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The thickness of the boundary layer on a stretching filament 
moving in a fluid at rest 

S. MAY (WARSZAWA) 

THE LAMINAR stationary boundary layer on an infinite filament, moving along its axis in a resting 
fluid, is considered. The filament issues from a circular orifice, with an initial velocity w0 • Due 
to stretching, the velocity of the filament increases, and its radius decreases at increasing distance 
from the origin. The thickness of the boundary layer was investigated using the Karman-Pohl
hausen method. It has been found that for intense stretching the thickness of the boundary 
layer varies nonmonotonically along the filament. 

Rozwaiana jest laminama stacjonama warstwa przyscienna na nieskonczonym wl6knie 
o przekroju kolowym, poruszaj(\cym si<t wzdlui osi w spoczywaj(\cym plynie. Wl6kno wy
dobywa si<t z pr(tdkosci'l wo z kolowego otworu. Wskutek rozci(\gania pr(tdkosc wl6kna narasta 
w kierunku ruchu, za5 promien maleje. Stosuj(\c metod<t parametryczn'l Karmana-Pohlhausena 
badano numerycznie grubosc warstwy przysciennej. Stwierdzono, ie przy intensywnym rozci'l
ganiu grubosc wl6kna zmienia si<t wzdlui wl6kna w spos6b istotnie niemonotoniczny. 

PaccMaTpHBBeTCSI JiaMHHapHbiH CTal..lHOHapHbiH norpaHwnibiH cnolt Ha 6eci<oHet.IHoM ocecHM
MeTpJNeci<oM BOJIOI<He l<pyrnoro Cel.JeHHSI, ,ltBH>Kyi.QeMCSI B,ltOJib CBOeH OCH B llOI<OSII.QeHCSI 
>KH.lti<OCTH. Bonoi<Ho Bbi.ltBHraeTCSI H3 I<pyrnoro OTBepCTBHSI c Hal.JaJILHOH ci<opoCTLIO Wo. 

Bcne.rt CTBHe pacrSI>KeHHSI BoJioi<Ha, ci<opOCTL ero no Hanpasneruno .rtBH>KeHHSI yseJIHl.JHBaeTcSI 
a pa,ltHyc-yMeHLwae-rcSI. B pa6oTe c noMoi.QLIO napaMeTpWieci<oro MeTO.rta KapMaHa-lloJIL· 
ray3eHa paCCl.JHTaHa TOJII.QHHa norpaHwniOrO CJIOSI, ,ltJISI Hei<OTOpOH MO,lteJIH paCTSI>KeHHSI BO
JIOI<Ha. YcraHoBJieHo, l.JTO npH HHTeHCHBHOM pacrSI>KeHHH T0.1Ill.UiHa sonoi<Ha H3MeHSieTCSI no 
,ltJIHHe BOJIOI<HS HeMOHOTOHHO. 

1. Introduction 

SAKIADIS [1-3] in 1961 investigated a special class of boundary layer flows on continuously 
formed surfaces moving in a fluid at rest. Flows of this type represent a new class of bound
ary layer problems, with solutions substantially different from those with usual boundary 
conditions. Using the Karm{m-Pohlhausen method, SAKIADIS analysed the boundary 
layer on a plane sheet [2] and a circular cylinder [31 issuing from a slit or an orifice, respect
ively. Later the boundary-layer flow on a continuously formed cylinder was investigated 
also by KOLDENHOF [4], CRANE [5] and CLARK and DOMBROWSKI [6]. 

In this paper the laminar stationary axisymmetric flow of an incompressible fluid, 
generated by a stretching filament issuing from a circular orifice into a half-space, is con
sidered (Fig. 1). The coordinates x andy denote the distance to the bordering plane and 
to the body (the filament), respectively. The initial radius of the filament is r 0 • and the 
initial velocity of its surface - w0 • The velocity of the body surface increases, and its 
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Flo. 1. A general view of a stretching filament. 

radius decreases at increasing distance from the origin. An assumption is made that the 
radius r(x) varies slowly along the filament: 

(1.1) 

Far from the body the fluid is at rest. Near the body the viscous forces generate a flow 
which can be described by the boundary-layer approximation. The Karman-Pohlhausen 
method of solution of boundary-layer equations is used. 

2. The boundary layer equations 

The stationary axisymmetric boundary layer is described by Eqs. (2.1) : 

au av v 
-ax+ay-+ -y= 0, 

(2.1) 
au au ( a2u 1 au ) uTx+vay- =v ay 2 +-y ay , 

where u, v denote the velocity components in the x- and y-direction respectively; e is the 
density; and v the kinematic coefficient of viscosity. The pressure derivative opfox has 
been omitted in Eq. (2.1h because the fluid is at rest at infinity. 

The specific feature of the problem considered are unconventional boundary condi
tions. For the classical boundary layer the velocity vanishes at the body surface, and is 
nonzero at infinity. In our problem the u-component of the velocity is nonzero at the body 
surface (on the body, due to inequality (1.1), u can be assumed equal to the velocity of the 
body surface w(x)); and is varying, in general, along the body; while the velocity at infi
nity is zero. The boundary layer with similar boundary conditions was first considered by 
Sakiadis. Our problem differs from that analysed by Sakiadis (in [3]) for two reasons: 

1) the filament radius is not constant, 
2) the fluid velocity at the body surface varies along the body. These factors can 

substiantially influence the development of the boundary layer; and, as it will be seen 
later, can in certain cases give quite different general picture of the layer. 
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3. The parametric method 

The strict solutions of the boundary layer equations are known for very special prob
lems only. As a consequence, for practical needs many approximated methods have 
been developed. One of the best known is the parametric method, associated with the 
names of Karman and Pohlhausen. In that method a certain type of functional dependence 
of u on y is postulated. Namely, it is assumed that u is a known function of the coordinate 
y and of a certain shape coefficient oc, which is a function of x to be determined. It is de
manded that u fulfill the boundary conditions and Eqs. (2.1) on the body and on the edge 
of the boundary layer. Inside the layer, instead of the differential equations (2.1 ), an ove rail 
integral condition is postulated to be fullfil1ed. This integral condition permits to determine 
the shape coefficient oc, and thereby to find the velocity. To obtain this condition, one 
multiplies the first and the second equations of the system (2.1) by uy andy, respectively, 
sums both equations, and there up on integrates across the layer (see [9]). Assuming that 
the corresponding integral exists and that the operations of integration and differentiation 
can be interchanged, one obtains 

(3.1) 

where Tw is the shear stress at the body surface 

T w = - ve ~u I . 
vy Jl=r 

Equation (3.1) expresses the conservation of momentum in projection on the axis of the 
body. The flow of the fluid is concentrated in a thin (in a sense) layer near the body. Out
side the layer the fluid is almost at rest. It follows then that in the left-hand side of Eq. 
(3.1 ), the integral over the interval (r, oo) is almost equal to and may be replaced by the 
corresponding integral over the interval (r, r+ <5) where <5 is a certain thickness of the layer. 

Similarly to GLAUERT, LIGHTHILL [7] and SAKIADIS [3], we assume for u 

u l y 
--- = l- - - ln --- . 
w(x) a(x) r(x) 

(3.2) 

If u diminishes at increasing distance from the body, then from Eq. (3.2) it follows that 

(3.3) a> 0. 

Due to inequality (1.1), the velocity components u and vat the body surface are 

(3.4) u(x, r) = w(x), 
dr 

v(x, r) = w(x) dX. 

In the method applied, u should fulfill the differential equations on the body and on the 
edge of the layer. Since the knowledge of the component vis of less importance, our con
sideration will be confined to the second equation of the system (2.1). 
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If u is given by Eq. (3.2}, the right-hand side of Eq. (2.lh is identically equal to 0. 
For the cylindrical filament moving with constant velocity, the left-hand side of Eq. (2.1h 
vanishes on the body, and Eq. (2.1 h is fulfilled locally on the body. However, on the 
stretching filament with the boundary conditions (3.4), Eq. (2.lh may be fulfilled only 
approximately. For this reasons bo!h terms in the lefthand side of Eq. (2.lh should be 

negligible with respect to _!__ 
0
°" on the body surface, or 

(! y 

~~!!!_~~I and ~ dw ~ ~~(x,r)l. <3·5> , dx v dx oy 
The strong inequalities (3.5) together with Eq. (1.1) restrict the admissible model of fila
ment stretching. 

The edge of the boundary layer is defined by the condition u = 0. For u given by Eq. 
(3.2) it corresponds to y = rea. or 

(3.6) 

where ~ is a thickness of the boundary layer. The derivatives of u with respect to y for 
y = r+~ are 

au I w o2
u I w 

(3. 7) 7fi r+" = - cx(r + c5) ' oy2 r+" = cx(r + c5)2 • 

To fulfill the Eq. (2.lh on the edge of the boundary layer, the derivatives (3.7) should 
be equal to 0. This condition is not fulfilled but both ex and c5 increase at increasing distance 
from the origin so that Eq. (2.1)2 is satisfied approximately at increasing distance from the 
origin. 

4. The differential equation for the shape coefficient 

Replacing oo by r + (} as the upper limit of integration in the left-hand side of Eq. (3.1 }, 
and inserting for u the right-hand side of Eq. (3.2), one obtains the following equation: 

(4.1) 

where new dimensionless symbols are used: 

(4.2) ~= 

(4.3) 

X XV 

r0 Re0 = r~w0 ' 

1+~ 

R roWo eo=-,-, 
r 

R=-, 
ro 

w 
W=-, 

Wo 

r 2 

/(ex) = J L (!!_) d(L) = - 1
- (e2«-1-2cx-2cx2). 

r w r 4cx2 
r 

Upon some transformations of Eq. (4.1), one obtains the differential equation (4.4) for 
the coefficient of shape ex: 

(4.4) 
dcx J 2 (cx) dln(RW) 
df = R2 WJ1(cx) - J 1 (cx) d~ 
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where 

J,(a) = "~~ = e'"Ua - 2~2 ) + Ua + 2~2 ). 

l 
J 2 ( rx) = 2a.I = 2i ( e2

"- l - 2rx- 2a.2
). 

(4.5) 

The initial condition for Eq. ( 4.4) is ~ = 0 or 

(4.6) rx = 0 for ~ = 0. 

S. The analysis of solutions 

To solve Eq. (4.4), some form of the functions R(~) and W(E), characterizing the model 
of filament stretching is needed. In this section it is assumed that the velocity is uniform 
in the filament cross-section or 

(5.1) WR2 = l. 
As a consequence of Eq. (5.1), Eq. (4.4) simplifies to the form 

da. 1 J z(a.) dlnR 
(5.2) d~ = J1(rx) + J1(rx) trr· 

In most of this section it is also assumed that the radius decreases along the filament 
accordingly to the expotential formula (5.3) 

(5.3) 
R-a ~ -- = e-b,. 
1-a ' 

where a is a ratio of the asymptotic and initial value of the filament radius, and the positive 
coefficient b says how quickly the radius decreases along the filament. For the filaments 
described by Eqs. (5.1) and (5.2), the profile of the velocity W has an S-shape with a de
flection point. The R- and W-profile assumed here agree qualitatively with those observed 
experimentally during fiber formation [8]. 

The range of validity of the applied method is limited by the strong inequalities (1.1) 
and (3.5). For u specified by Eq. (3.2), these inequalities become 

(5.4) 

When the model of stretching is given by Eqs. (5.1) and (5.3), the conditions (5.4) yield 
a restriction for b: 

(5.5) {
Reo 

b ~ 1 . 

The two asymptotic cases of the formula (5.3) may be distinguished: a = l(R = I) 
and a = 0. In the first case the filament is a circular cylinder moving with a constant 
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velocity. For this case Eq. (5.2) has been solved numerically by SAKIADIS [3]. KoLDENHOF 

[4] has given an analytical solution (5.6): 

(5.6) ~ = -
1
- (e2a-1-2a)- _!__ [Ei(2a)-ln2a- C] 

21X 2 ' 

where Ei (x) is the integral exponent function, and C = 0.577... is the Euler constant. 
The dimensionless thickness of the boundary layer Ll = fJjr0 , corresponding to the solution 
(5.6), is shown in Fig. 2. It increases monotonically without limits along the filament. 

FIG. 2. The dimensionless thickness L1 of the boundary layer. 

I • 
5 

log; 

For a= 1, Eq. (5.2) was solved numerically by the author (Fig. 2). In the second 
(rather theoretical) asymptotic case (a = 0, R = e-~), the velocity of the filament grows 
to infinity. The thickness of the boundary layer Ll reaches its maximum, and then decreases 
to 0. If the asymptotic radius of the filament is finite and small enough, the thickness 
of the boundary layer first grows along the filament, then after reaching a maximum it 
begins to drop, and finally it grows once more along this part of the filament, where the 
radius almost reaches its asymptotic value. On the initial part of the filament, the thickness 
of the boundary layer increases quickly, and after a relatively short interval (of few r0 ) 

it becomes much larger than the actual radius r(x). In the asymptotic region, the thickness 
Ll of the boundary layer on a stretching filament is smaller than the corresponding thick
ness on the circular cylinder, moving with constant velocity. This is due to the fact that 
L1 is not a real boundary layer thickness, but a ratio ~/r0 • The discrepancy between curves, 
corresponding to different values of a, would be, however, slight in the asymptotic region 
if the asymptotic radius of the filament were taken as a reference thickness, instead of 'o· 
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6. Conclusions 

The analysis of solutions of Eq. (5.2) has shown that the process of stretching of fila
ments may have a substantial influence on the thickness of the boundary layer. The local 
acceleration of the filament counterparts to the process of usual thickening of the boundary 
layer. If intensive enough, it can cause a deep minimum in the boundary layer thickness. 
However, when the filament velocity approaches its asymptotic value, the boundary 
layer begins to thicken once more. Far enough from the origin, the ratio of the boundary 
layer thickness to the asymptotic radius of the filament is very near to the same ratio for 
a circular cylinder with constant velocity. 
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