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A  C O R R E S P O N D E N C E  O F  C O N F O C A L  C A R T E SI A N S  WI T H  T H E  

RI G H T  LI N E S  O F  A  H Y P E R B O L OI D.

[ Fr o m t h e M ess e n g er  of  M at h e m ati cs,  v ol. x vιιι.  ( 1 8 8 9), p p. 1 2 8 — 1 3 0.]

T a k e  α, β,  7 ar bitr ar y, Λ,  B,  G =  β- y, - a, a  —  β  (s o t h at A  4- B  +  ( 7 = 0), a n d  
writi n g  p, σ,  r f or r e ct a n g ul ar c o or di n at es, c o nsi d er t h e h y p er b ol oi d

L et  p o > o " θ) ’’’o b θ  t h θ c o or di n at es  of  a p oi nt  o n  t h e s urf a c e ( Α ρ θ ^ +  B σ o ≡ +  C t q ^ +  A B C  =  0).  
T h e  e q u ati o ns of a li n e t hr o u g h t his p oi nt ar e p, σ, τ  =  p o  +  ∕ ∩, σ o  +  +  h £l (il
i n d et er mi n at e!: a n d if t his li es o n  t h e s urf a c e. Λ v e  h a v e  

w hi c h  e q u ati o ns d et er mi n e  t h e r ati os f : g  : h ∖ t h e e q u ati o ns gi v e  

t h at is, 

w h e n c e  

t h at is,

or  s a y

w hi c h  e q u ati o n, t o g et h er wit h  A p q∕  +  B σ ^ g  +  Cτjι  =  0, d et er mi n es t h e r ati os f : g  : h.  
h a v e  t h us t h e t w o li n es t hr o u g h t h e p oi nt  ( p o, σ ,̂ T o).
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But the equations of the line may be conveniently represented in a different form ; 
writing the equation first obtained in the form 

this is

viz.

and we have the like equations 

where the sign is the same in each of the three equations.

The equations of the line on the surface may be written 

and hence from the foregoing three equations, taking the sign -, we have 

where + Bg^ + Ch^ = 0, for the equations of a line on the surface.

In like manner, taking the sign +, and for f, g, h writing new values g', 1ι', we 
have

where Λf'^ + Bg"^ + = 0, for th¾ equations of a line on the surface.

The two systems of equations evidently belong to the lines of the two different 
kinds respectively. Writing for shortness P, Q,, R = gh'+g'h, lιf' + hf, fg'+f'g, the 
two lines in fact intersect in a point, the coordinates say (pθ, σo, Tp) whereof are 
= ΘQJ2, Θ72P, ΘPQ, where
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the three expressions for Θ being equal to each other in virtue of the equations

Take now, in a plane, P, Q, R points on any line, say the axis of x, at distances 
α, β, γ from the origin, then for a point of the plane, coordinates {x, y), if p, σ, τ 
be the distances of the point from these three points, or say foci, we have 

and if as before A, B, C = β-y, 7 — α, (i —β, we thence have

A point, coordinates (p, σ, τ), of the hyperboloid thus corresponds to a point in 
the plane, distances p, σ, τ from the three foci R, S, T respectively; and to any line 

corresponds the Cartesian represented by these linear equations. Similarly, to the line 
represented by the other system of equations 

corresponds the Cartesian represented by these equations; the two curves intersect in 
the point po, σo, Tq = ^QR, ^RP, ^PQ, corresponding to the intersection of the lines 
on the hyperboloid; and moreover, qu∂> confocal Cartesians, they intersect at right 
-angles.
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