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C O M P A RI S O N  O F  T H E  W EI E R S T R A S SI A N  A N D  J A C O BI A N

E L LI P TI C  F U N C TI O N S.

[ Fr o m t h e M ess e n g er  of  M at h e m ati cs,  v ol. x vi.  ( 1 8 8 7), p p. 1 2 9 — 1 3 2.]

T h e  W ei erstr assi a n  f u n cti o n σ  { u) c orr es p o n ds of c o urs e wit h  J a c o bi ’s H  ( u), b ut  
it is w ort h  w hil e  t o est a blis h t h e a ct u al f or m ul a e of  tr a nsf or m ati o n.

Writi n g,  f or a m o m e nt.

it is c o n v e ni e nt t o ass u m e c di U j — « a Vi p ositi v e; w e  t h e n h a v e

i n p arti c ul ar,  t his will  b e  t h e c as e if ω  =  ω ,̂  ω'  =  ί υ. ,̂ w h er e  < Wι, V g  ar e e a c h p ositi v e.  

T o  r e d u c e t h e p eri o ds  i nt o t h e J a c o bi a n f or m, w e  m a y  ass u m e

( w h er e o bs er v e t h at, if as us u al k, K,  K'  ar e e a c h r e al a n d p ositi v e, a n d if as a b o v e  
ω  =  ωι,  ω'  =  ⅛ 2,  < »i a n d V 2  p ositi v e,  t h e n als o λ  will  b e  r e al a n d p ositi v e). W e  h a v e

w hi c h  d et er mi n es first q, a n d t h e n c e k, K,  K ∖  as f u n cti o ns of -, a n d w e  t h e n h a v e  

λ  = =  w hi c h  e q u ati o ns gi v es λ as a f u n cti o n of  ω,  ω.  C o n v ers el y,

st arti n g wit h  k, ∖,  t h e ori gi n al e q u ati o ns gi v e t h e v al u es of ω,  ω';  t h os e of  η, η will  
b e  d et er mi n e d  pr es e ntl y.
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T h e  f or m of  r el ati o n is at o n c e  s e e n t o b e

√ f 2 k k K ∖
i------- ] u a n d σ  ( λ %) =  ̂ K, u, w e

1  / ∕ 1 k k' K ∖
h a v e =  χ a∕(-------h I first writ e  d o w n a n d aft er w ar ds v erif y t h e v al u e of B,  vi z.

λ ⅛
t his is =  —  4  — ': a n d t h e f or m ul a t h us is

2 ω  '

I n f a ct, f or u  writi n g  s u c c essi v el y u  +  2 K,  a n d u  +  2,i K' , ∖ n q  o bt ai n  

w hi c h  s h o ul d b e  s atisfi e d i n virt u e  of  

vi z. w e  o u g ht  t o h a v e

T h e  first of  t h es e is 

t h at is,

a n d t h e s e c o n d is 

vi z. f or iτr writi n g  2  ( τj ω' —  η ω }, t his is 

a n d t h e t w o e q u ati o ns ar e t h us e a c h of  t h e m a n i d e ntit y.
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T h e  W ei erstr assi a n  f u n cti o n β >  ( u) is d efi n e d  as  

or, w h at  is t h e s a m e t hi n g, w e  h a v e

H e n c e

B ut

or

B ut  fr o m t h e e q u ati o n ∖∕ k  s n u  =  > w e  o bt ai n  

a n d c o ns e q u e ntl y  

w h er e,  o n  t h e ri g ht- h a n d si d e, e x p a n di n g i n as c e n di n g p o w ers  of  u,  t h e c o nst a nt t er m is

B ut  i n t h e f u n cti o n ( λ w) t his c o nst a nt t er m is =  0,  a n d w e  t h us h a v e  

a n d t h e n, si n c e 

w e  h a v e  

or, as t h es e e q u ati o ns m a y  als o b e  writt e n.

w hi c h  ar e t h e v al u es  of  η,  - η. A n d  w e  t h e n h a v e  

t h e e q u ati o n c o n n e cti n g ( λ w) a n d s n w.
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