ul ar i nt e gr als is at m ost  =  m  —  y ; b ut  it m a y  h a v e a n y l ess 
v al u e t h a n m  —  γ, or e v e n t h er e m a y  b e n o r e g ul ar i nt e gr al. It is h ar dl y n e c ess ar y  
t o r e m ar k t h at, if t h e i n di ci al b e a n a bs ol ut e c o nst a nt, or s a y if t h e d e gr e e of t h e 
i n di ci al e q u ati o n b e =  0, t h e n t h er e is n o v al u e of p, a n d c o ns e q u e ntl y n o r e g ul ar 

i nt e gr al.

1 2.  B y  w a y  of  ill ustr ati o n, c o nsi d er first t h e diff er e nti al  e q u ati o n  

f or w hi c h  t h e d e gr e e of t h e i n di ci al e q u ati o n is e q u al t o t h e or d er of t h e e q u ati o n  

( = 2)  ; vi z. t h e i n di ci al f u n cti o n is 

a n d t h e i n di ci al e q u ati o n is t h us p( p-  1)  +  p  =  0, t h at is, p ^  =  0, vi z. t h er e ar e h er e  

t w o r o ots, e a c h =  0.

It is c o n v e ni e nt n ot i n t h e first i nst a n c e t o writ e  p  =  0,  b ut  t o s u bstit ut e i n t h e 

e q u ati o n t h e v al u e

W e  t h us fi n d 

vi z. w e  h a v e t h e e q u ati o ns  
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where observe that in each equation the function of p, which multiplies the posterior 
coefficient, is of a degree superior to that which multiplies the other coefficient. The 
first equation gives p = 0; Λ arbitrary, but say A =1; the values of B, C, ... are then 

giving rise to a series which in this form, and when p is put equal to its value, 
p = 0, is at once seen to be convergent (even for indefinitely large values of x, but 
this is an accident; it would have been enough if the series had been convergent 
for sufficiently small values), viz. the series is

There is another integral 

involving logic and a second series which is also convergent.

13. But consider next the before-mentioned equation 

for which the degree of the indicial equation is equal to order — 1 (= 1); in fact, here 
the indicial function is 

and the indicial is thus = — p, giving the index p = 0. There is thus at most one 
regular integral E(ac), but this is in fact an illusory one. Substituting in the equation 
the value 

we find 

and we thus have the equations 

where observe that in each equation the function of p, which multiplies the posterior 
coefficient, is of a degree inferior to that which multiplies the other coefficient. The 
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first equation then gives p=0', Λ arbitrary, or say = lr the other coefficients B, C, ... 
are then found to be 

or substituting for p its value = 0, the series is 

which is divergent for any value whatever, however small, of or the integral is as 
mentioned an illusory one.

14. The last-mentioned differential equation is reducible, viz. we have 

where of course the order of the factors Q, D is material.

It is a general theorem that the indicial, belonging to the product P, is of a 
degree equal to the sum of the degrees of the indicials, belonging to the factors 
Q, D respectively; and, in fact, the indicial of P is (as was seen) of the degree 1; 
and the indicials of Q, D are of the degrees 1, 0 respectively. But, moreover, if the 
indicial of P is of a degree m — 7, less than m the order of the equation (in the 
present case m = 2, —7=l), then, in order that the equation may have m —7 regular
integrals, it is a necessary and sufficient condition that P shall be decomposable into 
a product QD, where the factors Q, D (being functions of the same form as P} are 
of the orders 7 and m — 7 respectively, and where, moreover, the second factor D shall 
have an indicial of the degree m — and consequently the first factor Q an indicial 
of the degree zero. In the present case, it is the second factor which has an indicial 
of degree zero; and thus the condition is not satisfied. And accordingly the equation 
ought not to have (m — 7 =) 1 regular integral; and we have seen that there is in 
fact no regular integral. The investigation serves to show in what sense it is that 
there is no regular integral, or generally in what sense it is that the number of 
regular integrals may be less than 771 — 7.

lδ. The theorem may, it appears to me, be stated in the more general form : the 
necessary and sufficient condition that the differential equation P (τ∕) = 0 of the order 
zzi, but having an indicial of the degree m — 7, shall have 771—7 — 8 regular integrals 
is that the function P shall be a product of the form P = QMD, where the orders 
of Q, M, D are 7 + δ — θ, θ, m — 7 — 8 respectively, and the degrees of their indicials 
8, 0, 777-7 — 8 respectively ; or, to denote this in a compendious manner, say 

θ is an integer which is not = 0, and which is at most = 7, for otherwise the function
C. XII. 51
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Q  of t h e or d er 7 +  δ  - c o ul d n ot h a v e a n i n di ci al of t h e d e gr e e δ. If t h er e is n o  
r e g ul ar i nt e gr al, t h e n m  =  7  +  δ, D  is a m er e  c o nst a nt or  s a y u nit y,  a n d t h e f or m ul a is 

w h er e  θ  is n ot  = 0,  a n d is at m ost  =' nι- < y.

1 6. F or  diff er e nti al e q u ati o ns of t h e f or m P  ( y) =  0  a b o v e c o nsi d er e d, Fl o q u et  g a v e  
a t h e or e m, w hi c h  as aft er w ar ds r e m ar k e d b y hi m is n ot g e n er all y tr u e, vi z, t his w as  

P  =  A B C...,  a pr o d u ct of  li n e ar f a ct ors of t h e f or m (i a n i nt e g er). T h e

q u esti o n of  d e c o m p ositi o n  is c o nsi d er e d i n m y  n e xt f oll o wi n g p a p er  “ O n  Li n e ar  Diff er 
e nti al E q u ati o ns  (t h e T h e or y  of D e c o m p ositi o n), ” [ 8 5 1], a n d b y  m e a ns  of t h e f or m ul a e 
t h er e gi v e n  ( a n d b y t h e pr o c ess i n di c at e d a nt e  N o,  7),  it c o ul d b e  d e ci d e d w h et h er  a n y  
p arti c ul ar diff er e nti al  e q u ati o n a d mits of a d e c o m p ositi o n P  = A B G. ,., w ’h er e t h e li n e ar 

f a ct ors ar e f u n cti o ns n ot of  t h e f or m j ust r ef err e d t o, b ut of t h e f or m +  ̂ Gi X ∖ i n 

w hi c h  t h e s eri es c o nt ai ns o nl y a fi nit e n u m b er of n e g ati v e p o w ers, s a y t his is a  
d e c o m p ositi o n i nt o li n e ar r e g ul ar f a ct ors.
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