
Archives of Mechanics • Archiwum Mechaniki Stosowanej •18, 1, pp. 51-62, Warszawa 1976 

Microstress approach in thermoplasticity(*) 

V. KAFKA (PRAGUE) 

THE presented paper, leaning on earlier author's papers [1, 2], shows their generalization to 
non-isothermal slow plastic deformation processes. A technical polycrystalline material is 
described as a special kind of a composite of two material constituents, where the second con
stituent · simulates the influence of obstacles to plastic deformation. Elastic modulus of the 
composite and plastic limits of the constituents depend on temperature. The consequences of the 
presented theoretical approach are compared with two kinds of experimental observations and 
a good qualitative agreement is found. 

Niniejsza praca, wykorzystujClC wczesniejsze koncepcje autora [1 , 2], stanowi ich uog6lnienie na 
nieizotermiczne wolne procesy deformacji plastycznej. Techniczny material polikrystaliczny 
opisano jako specjalny rodzaj kompozytu dwusldadnikowego, w kt6rym drugi sldadnik gra rol~ 
barier przy odksztalceniu plastycznym. Modul spr~zysty kompozytu oraz granice plastycznosci 
poszczeg6lnych skladnik6w zaleZ<t od temperatury. Otrzymane wyniki teoretyczne por6wnano 
z dwoma rodzajami obserwacji do8wiadczalnych i stwierdzono dobr~ zgodnosc jakosciow'l. 

Hacro~aH pa6oTa, 6aaHpyH Ha 6onee paHHHX pa6oTax aaTopa [ 1 , 2], cocraaJIHeT HX o6o6~e
HHe Ha HeH30TepMWieci<He cao6o~Hhie npoueccbl nJiaCTWieCI<oH: ~e<f>opMai.{HH. TeXllWieci<HH 
llOJIHKpHCTaJIJIWICCI<HH: MaTepHaJI OllHCaH HaK ClleQHanLUbiH po~ ~ByxKOnMOUeHTUOro HOM
ll03HTa, B HOTOpOM BTOpOH HOMnOUeHT HrpaeT pom. 6apbepOB npH nJiaCTWICCKOH ~e<f>opMai.{HH. 
Mo~ym. ynpyroCTH HOMn03HTa H npe~eJibi nnacrwmoCTH oT~em.ahiX HOMnoaeaToB aaBHCHT 
OT TeMIIepaTyphi. Tio.rryqeHHhie TeopeTWieci<He peaym.TaTbi cpaaaeHhi c ~BYMH po~aMH 3Hcne
pHMeHTaJibHbiX Ha6mo~eHHH H HOHCTaTHpOBaHO Xopowee HatJ:eCTBCHHOe COBna~eHHe. 

Notations 

4'' 

a,1 macroscopic stress tensor, 
su macroscopic stress deviator, 

StJn mean value of the stress deviator in the n-th material constituent, 
srj, residual value of StJn, 

siJ, deviator expressing the heterogeneity of distribution of StJn, 

si}n residual value of siJn, 
e11 macroscopic strain tensor, 
e11 macroscopic strain deviator, 

etJn mean value of the strain deviator in the n-th material constituent, 
E Young's modulus, 
v Poisson's ratio, 
p, = (1 +v)/E, 
G = 1/2p,, 

d).n scalar measure of the incremental plastic deformation in the n-th material 
constituent, 

{),. volume fraction of the n-th material constituent, 
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52 V. KAFKA 

J'}rr positive material constant relating to the n-th material constituent, depending 
on the structure of the material, 

k,. plastic limit under pure shear loading of the n-th material constituent, 

c = 2 k.tvr. 
T absolute temperature, 
~ room temperature, 

c• ,p.• values of c, p. at room temperature, 
A, B, C material constants- functions of {}., {},, 'TJ•• TJ,, 

X, X*, Y, Y*, v, v* quantities defined by the Eqs. (3.2) and (3.11), 
f,. yield function of the n-th material constituent. 

IN earlier papers of the author (cf. [1, 2]) a continuum theory of isothermal time-independent 
plasticity was formulated, the basic idea of which was that a technical polycrystalline 
material was considered as a conglomerate of two kinds of microparticles: the particles 
of the basic material that deform easily and the fixed obstacles. 

In this paper we consider the possibility of moderate temperature change which exerts 
influence upon the elastic constants and the criteria of yielding. Furthermore, the obstacles 
are supposed here to be capable of undergoing also plastic deformation if the temperature 
is elevated. 

1. Basic relations 

Principally the analysed material is arrived at as a special kind of a quasi-homogeneous 
quasi-isotropic composite of two material constituents which do not differ in their elastic 
properties, but differ in their resistance to plastic deformation. The a-material is charac
terized by a low resistance and the b-material by a high resistance. The last named material 
constituent simulates the influence of fixed obstacles which are assumed to be concentra
ted mostly at grain boundaries owing to impurities, precipitates the change of orientation, 
an "obstacle" in itself (cf. [I] and experimental works quoted in the paper). 

The constitutive equations of both kinds of microparticles are supposed to be of the 
Prandtl-Reuss type as follows: 

{I. I) 

where e1b s1i are the deviatoric strain and stress respectively, p, = (1 +v)/E is the elastic 
compliance and d). is the scalar measure of plastic deformation. 

With low stresses the response of both material constituents is elastic (d). = 0), the 
elastic compliance p, is constant and the material behaves thus as homogeneous (stage 1). 

With higher stresses plastic deformation in the a-material steps in with the b-material 
-remaining elastic (stage II). 

Only under special conditions - relatively high temperature - is the b-material also 
supposed to be capable of undergoing plastic deformation (stage Ill). 

As to the first invariants of strain due to stressing and thermal expansion, they are 
supposed to have the same course as in a homogeneous material and may thus be analy
sed separately from the deviatoric parts. 
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The basic relations for a quasi-homogeneous ·composite consisting of two kinds of ma
terial constituents may be formulated as follows (cf. e.g. [5, 6, 7, 1]): 

(1.2) 

(1.3) 

(1.4) 

Daalja+{}bal)b = "iiu, 

{} aEija + {}b eljb = Eij' 

where aii, e;1 are the stress- and strain-tensors, respectively, {} ,( = 1 -{}b) is the volume 
fraction of the a-material constituent, aua is the arithmetic mean of ail in the a-material 
and 'ii11 is the arithmetic mean of au in the composite. 

The first of the three equations expresses the static equilibrium condition, the second 
one the kinematic composition of deformation and the third one expresses the equality 
between the work of macroscopic stress and strain and the mean work of the respective 
micro-quantities. 

By linear combinations it can easily be shown that the first two equations hold equally 
good for the deviatoric parts and the first invariants separately. 

From the Eq. (1.4) it follows 

si1eij+3'iie = s,1e;1+3"iie, 

where a = au/3, e = eu/3 and according to our supposition -e is distributed as in a homo
geneous materia], so that uli = ue, and thus 

(1.5) 

With some simplifying assumptions concerning the law of distribution of stress and 
strain in the composite, it was shown- primarily in [1], but more simply and precisely 
in (3]- that 

(1.6) 

with 

(1.7) 

(1.8) 

siJ de;1 = ..J; {},(siJndeiJ, + _1_s;J,dei1,) 
n=a,b 'YJn 

deijn = P, dst)n + Sfjn d)..,, 

deiJn = dell,.- diu = p, dslin + Stjn d)..,, 

(n = a, b, no summation over n) 

'YJ, ~ 0 being positive material constants. 

The methods of determination of 'YJ,, {}, from macroscopic tests are showh in [4]: 
Combining (1.5) with (1.6), (1.2) and (1.3) we arrive at: 

0 = ~(siieii-s,Jeil) = Da{}b(siia-si1b+ siJa- s;Jb) (~eua-~e,1b). 
'YJa 'Y/b 

The last equation must be fulfilled for any ~ell,, ~e11b and any stage of the process and 
thus 

(1.9) 

throughout the process. 
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Combining further the Eqs. (1.2), (1.3), (1.7), (1.8), (1.9) and their differentiated 
forms it can easily be deduced that 

(1.10) 

(1.11) 

(1.12) dslja = ({} za ) {[{}b1JbStja-({}a+1Jb)Stja]dAa- ({}b1JbSijb+{}bsljb]dJ.b}, 
ft a1Ja+ b1]b+1Ja1Jb 

where sii, e11 are macroscopic deviatoric stress and strain, s11a, s11b are the arithmetic means 
of the deviatoric stress in the respective material constituents and si1a, si1b are deviators 
that describe the heterogeneity of distribution of s11a, s11b and are defined by the Eq. (1.8) 
(for details see [3]). The values of s11b, si1b in any stage may be obtained from the Eqs. 
(1.2) and (1.9). 

To complete the constitutive equation it is necessary to express d).a, d).b on the basis 
of the criteria of yielding in the two material constituents. In our concept the mechanical 
state of the material constituents is described by the deviators s11n, s;1n and the yield crite. 
rion is formulated therefore in terms of these variables: 

(1.13) 

where the quantities ka, kb representing the plastic limits depend on temperature. 
By differentiation of the Eq. (1.13) we have 

(1.14) of, of, d , of, 
-~-ds11n+ ~ .StJn+ ~r dT = 0, (n =a, b, no summation over n) 
UStjn uStjn u 

and inserting ds;1a, dsi1a from the Eqs. (1.11) and (1.12) and ds11b, dsi1b from the dif
ferentiated Eqs. (1.2)- rewritten for deviatoric components- and (I .9) we arrive at 
a system of two linear equations for d).a, dA.b: 

d).a{ -{}b({}a 1Ja + {}b 1Jb)Stja -1]bStja]-%!a + 1Ja[{}b 1JbStja- ({}a+ 1Jb)Stja] ~I: } 
uStja uSi)a 

(1.15) 

+,..<n.'1.+n•'1•+'1·'1•l{:~. as.,+ ~~dr) = o. 

The second equation is obtainable by the interchange of the indexes a, b. 
All the above equations were written for the case of an active plastic process in both 

the material constituents, i.e. "stage Ill". The respective equations for "stage 11" ma.y be 
obtained by setting d).b = 0 and for "stage I" by setting d).a = d).b = 0. 

Once the yield criteria are formulated the decision, if the process in the respective ma
terial constituent is active, is simple: 
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by definition 

dln = 0 for /, < 0, 

or fn = 0, 
8
8
/,. asii + aalj;Tn dT ~ 0. 
si}n 

For d).n = 0, one of the two equations (1.15) in which there appear the derivatives 
of/,, must be omitted. 

In our forthcoming qualitative demonstrations we shall consider the simplest variant 
of the criterion: 

(1.16) 

or 

(1.17) 

with 

(1.18) 

/, = siinsiin-2k~ = 0, (summation over i,j, no summation over n) 

meaning residual microstresses due to the preceding plastic deformation and elastic un
loading. 

It is easy to see that in this case 

(1.19) -
8
8-!n = 2siin' 
Stj 

i.e. the directions of the increments of plastic deformation in the Eq. (1.10) coincide with 
the normal directions to the respective yield surfaces (1.19). 

2. Tempering of specimens prestrained plastically by tension 

To illustrate the concept outlined in Sect. I let us consider plastic deformation of 
a metallic polycrystalline specimen at room temperature due to tension ii 11 > 0. In 
such a process the obstacles do not undergo plastic deformation (d).b = O) and temper
ature is constant (dT = 0). 

For the stress components during the process it holds 

2_ - - -
30'11 = Su = -2s22 = -2s33 > 0, Sua = -2s22a = -2s33a > 0, 

and the residual stresses after unloading are 

s~la = -2s22a = -2s33a< 0, s'lta= -2si2a = -2lf3a > 0. 

The last two inequalities may be deduced from the Eqs. (1.11) and (1.12) as follows. 
For s11a > 0, S~ta ~ 0 it holds: 

(2.1) 

as {}a, {}b, 'f}a, 'YJb are positive. On the plastic limit sl. 141 = 0, s 11 a = s 11 > 0; s~ la increases 
further with plastic deformation, but it cannot overpass the value of [s11a{}b1J•f(-&a+'YJb)] 
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as the increase is proportional to [Ob1JbS1141 -(0o,.+1Jb)siia]. It holds therefore throughout 
the drawing: 

dsJ.1a = dst1a > 0 

and by the Eqs. (1.11) and (2.1): 

For residual stresses it holds furthermore according to (1.2): 

(2.2) r Da r 
siJb = - Db Sija, 

and as Db ~ {}a it follows: 

(2.3) 

Now if the temperature of the prestrained unloaded specimen is elevated, two mecha
nisms of plastic deformation may occur: 

a) Temperature lowers ka as much as the residual stresses cause plastic deformation 
in the basic material; 

b) Temperature lowers kb- i.e. weakens the obstacles- as much as the residual 
stresses cause plastic deformation of the obstacles. 

(The decrease of flow stress with increasing temperature is a generally observed phe
nomenon-see e.g. [8, 9, 10, 11]. In some cases-cf. [8]-the flow stress divided by the 
respective shear modulus was observed to be constant in some interval of temperature, 
but as the shear modulus decreases with temperature (cf. [12]) it means that even in this 
case the flow stress decreases). 

The basic material is weaker, but residual stresses are much higher in the obstacles 
as stated by (2.3). 

In both cases (dA11 > 0, d).b = 0 or d).b > 0, dA41 = 0) residual microstresses relax 
according to (1.11), (1.12), (2.2) (1.2), (1.1) in both the material constituents, but in the 
first case the respective plastic deformation is, according to (1.10): 

(2.4) 
dell ~ deu = {}as'iladAa < 0, 

tli22 ~ de22 = {}as~2adAa > 0, 

i.e. contraction in the direction of the previous drawing and expansion in the transverse 
direction. 

In the second case: 

(2.5) 
diu ~ diu = {}bs'ilbd).b > 0, 

di22 ~ ae22 = f}bs52bd).b > 0, 

i.e. expansion in the direction of the previous drawing and contraction in the transverse 
direction. 

Both these phenomena were observed by the authors of the experimentals works 
[13 and 14]. 
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For the case of carbon steels, which were investigated in the paper [13], the observed 
course of deformation is schematically illustrated in Fig. 1. (full lines e11 , ~22). Such 
a course of deformation may be explained by the analysis outlined in the foregoing section 
if the law of change of ka and kb with temperature is supposed to have such a character· 
that at first the basic material deforms plastically (ka = y3 si 1a/2), which results in con
traction of the specimen in the direction of previous tension and expansion in the trans
verse direction [cf. the Eq. (2.4)]. With the temperature further increasing, the obstacle& 
are substantially weakened, their plastic deformation steps in (kb = l/3s11 b/2) and predo-

~2= e.,3 

FIG. l. 

minates [cf. the Eq. (2.5)]. However, residual microstresses si1a, s11b relax in the course of 
this process [cf. the Eqs. (1.11) and (1.2)] and the deformation rate tends to zero. 

Alternatively the process may be illustrated by the change of the yield surfaces as is 
done in Fig. 2. Accepting the yield criterion (1.17) the yield surfaces are - in the space 
of the macrostresses su - hyperspheres, their shift from the central position being given 
by the residual microstresses s[1n. The central sections of the hyperspheres are schematic
ally illustrated in Fig. 2. The microstresses s~Jn have opposite signs in the a• and b-ma
terial constituents [cf. the Eq. (2.2)] and therefore the centres of the hyperspheres la,[,. 
are shifted in opposite directions. At room temperature the surface/~ is far smaller thanJi,1 

and is enclosed in it, i.e. the elastic domain is limited by f~ only and the obstacles cannot 
deform plastically. With increasing temperature the diameters of the surfaces decrease 
(i.e. ka, kb decrease). At the moment when the zero-point of the macroscopic stress gets 
onto the yield surface (f;), plastic deformation steps in the a -material which, according 
to (2.4), represents contraction in the x 1-direction and expansion in the transverse direction .. 
With the plastic deformation increasing, residual stresses are being reduced, which means 
that the centres of the yield surfaces are shifted towards the zero-point. The decrease of 
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the diameter of j, (i.e. the weakening of the obstacles) with the increase of temperature 
may be ·so rapid that the zero-point gets onto this second yield surface (position fb3 in 
Fig. 2) and this new plastic deformation, which takes an opposite direction, preponderates 
{)Ver the first one. Then the shift of the centre of la due to the decrease of the resid
·ual stress s[1, may be larger than the decrease of the diameter of fa and the zero-point 
falls into the area limited by la, i.e. plastic deformation proceeds only in the b-material 

s;, 

........... / 
........... -·----· 

FIG. 2. 

and in the direction of the outward normal to fb (positions 1: andft in Fig. 2). This means 
expansion in the xrdirection and contraction in the transverse direction [cf. the Eq. (2.5)]. 

In both the quoted experimental works their authors connect the observed deforma
tions with the change of microstresses. 

The consequences of the presented theoretical approach agree also with other experi
mental observations recorded in [13]: 

a) The rate of deformation decreased in the range of temperature over 300°C - i.e. 
microstresses causing the deformation were already small in this range; 

b) The time of tempering did not affect the observed deformations; 
c) The density changes were very small, expansion in the x 1 -direction was accompanied 

by contraction in the transverse directions; 
d) Deformations during cooling corresponded to normal isotropic thermal contraction 

only; 
e) A new tempering after cooling did not lead to new changes in the material up to the 

temperature of the first tempering and then it proceeded in the same way as if the interrup
tion had not existed; 
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f) Presence of carbide in the material increased the observed effect compared with 
other steels with the same content of carbon, i.e. the presence of hard carbide particles 
led to a more substantial effect of the obstacles. 

3. Influence of the temperature of prestraining upon a new deformation process at room 
temperature 

Let us now consider two successive deformation process-drawings in the same 
direction x 1 • The second process proceeds at room temperature, the first process at dif
ferent temperatures. The extent of plastic deformation in the first process is supposed fixed 
and we are going to investigate the influence of the temperature of the first process upon 
the second one. The temperature changes are considered to be relatively small in this case 
so that dlb = 0 in both the processes, plastic deformation steps in only in the a -material 
and only due to loading and the change of microstresses is connected only with this plas

tic deformation. 
By integration of the Eqs. (1.10) to (1.12) with the yield criterion (1.16) for n = a 

and with dlb = 0 the following description may be deduced for the first process that starts 
from the virgin state (for details see [4]): 

(3.1) 

with 

(3.2) 

(3.3) 

Y = Av-Bln(1-v), X= -Cln(l-v) 

Y - S 11 -C - , 
c 

-p P-u 
X=-, 

p,c 

s11 = -2822 = -2833, Sua = -2Sz2a = -2s331u 

S~1a = -2sl2a = -2sl3a' e~1 = -2e~2= -2e~3' 

B _ {}a{}b({}arJa+{)bf}b+fJafJb) 
- rJiDa+rJbF ' 

C = {}a({)afJat{}bf}b+fJafJb) ' C = 2kafyJ. 
fJa {}a+ f}b) 

After unloading there remain in the material residual microstresses (see Sect. 2): 

The respective components in the b-material would follow from the Eqs. (1.2) and (1.9). 
According to the yield criterion (1.16) and the Eqs. (3.2)1 and (3.2)s the following 

relations hold true: 

(3.4) 

Now we suppose that after unloading the temperature of the specimen was changed 
to room temperature which we denote by T *. This means that c and p, changed to new 
values c*, p,*. The specimen is drawn anew in the same direction as before. New plastic 
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deformation will begin when the new plastic limit is reached in the a-material, which -
according to (1.16) and (3.3)4 -is: 

(3.5) sfta = c*. 

Let us denote the respective new macroscopic plastic limit by sf 1 • It holds: 

(3.6) . 

and inserting from (3.4) and (3.5) into (3.6) we obtain: 

(3.7) sft = c*+cY'", 

where Y'" is the value of Y reached in the first process before unloading. 
If the maximum fixed deformation (efT] that had been reached in the first process 

was large enough, the first addend on the right-hand side of (3.1)1 may be neglected and 
it holds approximately: 

(3.8) Ym • B xm - B r;;pm] =c - p,cC Le11 , 

and inserting (3.8) into (3.7): 

(3.9) -L * B r;;pm] 1 su = c + C Leu /i. 

Let us further express the deviatoric stress sr,. that corresponds in the second process 
to some fixed plastic deformation (e~f]. Integrating again the Eqs. (1.2) to (1.4) with 
new initial values sf1 , s~1a = s~'1a we arrive at the following description of the second 
process: 

(3.10) 

with 

(3.11) 

1-v* 
X*= -Cln-

1 
*L, -v 

1-v* 
Y* = A(v*-v*L)-Bln---=-

1-v*L' 

X*= ~~ 
p,*c* ' 

- - L 
Y* _ Su -su 

- c* ' 

Again we suppose that the fixed deformation [e~f] is large enough so that the first 
addend on the right-hand side of (3.10)2 may be neglected. 

Then it holds approximately: 

(3.12) Y*M • B X*M B r;;pM] 
= C = p,*c*C Leu ' 

and inserting (3.12) and (3.9) into (3.11h gives: 

-M * B [?t~] B Le~T] 
Su = c +---+---. c ,. c , (3.13) 

If the temperature of the first process is changed, nothing in both the expressions (3.9) 
and (3.13) will change but p,. 
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Let us suppose the temperature of the first process to be in the range from - 200°C 
to + 200°C. In this range the change of the Young modulus E is approximately linear 
in most metals (cf. [12]) and the change of 

1 E 
-=--=2G 
p, 1 +v 

is approximately linear as well (cf. [8, 9]). 
Introducing the change of temperature from the first process to the second process 

(3.14) .dT = T*-T, 

and the shear modulus G instead of p,, the relations (3.9) and (3.13) may be rewritten in 
another form: 

(3.9)' 

(3.13)' 

where iJG / iJT is negative and in the considered range of temperature constant. 
What the above equations say is that in the second process both the deviatoric plastic 

limit and the deviatoric stress after a fixed plastic deformation display a linear decrease 
with the temperature increasing in the first process ( T increasing means L1 T decreasing). 
The same holds of course for the normal components O'f 1 and (j~ in regard to the independ
ence of the first invariant au on the temperature of the first process. 

In the paper [15] (p. 218) the results of experiments are referred to where the dependence 
of 0'~ on the temperature of the first process was investigated and really a decrease with 
the temperature was found which was very closely linear. 

It is important to note that, according to our analysis, the decrease is connected with 
the change of the elastic modulus G and independent of c in spite of the fact that the stud
ied process is plastic. This theoretical conclusion seems to be corroborated by the quoted 
experiments. In the experiments, performed on copper specimens, the observed decrease 
was linear with the same slope in the whole range from - 200°C to + 200°C, the change 
of the elastic modulus is- according to [12]- in this range also linear to a good degree 
of approximation, but the change of the plastic limit of copper is - according to [8] -
strongly non-linear, substantially differing in the interval - 200°C to ooc from that in the 
interval 0°C to + 200°C. 
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