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O N  A  T H E O R E M  O F  H O D O G R A P HI C  I S O C H R O NI S M *

R e a d  M ar c h  1 6,  1 8 4 7.

[ Pr o c. R o y.  Iris h A c a d. N o ∖.  iii ( 1 8 4 5— 4 7),  p.  4 1 7.]

If t w o cir c ul ar  h o d o gr a p hs,  h a vi n g  a  c o m m o n  c h or d,  w hi c h  p ass es  t hr o u g h or  t e n ds t o w ar ds 

a  c o m m o n  c e ntr e  of  f or c e, b e  c ut  p er p e n di c ul arl y  b y  a  t hir d cir cl e,  t h e ti m es of  h o d o gr a p hi c all y  

d es cri bi n g  t h e i nt er c e pt e d ar cs  will  b e  e q u al.

O N  A  T H E O R E M  O F  A N T H O D O G R A P HI C  I S O C H R O NI S M *

R e a d  M a y  1 0,  1 8 4 7.

[ Pr o c. R o y.  Iris h A c a d. N o ∖.  i n ( 1 8 4 5- 4 7), p.  4 6 5.]

Sir  Willi a m  H a milt o n  st at e d a n d  ill ustr at e d a  t h e or e m of  a nt h o d o gr a p hi c ( or a nt h o di c)  

is o c hr o nis m, n a m el y,  t h at if t w o cir c ul ar  a nt h o d es, h a vi n g  a c o m m o n c h or d, w hi c h  p ass es  

t hr o u g h or  t e n ds t o w ar ds a  c o m m o n  c e ntr e  of  f or c e, b e  b ot h  c ut  p er p e n di c ul arl y  b y  a n y  t hir d 

cir cl e,  t h e ti m es of  a nt h o di c all y  d es cri bi n g  t h e i nt er c e pt e d ar cs  will  b e  e q u al: — t h e a nt h o d e  of  

a  pl a n et  b ei n g  t h e cir c ul ar  l o c us of  t h e e xtr e miti es  of  its v e ct ors  of  sl o w n ess, or  of  str ai g ht li n es 

r e pr es e nti n g i n l e n gt h a n d  dir e cti o n  t h e r e ci pr o c als of  its v el o citi es,  a n d  dr a w n  fr o m a  c o m m o n  

ori gi n.

T his  t h e or e m is i nti m at el y c o n n e ct e d  wit h  t h e a n al o g o us  t h e or e m r es p e cti n g h o d o gr a p hi c  
is o c hr o nis m ( or s y n c hr o nis m), w hi c h  w as  c o m m u ni c at e d  t o t h e A c a d e m y  b y  Sir  Willi a m  H a mil ­

t o n, i n a  n ot e  r e a d at  t h e M e eti n g  i n l ast M ar c h.  H e  h a d  b e e n  l e d t o p er c ei v e  t h at f or m er t h e or e m 

b y  c o m bi ni n g  t h e pri n ci pl es  of  his  first p a p er  o n  a  G e n er al  M et h o d  i n D y n a mi cs,  p u blis h e d  i n t h e 

s e c o n d  p art  of  t h e P hil os o p hi c al  Tr a ns a cti o ns  f or 1 8 3 4,  wit h  t h os e of  his  c o m m u ni c ati o n  of  l ast 

D e c e m b er,  si n c e p u blis h e d  i n t h e Pr o c e e di n gs  of  t h e A c a d e m y,  r es p e cti n g t h e L a w  of  t h e 

Cir c ul ar  H o d o gr a p h.  T his  H o d o gr a p h  w as,  f or a pl a n et  or  c o m et, t h e cir c ul ar  l o c us of  t h e 

e xtr e miti es  of  its v e ct ors  oj  v el o cit y,  as  t h e A nt h o d e  is t h e l o c us of  t h e e xtr e miti es  of  t h e v e ct ors  

of  sl o w n ess; s o t h at t h e r e ct a n g ul ar c o or di n at es  of  t h e H o d o gr a p h  ar e  x',  y ’, z' , if 

w hil e  t h os e of  t h e A nt h o d e  m a y  b e  d e n ot e d  as  f oll o ws

H e  h a d  eff e ct e d  t h e p ass a g e  fr o m t h e t h e or e m r es p e cti n g h o d o gr a p hi c  t o t h at r es p e cti n g 
a nt h o di c  is o c hr o nis m b y  t h e h el p  of  his  c al c ul us  of  q u at er ni o ns;  b ut  h a d  si n c e b e e n  a bl e  t o 

pr o v e  b ot h  t h e or e ms b y  m e a ns  of  c ert ai n  el e m e nt ar y  pr o p erti es  of  t h e cir cl e.f

* [ S e e A p p e n di x,  N ot e  8,  p.  6 3 0.]
I [ S e e H a milt o n,  El e m e nts  oj  Q∙ u at e mi o n β  ( 2 n d e diti o n).  V ol.  π,  p p.  3 0 8- 3 1 4,  3 1 8- 3 2 0.]
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294 XI. HODOGRAPHIC AND ANTHODOGRAPHIC ISOCHRONISM

For a hyperbolic comet, the Anthode is a circular arc convex to the sun; for a parabolic 
comet, the Anthode is a straight line. And for comets of this latter class the theorem of iso­
chronism takes this curiously simple form: “Any two diameters of any one circle (or sphere) 
in space, are anthodically described in equal times, with reference to any one point, regarded as 
a common centre of force.” By this last theorem, the general problem of determining the time 
of orbital description of a finite arc of a parabola is reduced to that of determining the time of 
anthodical description of a finite straight line directed to the sun; and thus it is found that “the 
interval of time between any two positions of a parabolic comet, divided by the mass of the sun, 
is equal to the sixth part of the difference of the cubes of the sum and difference of the diagonals 
of the parallelogram, constructed with the initial and final vectors of slowness as two adjacent 
sides.” Another very simple expression for the time of description of a parabolic arc, to which 
Sir William Hamilton is conducted by his own method, but which he sees to admit of easy proof 
from known principles (though he does not remember meeting the expression itself), is given 
by the following formula:

t = tan {θ — tan^^ ∣ tan ∣0),
where θ is the true anomaly, and t is the time from perihelion, while T is the time of describing 
the first quadrant of true anomaly.
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