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Derivation of a generalized continuum theory for heterogeneous 
materials 

G. DIENER, Ch. RAABE and H.-G. SCH0PF (DRESDEN) 

STARTING from the microstructure of a heterogeneous (composite) material by means of en
semble-averaging a macroscopic continuum theory is derived. Besides the mean field it contains 
additional degrees of freedom, called "multipole"-fields. It is shown that, as a matter of prin
ciple, a local theory of that kind, described by differential equations, cannot be achieved up 
to an arbitrarily high accuracy. On the contrary, it is restricted to the long-wave-range. In 
the present paper the approach is explained in a rather general notion and illustrated by means 
of a simple model. Application to the elastic case is reserved to a subsequent paper. 

Wychodzctc z mikrostruktury materialu heterogennego (kompozytu) i wykorzystuj~c usred
nienie zbioru wyprowadzono makroskopow~ teori~ kontinuum. Opr6cz pola usrednionego 
zawiera ona dodatkowe stopnie swobody zwane "multipolami ". Wykazano, Ze w zasadzie 
tego rodzaju teorii lokalnej, opisanej r6wnaniami r6zniczkowymi, nie mozna otrzymac z do
wolnie dui:ct doktadnoscict, poniewaz jest ona ograniczona do zakresu fal dlugich. W niniejszej 
pracy spos6b podejscia wyjasniono og6lnie i zilustrowano prostym modelem. Zastosowanie 
niniejszej teorii do przypadku spr~zystego b~dzie przedmiotem nast~pnej pracy. 

Hcxo,q.a H3 MHKpOCTPYJ<TYPbl reTeporel{Horo MaTepHana (KOMII03HTa) H HCllOJ1b3YH ycpeAI{eF(He 
MHO>KeCTBa, BbiBe,qeHa MaKpOCKOnHqeCKaH TeopHH KOHTHHyyM. KpoMe ycpe,qH;eHH;OrO llOJIH 
co,qep>I<HT o:aa ,qonoJI:aHTeJibllbie creneHH cBo6o,qbi, H;a3biBaeMbie ,MyJ1bTHnOJIHMH". IIoKa-
3aH;o, qTo B npHH~e 3TOrO po,qa JIOKaJibHOH TeOpHH, OllHCaH;H;OH AH<l><l>epeH;I.UfaJibllbiMH 
ypaBaeHHHMH, ae Mo>I<H;o nonyqmb c npoH3BOJ1bHO 6oJ1bmoH: Toq:aocrLIO. HanpoTHB OHa 
orpaH;Hqeaa ,qHana3oHoM AJIHHllbiX BOJIH;. B aacro~eH: pa6oTe cnoco6 no,r:vco,qa o6'b.aCH;ea 
06II.UIM o6pa30M H HJIJIIOCTpHpOBaH; npOCTOH MOAeJibiO. IlpHMeH;eHHe HaCTOH~eH TeOpHH 
K ynpyroMy CJiyqaro 6y,qeT npe,qMeTOM CJie,qyro~eH: pa6oTbi. 

Introduction 

MANY continuum theories have been proposed which are generalized in the sense that, 
besides the mean displacement field, additional degrees of freedom are assumed (micro
morphic, micropolar, multipolar theories) [1, 2, 3]. The aim is to characterize the internal 
structure of the body in more detail. Especially, in some cases this approach has been 
used for describing heterogeneous materials, for instance laminated or fibre-reinforced 
bodies [4, 5, 6]. Apart from such well established applications, there seems to be a lack 
concerning a sufficient physical interpretation of the additional degrees of freedom. In 
the same way, physical reasons for the accepted constitutive relations are desirable. 

This state of affairs suggests an attempt of deriving such a generalized continuum 
theory by means of remodeling and averaging the exact microscopic equations. The nota
tion "microscopic" does not refer to the atomic scale but to the characteristic length of 
heterogeneity. Obviously, in our case it is sufficient to explore the general structure of 
the macroscopic equations without taking care of numerical coefficients. The latter will 
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strongly depend on the underlying special model whereas the form of the field equations 
is expected to posses a more general validity. 

In the first section a scheme is offered according to which such a transition from the 
microscopic equations to macroscopic ones may be performed. This scheme is restricted 
to linear phenomena like elasticity, conductivity et al. 

In the second section the general considerations of the first one are briefly illustrated 
by means of a simple model. The more complicated but most interesting case of elasticity 
will be treated in a subsequent paper. 

1. The general scheme 

We consider inclusions E being stochastically distributed within a matrix M. In M 
a certain field u(r, t) may be governed by a field equation 

(1.1) 

where LM is a linear differential operator with constant coefficients, I being a source term. 
In the same way, inside the i-th inclusion we have 

(1.2) L~u =/, 

L1 being of the same type as LM. 
At an arbitrary point an equation 

(1.3) Lu = {LM+ _27 Li} u =I 
I 

holds. Concerning time dependence le tus think of a Fourier-transformation to be carried 
out, such that a frequency w will appear. In Eq. (1.3) L is a stochastic operator with 
coefficients being piecemeal constant, and 

(1.4) 
inside the i-th inclusion, 
otherwise. 

The final aim is the replacement of the microscopic field equation (1.3) by a macro
scopic one for the mean field (u), supplemented by field equations for additional degrees 
of freedom. The symbol ( ... ) denotes the average over an ensemble of samples, being 
macroscopically equivalent but differing from one another microscopically by various 
arrangements of the inclusions. The additional degrees of freedom are related to the 
fluctuations of the field u(r, t). 

Let us write the general solution of Eq. (1.2) as 

(1.5) 
ex 

where the first term denotes the particular solution vanishing on the surface of the i-th 
inclusion. The second term is a solution of the homogeneous equation expressed by an 
appropriate system q;!, being complete on the surface of the i-th inclusion. 

The coefficients Q!, whose values are beforehand open, denote the degrees of freedom 
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within the i-th inclusion. Generalizing simple cases, henceforth they should be called 
"multipoles". 

Now, the Eq. (1.3) is formally remodeled into an integral equation 

(1.6) 

where Lil is that Green-operator of the infinite homogeneous matrix whose kernel 
vanishes at infinity. Inserting (1.5) into (1.6) yields 

(1.7) u = Lil {!- ~ [ (£1)- 1/+ ~ cp~Q~]}. 
i ex 

Here we have taken into account that, according to the Eq. (1.4), on the right-hand 
side of the Eq. (1.6) there appears only the u-field in the interior of the i-th inclusion. 

The Eq. (1.7) shows us, that the microscopic problem is reduced to the task of finding 
the multipoles Q~. Equations for these quantities can be obtained from the Eqs. (1.7) 
and (1.5). To this end, we apply the operator L1 to the Eq. (1.7), taking into account 
again, that, because of (1.4) the field-variable u occuring behind L' can be replaced by 
the Eq. (1.5). Thus, we obtain 

(1.8) L1 {(L~)- 1/+ ~g{Q~}= L1Lil{f- ~ L'[(£1)- 1/+ ~cp!Q!]}. 
ex i ex 

It is suitable to introduce a system of functions ip! being adjoint to cp~ in the sense 
that 

(1.9) 

Such a system can be obtained, for instance, from 

~ e!pcp~ = (cp!)*, 
(1.10) fJ 

e!p := j dV(cp~)* L;(l + L;\/ L;)<p~. 
We get a system of equations for the unknown Q! by means of applying the operator 
J dVip! to the Eq. (1.8). 

With the aid of the abbreviations 

A'jp = - f dVip!LiLiiL1q}p, 

B~[f] = J dVip!Li{Lil [ !- ~ L1(L~)- 1/]- (L~)- 1/}, 
J 

the result takes the compact form 

(1.11) Q! = B![f]+ ~ ~ A:/pQb. 
i(#i) fJ 

Accordingly, the multipoles depend on the positions of all the inclusions, whereas L 1
, cp~ 

depend on the position of the i-th inclusion only. Concerning ensemble average of Eq. 
(1.7), this fact gives rise to a decomposition as 

(1.12) (L'cp!Q!) = (L'cp!(Q!)r' ), 
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where ( ... )rt is the average under the condition that the i-th inclusion is situated at ri. 
In the special case of identical inclusions (equal size and material) we consider 

(1.13) 

as macroscopic fields, i.e. as additional degrees of freedom besides (u). 
According to the Eq. (1.7) the field equation for (u) takes the form 

(1.14) LM(u) = (I)- J dVi 1g(ri) Li(L1)- 1 (l)ri -2 J dV11g(ri) Licp!Qrlr1
), 

where 1g(r) denotes the one-particle distribution function. 
Before we go over to the average of the Eq. (1.11) let us rewrite this equation, namely, 

replacing <I> within B![f] by means of the Eq. (1.14). The result is 

(1.15) Q! = B!Ul + 2 2 A:fpQ~, 
j(-1=1) fJ 

where 

Bb[f] = j dVip!Li{(u)+LA"i[(l-.A)f- 2 (1-J/)Li(Lf)- 1/l-(Lk)- 1
/}. 

j( i= i) 

The operator J/( ... ) = ( ... ) affects the average of all the terms subsequent to Jt, inclusive 
Q! which appear after A~. With it, the A:fp become operators. 

In order to get equations for the macroscopic field Qcx(r), the following procedure is 
proposed. From the Eq. (1.11) we obtain a hierarchy as 

(Q) = (B)+(AQ), 

(AQ) = (AB) +(AAQ), 

(AAQ) = (AAB)+(AAAQ), 

where, for the sake of clarity, all indices and sums are omitted. The brackets denote con
ditional averages analogous to the Eq. (1.13). Since this infinite hierarchy does not permit 
a direct calculation of Qcx(rt) = (Q!)r;, it must be closed. This may be done, for instance, 
replacing Q~ by its mean value Qcx(ri) in the last term of the m-th equation. Then suc
cessive substitution finally leads to equations of the type 

Qcx(r) = mrc [r,/]+ j dV'm&l(r, r') (u(r'))+ 2 j dV'mdcxp(r, r')Qp(r'), 
fJ 

LM(u(r)) = t9'[r,/]+ 2 J dV'!'}cx(r, r')Qcx(r'). 
ex 

The last equation is identical with the Eq. (1.14). The kernel mdcxp means the conditional 
average for two inclusions being fixed at r and r': 

(1.17) 
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This equation shows us that m .91 ap contains the distribution-function for m+ I inclusions. 
Therefore, the considered approximation disregards correlations between more than m+ I 
grains. 

The Eq. (l.I7) is suitably illustrated as a sum of irreducible graphs (Fig. 1). 

~,~, ... 
'.. "' .......... ____ ., 

FIG. 1. 

This is explained as follows: A straight line ·-· means any A!/p where the vertices (points) 
denote the position and the multipole-index. 

In order the perform the average, the vertices have to be connected in all possible 
ways by correlation-functions and autocorrelation-functions. These ones are symbolized 
by full and dashed bows, respectively. Further, integration (summation) over the posi
tions and multipoles of the interior vertices is prescribed. However, graphs containing 
autocorrelation between neighbouring vertices as well as reducible graphs are excluded. 

The latter are those which decay into two graphs by intersecting any A~-line. The re
striction to irreducible graphs is caused by the operator (1- Jt) in (I.I5). 

Obviously, our aim of writing down a finite system of differential equations has not 
yet been achieved. The system (l.I6) consists of integral equations for the mean field 
(u) and an infinite number of multipoles. 

In order to overcome these difficulties we decide for the following procedure. First 
of all, for the sake of simplicity, statistical homogeneity is assumed; that is 

m .91 ap(r' r') = m .91 ~p(r- r')' 

(l.I8) m~a:(r, r') = m~a(r-r'), 
~a(r, r') = ~a(r-r'). 

Consequently, the Fourier-transform of (1.16) turns out to be an algebraic system 

Qa = 2 m.JapQp+mgjcx(u)+ct[f], 
{J 

LM(u) = 2 ~cxQa+S[f]. 
a 

(The roof indicates the Fourier-transform). 
Further, under the restriction to long wave-lengths, i.e. small k, we try an expansion 

of the coefficients with respect to k and to the frequency w. Truncating these series at 
a certain power of k and w and retransformation into the physical space lead to a system 
of differential equations of corresponding order. Moreover, this approximation would 
permit to single out higher multipoles which contribute to the Eq. (1.19)2 in an order of 
k which is beyond the considered accuracy such that they can be dropped altogether. 
In this way, finally, our system would become a finite one. 

The realization of this program up to an arbitrarily high order is possible if only 
there is a suitable dissipative mechanism, which causes that .91 afl tends to zero more 
rapidly than any power of I fr. Otherwise we can be sure that the Green-functions behave 
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like 1/r (r-+ oo). It can be shown that in this case graphs will occur which decrease like 
a power of 1 fr only, even when the correlation-functions are assumed to decrease ex
ponentially for example (Fig. 2) 

~···· 
FIG. 2. 

The Fourier-transform of these contributions cannot be expanded into a power series 
of k. Besides the powers there appear terms like k"ln k. Since they do not go over to 
differential operators by retransformation, our program is realizable only up to a restricted 
order. Higher accuracy can be achieved only by nonlocal continuum theories. 

2. IDustration by means of a model 

In the following the statements of the first section may be briefly illustrated by means 
of a special model. We restrict ourselves to spherical inclusions of equal size and material. 
Further, we consider a scalar model theory with the model-operator 

L .= e(r)w2 +Vc(r)V, 

e(r) = eM+(eE-eM)e(R-Ir-r'l), 

(2.1) c(r) = cM+(cE-cM)e(R-Ir-r'l), 

LM =eMw2+cML1, 

L' = (eE-eM)e(R-Ir-ril)w 2 +(cE-cM)Ve(R-Ir-rii)V. 

R is the radius of the inclusions, r' the position vector of the i-th inclusion. Because of the 
spherical symmetry, the system tp~ (1.5) is chosen as 

(2.2) i _ i je(xlr-rtD ( ') 
'Pa. = 'Plm = je(xR) Y,m r-r ' 

where Y1m denotes the spherical harmonics and 

j.(z) = V'~ J1+~ (z) 

the spherical Bessel-function of the first kind. The wave-number " is given by the dis
persion relation of the inclusions, 

The adjoint system q;:m (1.10) is proportional to (tp:m)*. 
The execution of the program, skeched in the first section, yields the following results. 
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For sufficiently small wavevector k and frequency w "' " the leading terms in the system 
(1.16) behave like 

.91 oooo "' (kR)o (xR)2' 

(2.3) 
.91 oo lm "' (kR)', I :1- 0, 

dlmoo "' (kR)'(xR)2, I :1- 0, 
.r;J1.,.pq "' (kR)11-PI, otherwise, 

PJ,.,."' (kR)', gJ oo"' (xR)2, gJ,m"' (kR)', I :1- 0. 

Here we have assumed that the correlation lengths are of the order of magnitude R 
(inclusion radius). Otherwise R has to be replaced by the largest characteristic correlation 
length. According to a remark in the introduction of this paper, the calculation of nu
merical coefficients has not been carried out. No general assertions about the inhomo
geneities mcc and G of the Eqs. (1.16) can be made. They may assume an arbitrary order 
of magnitude according to the choice of the source termf However, this does not matter 
since we will restrict ourselves to free waves, f.= 0. 

Besides the leading terms (2.3) there will occur additional terms with higher powers 
of k and w. Moreover, as has been mentioned above, we are confronted with logarithmic 
terms, namely, in lowest order 

(2.4) 

doooo ~ (kR)4(xR)21n(kR), 

doolm ~ (kR)'+ 4 1n(kR), I :1- 0, 

dlnoo ~ (kR)1+4 (xR)2ln(kR), I :1- 0, 

dtmpq ~(kR)'+P+4ln(kR) otherwise, 

PA,m ~ (kR)1+6 1n(kR), 

or (kR)1+4 (xR)21n(kR). 

As already discussed, these terms do not correspond to any differential operator. 
Consequently, one can achieve a localized theory, governed by differential equations, 
if only these contributions are negligible. Moreover, our considerations may be restricted 
to the case that k and " are of the same order of magnitude. In analogy to crystal vibra
tions we speak about "acoustic modes" in contradistinction to "optical modes", where 
" =1:- 0 when k ~ 0. The latter ones are related to vibrations of the inclusions, most of 
which are decoupled from the mean field (u). 

In the case of acoustic branches a careful inspection of the Eqs. (1.19) shows that 
for small k the multipoles reveal the same order of magnitude as the coefficients P41m, i.e. 

(2.5) Qlm "' (kR)1(u). 

On the other hand, disentangling the system (1.19) step by step leads to the following 
conclusion: If the logarithmic terms are disregarded, then in the Eq. (1.19h an error is 
caused whose order of magnitude is (kR) 81n(kR) · (u). Therefore it is meaningless to take 
into regard terms of higher order than k7(u) in the Eq. (1.19)2 so far as we decide for 
a local approximation. This fact in connection with (2.5) and g}1m "' (kR)1 means that 
all the multipoles with I> 3 may be neglected altogether. In this way, the approximation 
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which has been introduced for the sake of localization automatically reduces the infinite 
number of multipoles to a finite one. 

This enables us to eliminate the multipoles from the system (1.19)1 ,2 to obtain an 
equation for the mean field (u) alone. After retransformation into the physical space 
it is the question of a differential equation being at most of seventh order. 

The relative error, which is caused by loca1ization in the equation for mean field (u), 
is of the order (kR)6 ln(kR). This can easily be seen observing that the operator LM has 
the order k 2

• 

Summarizing we assert that the proposed procedure yields in fact local continuum 
theories with additional degrees of freedom. However, as a matter of principle, their 
validity is restricted to a certain degree of accuracy which depends on the considered 
wave-lengths. Higher accuracy can be achieved only by use of nonlocal theories. 
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