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The nonlocal theory of elasticity and its application to interaction 
of point defects 

B. K. D. GAIROLA (STUTTGART) 

THE lattice theory from the very b~ginning takes into account the finite range of internal forces 
and the discreteness of the crystals. The conventional theory of elasticity is too narrow to ac
comodate these concepts. In this paper we discuss the basic mathematical concepts of a non
local theory of elasticity which has been developed in the last few years as an alternative to 
the lattice theory. As a typical example of the application of this theory we consider the inter
action between defects which takes place through the displacement fields produced by them 
when the lattice is allowed to relax. The results obtained by means of the nonlocal theory of 
elasticity are quite different from those of the conventional theory. In particular, we find that 
the energy of interaction between two spherically symmetric defects in an isotropic medium 
does not vanish, as it does according to the conventional theory. 

Teoria sieci strukturalnych od samego poCZ<!tku uwzgl~dnia skoticzony zakres sil wewn~trznych 
i dyskretno5c krysztal6w. Konwencjonalna teoria spr~i:ystosci jest zbyt wqska, aby z niej wy
nikaly te koncepcje. W niniejsz.::j pracy przedyskutowano podstawowe koncepcje matematycz
ne nielokalnej teorii spr~zystosci, kt6ra byla rozwijana w ciqgu ostatnich paru lat jako teoria 
alternatywna do teorii sieci strukturalnych. J ako typowy przyklad zastosowania tej teorii roz
wazono oddzialywanie mi~dzy defektami, jakie ma miejsce przez pola przemieszczeti, wywo
lane defektami, gdy dopusci si~ relaksacj~ sieci. Wyniki otrzymane za pomocq nielokalnej 
teorii spr~zystosci sq zupelnie inne niz rezultaty otrzymane z teorii konwencjonalnej. W szcze
g61nosci wykazano, :le energia oddzialywania mi~dzy dwoma sferycznie symetrycznymi defek
tami w izotropowym osrodku nie znika, jak to wynika z teorii konwencjonalnej. 

Teop:m1 crpyKTYPllbiX pemeToK c caMoro uat.Ia.rra yt.IHTbiBaeT KOUet.IllbiH pa~eyc ~ciiCTBHH 
BllyTpeHllHX CHJI H ~HCKpeTUOCTh KpHCTa.JIJIOB. KouaeH~HOHa.JibHaH TeopHH ynpyroCTH CJIHIII
KOM Y3Ka, t.ITo6bi c aeM: BbiTeKa.rrH 3TH KOH~en~. B uacro~eii pa6oTe o6cym.n;ellbi ocaoa
Hbie MaTeMaTHt.IeCKHe KOI{~en~HH lleJIOKaJibHOH TeOpHH ynpyrOCTH, KOTOpaH pa3BHBa.JiaCb 
B Tet.Iel{He ITOCJie~l{HX aecKOJibKO JieT KaK TeOpHH aJibTepl{aTHBH;aH K TeOpHH crpyKTypllbiX 
perneToK. KaK THnHt.IllbiH npHMep npHMeHeuHH 3TOH TeopHH, paccMoTpeHo B3aHMo~eM:CTBHe 
Me)K~y ~ecpeKTaMH, t.ITO HMeeT MeCTO t.Iepe3 ITOJIH nepeM~eaHif, Bbi3BallHbie .n;ecpeKTaMH, 
KOr~a ~onycKaeTCH peJiaKcal{HH peiiieTKH. Pe3yJibTaTbl ITOJIYt.Iellllbie C ITOMO~blO l{eJIOKa.JibHOH 
TeOpHH ynpyrOCTH COBCeM ~pyrHe, t.IeM pe3yJibTaTbl ITOJIYt.Iel{Hbie H3 KOI{Bell~HOHa.JibllOH 
TeopHH. B t.IacraocrH noKa3auo, t.ITO :meprHH B3aHMo~eM:CTBHH Mem~y ~BYMH ccpepHt.IeCKH 
CHMMeTpHt.IllbiMH ~e<PeKTaMH B H30TpOITllOH cpe~e lle HCt.Ie3aeT, KaK 3TO CJie~yeT H3 KOH;
BeH;~HOllaJibllOH TeopHH. 

1. Introduction 

A SOLID body is in fact an assembly of discrete particles which are held together by forces 
of a finite range and are, at least in ideal crystals, arranged in a regular lattice structure. 
Therefore, in any problem dealing with such bodies the two characteristic parameters 
which play a role are the range of interaction Land the discreteness length a. Obviously, 
L can never be less than a, i.e., L ~a. 

However, in any experimental investigation of the properties of crystal we use such 
an apparatus for observation which has a finite resolution. Thus, there is always a lower 
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394 B. K. D. GAIROLA 

limit to the length we can observe through the apparatus. We therefore have a third 
characteristic length which plays a role, namely the observable length A. While the other 
two parameters make the theory nonlocal, it is this parameter which determines whether 
the theory is local or nonlocal. For instance, if A is so large that it fulfills the condition 
A ~ L ~ a, we obtain a local theory. Naturally, its application is limited to gross phenom
ena and a number of known effects elude it altogether. 

The nonlocal theory which has been proposed independently by various authors 
[KRUMHANSL (1963), ROGULA (1965), KRONER (1965), KRONER and DATTA (1966), KUNIN 

(1966)] incorporates the essential properties of the lattice theory. The purpose of this 
paper is twofold. First, we discuss briefly the underlying mathematical concepts of the 
nonlocal theory. All the relevant mathematical results are given with brief explanations 
so that the reader may follow the arguments without much difficulty. Second, as an 
example of the application of the nonlocal theory, we consider the problem of inter
action of point defects. Our aim is to illustrate that the nonlocal theory yields results 
quite different from those of the classical theory and are in better agreement with the 
lattice theory. 

2. Nonlocality due to long range interaction 

The nonlocal elasticity theory is a field theory in the sense that all properties of solid 
bodies appear as fields, i.e., as functions of continuous variables, space coordinates. In 
other words, the continuum here is actually a mathematical continuum. It follows that 
nonlocality can arise in this continuum theory not only from the long range of interaction 
but also from the discreteness. This is clear since, in the extreme case, L = a, which is 
a finite quantity. 

However, let us first consider only the long range of interaction without referring to 
the discreteness. In this case the strain energy W is a generating functional which, for 
small strains, can be expanded in a functional series. For the sake of simplicity let us 
assume that the initial state is stress-free and the strains E are so small that the terms 
of order higher than second can be neglected. Then, we can write 

(2.1) W[e] = ~ J e(x) .. C(x, x') .. e(x')dvdv' = ~ (eiCie), 

where le) is a vector in the function space and C an integral operator. The stress la) 
is then defined as a variational derivative: 

(2.2) 
c5W 

I a) = c5le) = Cl e). 

If the medium is homogeneous, the kernel of C will depend only on the difference x-x'. 
Hence, in this case (2.2) is a convolutions equation which, in the usual notation, reads 

(2.3) a(x) = J C(x-x') .. e(x')dv', 

or 
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THE NONLOCAL THEORY OF ELASTICITY AND ITS APPLICATION 395 

In the above derivation we have used the idealization that a field variable such as 
the strain tensor E can be defined at every point of space. In reality the field at a point 
cannot be measured; only its averages are observable as this may be inferred from the 
analyses of BoHR and RosENFELD (1933, 1950). Measurements are made by operating 
with a testing body. As a result of interaction between the field and the testing body the 
averaging process depends on both. Therefore, we obtain averages or "smeared fields" 
such as 

(2.4) e(cp) .= J e(x) · cp(x)dv = (elcp), 

where cp(x) are smooth functions called averaging functions or test functions. They may 
be thought of as a weight function representing the influence of the testing body. The 
continuous linear functional e(cp) is called a distribution or a generalized function. 

There are several types of test function spaces and accordingly one can define a variety 
of distributions (see, e.g., SCHWARTZ 1966 or GELFAND-SCHILOW 1964-1968). The choice 
of the proper space of distributions should be dictated by the physical requirements of 
the theory. There are a number of ways in which we could approach this problem but 
the simplest method by far is to say that, since there is no discreteness, there is also no 
restriction on the Fourier spectrum of the field variables. In other words, the support 
of the distributions in Fourier space can be as small or as large as we please. (The support 
of a distribution E is the smallest closed set of points outside of which E vanishes.) It is, 
therefore, desirable to choose the narrowest space of test functions so that we have the 
widest space of distributions. This is the space of test functions of compact support usually 
denoted by D. The corresponding dual space of distributions is denoted by D'. An example 
of such distributions is the function elxl. 

The convolution of the two distributions E and C is defined by the rule 

(2.5) 

where cp is a test function and 

(2.6) C(x-x') = C(x'-x). 

However, as a result of the symmetry properties of C we have 

(2.7) 

Hence, (5) may be written 

(2.8) 

C(x-x') = C(x' -x). 

If cp e D, then C*cp should also belong to D. Hence, if a sequence {cpm} of the functions 
cp (x) e D (m = I, 2, ... ) converges to zero in the sense of D, then C*cpm should also 
converge to zero in D. This is possible if, and only if, the supports of the functions C*cpm 
all lie within a certain bounded region. Therefore, it is not possible to define, in general, 
a convolution for two arbitrary distributions. We have to impose some condition on the 
distribution C so that it can form a convolution with the distribution E. This condition 
is that C be a distribution with compact support. (A closed and bounded set is called 
compact.) Thus, the convolution, the Eq. (2.3) has a meaning if this condition is fulfilled. 
Here, it should be added, a solution of this equation exists which may be put in the form 

(2.9) E = C- 1 *a, 
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where c-l is the inverse of c defined by 

(2.10) 

Here, I is the unit tensor of the fourth rank and <5 is the Dirac distribution. This follows 
from the fact that the space of distributions with compact support is a commutative 
convolution algebra with <5 as the unit element. 

It seems logical that the support of C should be compact because, after all, it is deter
mined by the range of interaction which is finite. If it were not finite, the convolution 
integral (2.3) might diverge. Of course, divergent concolution integrals do occur in the 
quantum field theory. There have been many attempts to give a finite and well-defined 
meaning to these integrals (see, for instance, BOGOLIUBOV and PARASIUK, 1957; AKHIEZER 
and BEREZTEZKI, 1965). Such a situation may also occur in a stellar body reaching a cri
tical mass. 

However, a sharp cut-off in the range of interaction does not seem to be very reason
able from the physical point of view. The known interactions which are of relevance here 
attenuate only gradually and not suddenly. In this case the distribution C with compact 
support is not satisfactory. This undesirable feature of the continuum theory could be 
removed if we considered some suitably larger space of test functions. From the mathe
matical point of view, however, there does not seem to be any logical necessity for this. 
The necessity arises, as we shall see in the next section, in the case of a discrete medium. 

3. Nonlocality in a discrete medium 

A discrete medium is most simply characterized by the fact that all the variables in 
the problem have their Fourier spectrum truncated at a certain value of the wave vector. 
This means that the corresponding distributions have a compact support in the Fourier 
space. This support, in fact, is the Brillouin zone. Such distributions can also be written 
in the form of a product of a distribution with arbitrary large support and a function 
<5B defined by 

(3.1) 

For instance, 

(3.2) 

_ { 1 for k e Brillouin zone, 
<5B(k) - 0 for k 'I Brillouin zone. 

The multiplication of a distribution e'(k) with a function <58 (k) is defined by the rule 

(3.3) 

If we put ~(k) = <58 (k)<p(k), we can write this equation as 

(3.4) e'(1p(k)) = (e'(k)l~(k)). 

Now, the following question arises: what is the nature of the test function ~(x) and 
the distribution e(~). Clearly enough ~(k) e D and its inverse Fourier transform is 

(3.5) ~(x) = J ~(k)eik·xdv. 
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TI-lE NONLOCAL THEORY OF ELASTICITY AND ITS APPLICATION 397 

If we replace x by a complex variable z .= x +is, we get 

(3.6) 

The function ~(z) is an entire function in the complex hyperplane. The holomorphy of 
~(z) follows from the fact that ~(k) has a compact support. Such functions satisfy the 

inequality 

(3.7) 

Here, AP and a are constants which may depend on "P; zP, and DP~(k) are short notations 

for the expressions 

and 

with 

IPI = Pl +P2+P3· 

One can show (see GELFAND SCHILOW, vol. Il, p. 154) that function ~(z) satisfies 
the more general inequality 

(3.8) 

The left-hand side of this inequality is called the Schwartz norm. 
We shall now consider the function ~(z) only for the real argument x. By putting 

s = 0 in the inequality (3.8) we find that the Schwartz-norm of the test function ~(r) 
satisfies the condition 

(3.9) 

This means that ~(x) is a rapidly decreasing function. More exactly, ~(x) is a smooth 
function which, together with its derivatives, approaches zero more rapidly than any 

power of -
1
1 

as lxl --+ oo. The space of these test functions is usually denoted by Sand 
XI 

the distributions which are defined as the linear functionals on this space are called tem
pered distributions; the space of these distributions is denoted by S'. With the help of 
Riesz's theorem in functional analysis (see, e.g., KANTOROWITSCH and AKILOW, 1964, 
p. 168) one can easily show that the tempered distributions have the form 

(3.10) 
m~n 

where m ~ n means m1 ~ n1 , etc. m1 , n1 , etc. are whole numbers and fm(x) are measur
able and essentially bounded functions. 

Since ~(x) is rapidly decreasing it can easily be seen that the functions ~n(x) defined by 

(3.11) 

also belong to S. Therefore, by means of Hahn-Banach theorem one can show that tem
pered distributions can be represented as a finite sum of derivatives of continuous func-

10 Arch. Mech. Stos. nr 3!76 
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tions growing at infinity not faster than some polynomial. (The term tempered is used 
because of this slow growth). 

Referring back to (3.3) we may note that this multiplication rule is meaningful only 
if ~8(k)cp(k) and cp(k) belong to the same space of test functions. Hence, the test function 
cp(x) is · an element of S. It follows that distribution E = e' * ~8 is again a tempered one. 
From (3.1) it can easily be shown that 

(3.12) 

and 

(3.13) 

so that ~8 acts as a unit element in the convolution algebra. Although the support of 
~B(x) is the whole space one could define an effective support with the dimensions of 
not more than double the lattice spacings. This is obvious from the following two examples. 
For a spherical Brillouin zone 

(3.14) ~B(x) ~ _1_ [ sinkBixl _ k8 cosk8 lxl J 
2~2 jxj3 jxj2 ' 

where k 8 is the radius of the B.z. sphere, and for a cubic Brillouin zone 

(3.15) 
3 • k 

~ ( ) _IT sm B;X; 
UB X - 3 • 

; ~xia 

Thus, we have proved the following theorem: 
THEOREM. If the Fourier transform of a distribution has a compact support in Fourier 

space, it is a tempered distribution of finite algebraic growth for lxl --+ oo. 
The space of these distributions is a commutative convolution algebra with ~8 defined 

by (3.1) as the unit element. 
Our discussion is a highly simplified version of a more complicated mathematical 

situation. The above theorem is actually a converse of the one known as the Paley
Wiener-Schwartz theorem (see, e.g., HoRMANDER, 1963, p. 22 or YosiDA, 1971, p. 162). 

After this discussion we can see that, according to the convolution rule, both C 
( = C' * ~8) and E in (2.3) should be considered as tempered distributions. However, to 
give a meaning to this convolution integral the growth at infinity of e' should be "matched" 
by the decay of C'. As the growth of e' is slow at infinity, it should be sufficient to require 

that the decay of C' at infinity be faster than any power of 
1
!

1 
, i.e., it should decrease 

rapidly enough as lxl --+ oo. 
In physics a "rapidly enough" decrease is usually considered to be an exponential 

decrease. For instance, we can put C' = CgL, where 

(3.16) gL(x) = exp( -lxl 2 /L2)/(y;iL)2
• 

Hence, 

(3.17) 

Obviously, the sphere of radius L is the effective support of this function. (Note that 
despite its appearance the function gL does not belong to S because the sequence {gL} 
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does not converge to a function q; E S which is a necessary condition for the space S to 
be closed.) However, a serious difficulty arises with this distribution. Its inverse c-1 

does not belong to S'. Hence, some additional condition must be specified so that a so
lution of the form (2.9) can exist. 

This condition can be found through mathematical reasoning if we consider the distri
bution on the space of test functions q;(z) as defined earlier and use the theory of analytic 
functions. However, we shall opt here for the shorter way of physical reasoning. The 
interaction between the particles forming a solid body are, in reality, of two kinds: short 
range repulsive interaction and long range attractive interaction. Here, by the term range 
we mean effective range without a sharp cut-off. Since the repulsive interaction is much 
stronger than the attractive one we can assume that 

(3.18) 

where C0 ~ C 1 and L is the effective range of attractive interaction. The inverse of C 
is easily calculated and is given by the convergent series 

(3.19) c-l = Co 1 c5s-Co 1 
.. cl .. c-1gL*c5s+ .... 

It belongs to S'. On the other hand, it would be incorrect to put 

(3.20) 

where I is the effective range of repulsive interaction, because then c-1 ~ S'. 
In the extreme case when the interaction range Lis of the order of the lattice spacing 

a we have 

(3.21) 

Both terms on the right-hand side of (3.21) are nonlocal. Therefore, in an absolute sense, 
there is no local law in a discrete medium. 

Let us now use the observable length A as the measuring unit. This means that we 
introduce the dimensionless variable y .= xf A or x = AY or, in Fourier space, the dimen
sionless variable k' = Ak. Then, in accordance with the rule of similarity transformation 
of the distributions, we have 

(3.22) (/(Ay)lq;(y)) = <f(y)IA- 3 p(y/A)), 

or 
<J(k' I A)lq;(k')) = <f(k')IA3 p(Ak')). 

It can be seen that as A -+ oo, the support of c58 (k') becomes infinite, i.e., 68 -+ 1:5. On 
the other hand, gL becomes gLtA defining a delta sequence {gL1A} which converges to c5 
function. Hence, in the limit A -+ oo we have 

(3.23) 

which yields a local material law. If A ~ a but Lis comparable to A, we obtain the non
local material law of the previous section but without a sharp cut-off, under the form of 

(3.24) 

We may thus see that the most general correct form is given by (3.18). It is also clear 
that such a medium is not, in general, isotropic. 

10* 
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4. Equation of equilibrium and its solution in terms of Green's function 

If a body force per unit mass is also present we can introduce another quantity w 
which is a functional of the displacement u. Its variation is then given by 

(4.1) 
where 

(4.2) 

~w = (FI~u), 

~w 
IF)= ~lu) . 

Then, according to Hamilton's principle, 

~w+~w = (al~e)+(FI~u) = 0. 

Since the operation ~ commutes with the partial differentiation, we can write 

(4.3) ~E = Def~u, 
where 

(4.4) 
a a 

(Def)ijk = ~ik -a + ~jk -a . 
Xj Xi 

Then, using partial integration and the nonlocal material law, we finally obtain the 
following inhomogeneous convolution equation 

(4.5) 

where 

(4.6) 

Thus, D is a self-adjoint operator. 
We define Green's function G by 

(4.7) 

where 1 is the usual unit tensor of second rank. As a boundary condition we assume 
that G vanishes at infinity. Then G is given by 

(4.8) 

where IDI is the determinant of D defined by 

1 
(4.9) IDI = 6 ox xD· ·D 

and y is the cofactor 

1 y = 
2

DTX XDT. 

However, it would be difficult to calculate G in this way. The nonlocal form (3.18) 
of C on the other hand makes it possible for us to use a perturbation method. The opera
tor D can be put in the form 

(4.10) 
where 

(4.11) 
Do= Vx · Co · Vx'~B· 

D 1 = V x ' C 1 ' V x' g L * ~ B • 
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We imtroduce Green's tensor G0 which satisfies the equation 

(4.12) 

Natunally, it is much simpler to calculate G0 . 

We can then write (4.7) either in the form 

(4.13) G = G0 -G0 * T *G0 , 

where the "T-matrix" is given by 

(4.14) 

or in the form of Dyson's equation 

(4.15) 

Any o,f these expressions may readily be expanded so that 

(4.16) 

This is the usual Neumann series. The simplest Green's function that we can calculate is 
that for an isotropic medium though, this is not realistic. Considering only the first two 
terms of the perturbation series (4.16), G can be written as G = G' * ~B with 

(4.17) G'(x-x') = --
8 

1 
[1Vx · Vxlx-x'l-o:VxV~Ix-x'l 

'Jtflo . 

+Pl J g~~~=::;> dv"-v J gL(x-x")Vx·Vx' lx"~x'l dv"; 

(4.18) 

o: _ Ao + flo p = flt , 
- Ao + 2[to ' flo 

1 [flt (A.o+{to)- floCAt +{tt) + ftt(Ao+{to) J, 
Ao + 2flo flo Ao + 2[to Ao + 2flo 

V= 

where Ao, flo and A. 1 , ft 1 are Lame's constants corresponding to C0 and C1 • 

5. Interaction between point defects 

In the lattice theory the term point defect is generally applied to vacancies, interstitials 
and substitutional atoms. When two point defects are introduced into a crystal they can 
interact in various ways. However, the interaction which takes place through the displace
ment fields produced by defects when the lattice is allowed to relax is always present. 
It is this very interaction which we are now considering. The knowledge of this interaction 
is important in determining, for instance, the formation energy and also for the discussion 
of X-ray scattering. We shall exclude interstitials from our consideration because the 
displacements they produce are so large that a linear theory is not permissible. Besides, 
they have a much more complicated structure. 

In the classical continuum theory these defects are characterized by a dipole type of 
force distributions (size effect) or ~-type inhomogeneities (modulus effect). In the most 
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general continuum theory as exposed above, the defects cannot be represented in either 
of these ways because a strictly localized model is not feasible unless A. is very large in com
parison with the lattice spacing and the defect interacts only with a few neighbours. Here, 
we shall characterize the defect by a nonlocal force distribution because it is general enough 
to include most of the effects. The inhomogeneity model has already been considered by 
KOSILOVA, KUNIN and SOSNINA (1968). 

Let the force density distribution representing a defect at x be F(x- x'). It should sat
isfy the equilibrium conditions 

(5.1) J F(x-x')dv' = 0, J F(x-x') x x'dv' = 0. 

From the above it follows that 

(5.2) 

where P is a symmetric tensor distribution of second rank. Obviously, it plays the role 
of a potential function. The form of P and hence ofF is determined by the interaction be
tween the impurity atom and the atoms of the host lattice or, in the case of a vacancy, by 
the interaction be!ween the atoms themselves. The support of P, in the case of an impurity 
atom, may be of an order different from the range of interaction between the atoms of the 
host lattice, but for a vacancy it will be of the same order. Therefore, we shall represent P 
in the form 

(5.3) 

where A is a constant tensor and g1 is a rapidly decreasing function with an effective support 
of the order /. It is not too much of a restriction to assume that {g1} is a delta sequence 
so that P reduces to A~ in the long wave limit (). --+ oo ). 

Consider now two defects at x and x', respectively, which are represented by the force 
density distributions 

(5.4) 

where 

(5.5) pl = Algll*~B' p2 = A2gl2*~B· 

The interaction energy of the two defects can be written as 

(5.6) 

where u2 is the displacement due to the second defect. It is given by 

(5.7) u2 = -G*F2 • 

Hence, we obtain 

(5.8) 

Using the perturbation series ( 4.16) for G we get 

(5.9) 

Let us now turn to the simplest case when the medium is isotropic and the defect is 
spherically symmetric. However, as we have already pointed out, this is an unrealistic 
case. First of all, even in the long wave approximation there are only a few lattices which 
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are isotropic or nearly isotropic (W, diamond and AI). Secondly, the spherical symmetric 
model of the defect does not correspond very well to actual lattice defects because the highest 
symmetry a lattice defect can have is cubic symmetry. But this case is still instructive be
cause the results reflect qualitative differences between the classical theory and the non
local theory. More realistic models will be considered in another paper. 

Therefore, we put 

(5.10) 

The distributions g11 and g12 are of the same type of exponential functions as gL in (3.16), 
and /1, 12 define the effective extensions of the defects. These functions have the simple 
property that 

gl1 * glz = g,t +lz · 

In view of (5.9) the interaction energy of the two defects is now given by 

(5.11) 

where 

M= A1A2 

Ao +2P,o ' 

N= A1A2(v-fl1). 
flo flo 

In real crystals the Brillouin zone is a polyhedron. However, because of our simplifying 
assumption we can take it here as a sphere of the radius k 8 • Carrying out the convolution 
over this sphere we obtain 

, , [kB(/f+li) 112 ilx-x'l J 
(5.12) U(x-x) = Mg11 +12 (X-x )Reerf 2 + (If +li)2 

, [ kB(/f+li+L2
)

112 ijx-x'l J 
-Ng11+ 12 +L(x-x )Reerf . 2 + (/f+li+L2)2 

_ sink8 lx-x'll [-k (P P)/4 [ Nexp( -k~L2 /4) _ M ] 
n 2 lx-x' exp 8 1 + 2 ] lf+li+L2 lf+li · 

At large distances lx- x'l U exhibits an oscillatory behaviour. 
In the expression (5.11) we may notice an interesting fact. The interaction potential U 

of the two defects is of the same form as the potential P of the defects. This is not unusual. 
In the electron theory of metals, as it is well known, such a behaviour is also manifested 
by the interaction of vacancies in metals, or the interaction of charged impurities (1). 
This interaction is oscillatory just like the effective interaction between ions in metals. 

(1) This is one case where the defect could be considered as being spherically symmetric. The reason 
for this is that charged impurity is screened by the conduction electrons. According to the Fermi-distri
bution of the conduction electron the Fermi-surface represents a sharp boundary between the occupied 
and unoccupied electron-states in the Fourier-space. Hence, the potential P of the defect has a compact 
support in the Fourier-space. This support is - the Fermi-sphere. 
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An oscillatory interaction between defects could also be obtained by putting P = A 1 t5 8 • 

We then have 

(5.13) 

That this is oscillatory can be seen in the expression (3.14) or (3.15) for t58 . However, 
this is not a correct model because it would yield zero values for F as well as U at all lattice 
points. 

Since {g11 +1J and {g11+, 2 +L} are t5-sequences it can be seen that in the long wave 
limit U reduces to the result of the local theory: 

(5.14) U = (M-N)ll. 

On the other hand, if L and A. are comparable but very large in comparison with /H / 2 , 

we obtain the very simple result 

(5.15) 
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