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ON THE DIOPHANTINE RELATION, 2∕' + y≈ = SQUARE.

[From the Proceedings of the London Mathematical Society, vol. xx. (1889),
pp. 122—127.]

The diophantine relation y‘^ + y'^ = Square, where y is a function of x, and y' 

denotes , is considered by Prof. Sylvester in his paper “ On Reducible Cyclodes,” 

Proc. Lond. Math. Soc., t. i. (186δ—66), pp. 137—160. It is at once seen that there 
exists a solution 

where the roots a, h, c, d, ... are essentially unequal, and the number of simple 
factors X + a, x + b, x + c, a; + d, ... is even; the exponents α, β, 7, δ, ... are taken 
to be positive integer numbers. Sylvester assumes, and it will be shown, that the 
factors must separate themselves into two sets, or, as he calls them, diptychs, each 
containing the same number of simple factors and such that the sum of the exponents 
for the one diptych is equal to the sum of the exponents for the other diptych; 
viz. the form is y = UU^, where 

with the same number of simple factors, and with the relation αψ∕S + ... = <Zι + /3^ + ... 
between the exponents. Hence, if the number of simple factors be called the class 
and the sum of the exponents be called the order, the class and the order are each 
of them even; or, what is the same thing, the semi-class (say ∕χ) and the semi-order 
(say v) are each of them integral.

The separation of the factors into two diptychs is a remarkable theorem. I 
consider the analytical theory; for greater simplicity, first in the case, class = 2, and 
secondly in the case, class = 4; but it is easy to see that the like process is 
applicable to the case of any even value whatever of the class.
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I write as usual i = V— 1; the equation y~ + y'≡ = square, implies y + iy' = square, 
and y — iy' = square; at least this is so, save as to a common denominator, as will 
appear.

First, if the class is = 2; we have

hence

say these are respectively; and, this being so, we have

It is to be shown that the assumed relations lead to α = β. Resolving the last- 
mentioned expressions for y + iy', y — iy' each into simple fractions, we have

Hence

these cannot give

with the same sign for i in the two equations; for we should then have

but 1+1 is- not =0, and a, b are essentially unequal. Hence, taking (as we may 
do) + i in the first equation, we must have — i in the second equation, and the two 
equations are

and thence

Hence also

consequently
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H e n c e  a  =  β  =  ⅜  { a —  b ∖ a n d t h e s ol uti o n t h us is

T h e  cl ass is h er e =  2, a n d t h e or d er is =  2 α ; c o nsi d eri n g t h e or d er as gi v e n, s a y 
it is =  2ι∕, w e  h a v e α  =  v, a n d t h e e q u ati o n ι∕ =  ⅜  ( α —  δ) t h e n s h o ws t h at o n e of t h e 
r o ots a, b is ar bitr ar y. T a ki n g  it t o b e a, w e  h a v e δ  =  α- 2 p , or t h e s ol uti o n, cl ass 2  

a n d or d er  2 v,  is

C o nsi d eri n g  n e xt  f or t h e c as e, cl ass  =  4, t h e s ol uti o n 

w e  h a v e  

or,  p utti n g  t h es e 

r es p e cti v el y, w e  h a v e

Als o,  b y d e c o m p osi n g t h e e x pr essi o ns f or y  +  i y', y  —  i y' i nt o si m pl e fr a cti o ns a n d  

c o m p ari n g wit h  t h e ori gi n al  v al u es,  w e  fi n d
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H e n c e  

w e  c a n n ot fr o m t h es e o bt ai n  t hr e e e q u ati o ns  

wit h  t h e s a m e si g n f or i n f a ct t h es e w o ul d  gi v e  

b ut 1  +  i is n ot =  0, a n d t h e a, b, c ar e ess e nti all y u n e q u al. H e n c e  w e  m ust  h a v e  
e q u ati o ns s u c h as  

t w o of t h e m wit h  —  i, a n d t w o of  t h e m wit h  +  i; vi z. t h e a, b, c, d  di vi d e t h e ms el v es 
i nt o p airs  w hi c h  ar e t a k e n t o b e a, b a n d c, d.

h e n c e e asil y o bt ai n  

a n d t h e n c e

F or mi n g fr o m t h es e v al u es of l- ∖- p, I p t h e e x pr essi o n f or 2t  ( a—  l } { a- p }, fi n d 

2 ⅛'( α- Z) ( α —  j p) =  ( ⅛ +  l)( α —  c)( α  —  c Z) ; a n d w e  h a v e t h us t h e s et of  e q u ati o ns

H e n c e  als o  

a n d, s u bstit uti n g t h es e v al u es  i n a f or m er s et of  e q u ati o ns, w e  o bt ai n
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and thence 

that is, a + β = γ + δ; viz. there are, in this case also, two diptychs.

If, as before, the order is taken to be = then α + jS = r, γ + δ = Γ; supposing 
that V is a given positive integer, and that a, β, y, δ are positive integers satisfying 
these equations a + β = v, y + 8 = v, then the last-mentioned four equations between 

β, y> δ and a, b, c, d are equivalent to three relations serving to determine the differences 
of a, b, c, d {sΑj a - d, b — d, c-d~) in terms of α, β, y, δ. And we then further have 

each set equivalent to two equations; or, as these may be written, 

serving to determine I, p, m, q in terms of a, b, c, d.

Observe also that, u being arbitrary, we have

(which equations, writing therein u = a, b, c, or d, in fact reproduce the two systems 
of four equations).

We have also 

and moreover

which equations, combined with the foregoing values of 2 (I + p) and 2 (to + g»), give 
the values of I, p, m, q. have thus the complete solution for the case class = 4,
order = 20; say 

with the foregoing relations between the constants.
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