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853.
NOTE ON A FORMULA FOR Δ^θV√ WHEN n, i ARE VERY 

LARGE NUMBERS.

[From the Proceedings of the Royal Society of Edinburgh, t. xιv. (1887), pp. 149—153.]
The following formula

is given by Laplace (Theorie Λnalytique des Prohabilites, 2nd ed,, Paris, 1814, p. 19δ) as an approximate value of when n and i are very large numbers, and isapplied immediately afterwards to the case where i is of the order n log n. As remarked by Professor Tait, it is certainly not applicable to the case where i is of the order n; for taking i = An, where A is a given number however large, then 
q is indefinitely near to the very small value e~-^, but nevertheless the last term — ⅜ (n ÷ I + 2) <f, by taking n sufficiently large, may be made as large as we please, and the value would thus come out negative. It is thus necessary that i should be at least of the order n log n; but it may be of any higher order.Writing for greater convenience r = ne~^''^ (where r is not very large), then 
nq = re~^^!'^ = r (1 — A), if A = l-and the formula becomes

11111 .Here A = ∑j—- — + -- - + &c., and the exponential = 1 + rA ÷ -—+ ...is thus also expansible in negative powers of n; the formula becomes
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vi z. p utti n g  f o r X  it s v al u e,

o r fi n all y, e x p a n di n g  a n d t a ki n g t h e w h ol e  r e s ult a s f a r a s , t h e c o effi ci e nt

of  r i s 

t h e c o effi ci e nt of i s 

w h e n c e  t h e f o r m ul a b e c o m e s

It s e e m s t o m e  t h at t h e c o r r e ct r e s ult u p  t o t hi s o r d e r of  a p p r o xi m ati o n i s

M y  i n v e sti g ati o n i s a s f oll o w s: w e  h a v e

t h e s e ri e s b ei n g a fi nit e o n e ; b ut t h e n u pι b e r of t e r m s i s v e r y l a r g e. B ut  o b s e r v e  

t h at, h o w e v e r l a r g e n i s, w e  c a n t a k e i s o l a r g e t h at t h e s e c o n d t e r m n  

m a y  b e a s s m all a s w e  pl e a s e ; t a ki n g t hi s t e r m t o b e of m o d e r at e  a m o u nt, s a y  

=  Γι, t h e s u b s e q u e nt t e r m s will  b e n ot v e r y diff e r e nt f r o m γ ⅛,  a n d
■ L ∙ J L ∙ ∙ o

' λ *
t h e a p p r o xi m at e v al u e i s 1 - r ^ + & c.,  w hi c h  i s a c o n v e r g e nt s e ri e s h a vi n g it s
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414 NOTE ON A FORMULA FOR Δ"θ7n∖ [853sum = To work this properly out, I represent the successive terms by, , ■, ■ , ..., so that the series is1.2 1.2.3
Taking r a value at pleasure not very different from r^, and multiplying by
the sum is

Assuming now r = vfQ have
where . and similarly

where . also

where X^ = e 3’«·’’ and so on. It is now easy to calculate the successive terms r-Γι, -2rrι + r2, &c.; and it is to be observed that, in the parts independent of the A’s, we have only terms divided by n, n~, or higher powers of n: thus in 7^4 _ ψ _ 4y>3y,≡ _f. have multiplied by
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853] NOTE ON A FORMULA FOR Δ"θ7√. 415We thus obtain the formula

where r = as above, and X^, X^, have the above-mentioned values, theexponentials being expanded in negative powers of n.Writing 
we have 
which is the foregoing approximate value.
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