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882.

A CORRESPONDENCE OF CONFOCAL CARTESIANS WITH THE
RIGHT LINES OF A HYPERBOLOID.

[From the Messenger of Mathematics, vol. XvIIL (1889), pp. 128—130.]

TAKE a, B, vy arbitrary, 4, B, C=8—v, y—a, a— B (so that 4 + B+ C=0), and
writing p, o, T for rectangular coordinates, consider the hyperboloid
Ap*+ Bo* + Cr*+ ABC = 0.

Let p,, o, 7, be the coordinates of a point on the surface (4p + Bag@ + COrg+ ABC =0).
The equations of a line through this point are p, o, T=p,+fQ, o, +9Q, 7,+20 (Q
indeterminate); and if this lies on the surface, we have -

quf+Ba'og+CTah=0,
Af* + Bg* +Ch* =0,

which equations determine the ratios f : g : h; the equations give

(-APnf+ Baoy)’ = Cr. Ck, =-Cr¢ ("1f2 - ng) H
that is,
(A% + ACTy) f* + 24 Bpyo, fy + (Bo? + BCt) g* = 0,
whence
(B'og + BCri) g + ABpwo, f J*
= [A*Bplos — (A% + ACts) (B'o? + BO1y)) £,
= — ABC(APQE + -Bﬂ"n2 -+ CTos) Togfg!
= ABC* f°;
that is,
(Bai + Ori) g + Apuao 12 = ACmif,
or say

(Bag + Cr®) g+ A (pyoy + O1p) f =0,

which equation, together with Ap.f+ Bayg + Croh =0, determines the ratios f: g : k.
We have thus the two lines through the point (p,, oy, 7).
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But the equations of the line may be conveniently represented in a different form ;
writing the equation first obtained in the form

oy (Bayg + Apf )+ Crlg + ACr f=0,
this 1is
— oy0roh + C152g £ ACr f =0,
viz.

—hoy+gro £ Af=0;
and we have the like equations
—fro +hpy £ Bg=0,
= gpo +fay £ Ch =0,
where the sign is the same in each of the three equations.

The equations of the line on the surface may be written

ho — 97 —hoy+ g1,=0,

— hp . +fr —fro + hp,= 0,

9p -fo . = gpo+fo, =0,
(hao—g7) p + (fro — hpo) o + (gpo — foo) T =t

and hence from the foregoing three equations, taking the sign —, we have
heo — gt + Af =0,
il « + fr+Bg =0,
gp — fo i +Ch =0,
—Afp —Bgo —Chr , =0,
where Af*+ Bg*+ Ch*=0, for the equations of a line on the surface.

In like manner, taking the sign +, and for £, g, & writing new values f’, ¢/, &, we
have

Wo— gv—Af' =0,

- Wp . '+ flr—Bg =0,
gp— flo . —CK =0,
Af'p+ Bg'a+Ch'r . =0,

where Af"?+ Bg*+ Ch*=0, for th® equations of a line on the surface,

The two systems of equations evidently belong to the lines of the two different
kinds respectively. Writing for shortness P, @, R=gh'+g'h, hf’ +Lf, fo'+f'g, the
two lines in fact intersect in a point, the coordinates say (p,, oo, 7,) Whereof are
=0OQR, ORP, ®P(), where

4 B C
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www.rcin.org.pl



882] WITH THE RIGHT LINES OF A HYPERBOLOID. 589

the three expressions for ® being equal to each other in virtue of the equations
Af*+ Bg*+ Ch* =0, Af”+ Bg*+ Ch*=0.

Take now, in a plane, P, @, R points on any line, say the axis of =, at distances
a, B, v from the origin, then for a point of the plane, coordinates (z, y), if p, o, T
be the distances of the point from these three points, or say foci, we have

P2 =(z— 1)2 ot 3/2:
o*=(z- By +y
R Sy Yo P
and if as before 4, B, C=B— 1, v —a, a— B, we thence have
Ap*+ Ba*+ Cr*+ ABC =0.

A point, coordinates (p, o, 7), of the hyperboloid thus corresponds to a point in
the plane, distances p, o, 7 from the three foci R, S, T respectively; and to any line

’ ho — gr+ Af =0,

- hp .+ fr+Bg =0, :
gp— fo . +Ch =0,
— Afp —Bgo —Chr . =0,

corresponds the Cartesian represented by these linear equations. Similarly, to the line
represented by the other system of equations ,

Wo— gv—Af' =0,

~kp . + flr—B¢ =0,
gp— fle . —-CHW =0,
Af'p+Bgc+Ch'r . =0,

corresponds the Cartesian represented by these equations; the two curves intersect in
the point p,, oy, 7,=0OQR, ORP, O®P(), corresponding to the intersection of the lines
on the hyperboloid; and moreover, qua confocal Cartesians, they intersect at right
angles,
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