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XVL
CALCULUS OF PRINCIPAL RELATIONS

Read August, 1836.

[RWiisA Association Report, 1836, Part II, pp. 41-44.]

The method of principal relations is an extension of that mode of analysis which Sir Wilham 
Hamilton has applied before to the sciences of optics and dynamics; its nature and spirit may 
be understood from the following sketch.

Let x^, x^, ... be any number n of functions of any one independent variable s, with 
which they are connected by any one given differential equation of the first order, but not of 
the first degree.

θ=/(«. ∙∙∙ «η» ds, dx^, ... dxj, (1)
and also by n — 1 other differential equations of the second order, to which the calculus of 
variations conducts, as supplementary to the given equation (1), and which may be thus 
denoted:

f' {dx^} f'{dxj
Let also a^, ... ¾ be the n initial values of the n functions , ... x^ and let «ί, ... be the n 
initial values of their n derived functions or differential coefficients

ds’ - ds '

corresponding to any assumed initial value a of the independent variable s. If we could integrate 
the system of the n differential equations (1) and (2), we should thereby obtain n expressions 
for the n functions x^, ... x^ of the forms

a^ι = <^ι(5, a, «1, ..'∙ i ∙'∙∙ Οή
~ Φ2 " • «1, ∙ ..<)J {3)

«b ∙∙.. 0 J
and, by the help of the initial equation analogous to (1), might then eliminate a[, ... a'^ and 
deduce a relation of the form

θ = ≠(⅛, ... ¾, α, «1, ... aj; (4)

that is, a relation between the initial and final values of the n+1 connected variables s, ,... x^. 
Reciprocally, the author has found that if this one relation (4) were known, it would be possible 
thence to deduce expressions for the n sought integrals (3) of the system of the n differential 
equations (1) and (2), or for then sought relations between s, x^, ...a:^anda, ...a^,a[, ...a'^,
however large the number n may be; in such manner that all these many relations (3) are 
imphcitly contained in the one relation (4), which latter relation the author proposes to call on 
this account principal integral relation, or simply, the principal relation of the problem.
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F or  h e  h as  f o u n d t h at t h e n  f oll o wi n g e q u ati o ns  h ol d  g o o d,

Φ'( ^) Ψ' M Φ' M'

w hi c h  m a y  b e  p ut  u n d er  t h e f or ms

Λι  =  ≠ι( α,  s, a:i, ... x ,̂  ... x ^),

( θ)
^ 1 ’ ∙∙∙ > ··’

a n d  ar e  e vi d e ntl y  tr a nsf or m ati o ns of  t h e n  s o u g ht i nt e gr als ( 3). A n d  wit h  r es p e ct t o t h e m o d e  

i n w hi c h,  wit h o ut  pr e vi o usl y  eff e cti n g t h e i nt e gr ati o ns ( 3), it is p ossi bl e  t o d et er mi n e  t h e 

pri n ci p al  r el ati o n ( 4), or  t h e pri n ci p al  f u n cti o n w hi c h  it i ntr o d u c es, w h e n  it is c o n c ei v e d  t o b e  

r es ol v e d, as  f oll o ws, f or t h e ori gi n all y  i n d e p e n d e nt v ari a bl e  s,

s  =  φ( xι,  ... x ,̂ a, a ,̂  ... a ^),  ( 7)

t h e a ut h or  r e m ar ks t h at a  p arti al  diff er e nti al  e q u ati o n  of  t h e first or d er  m a y  b e  assi g n e d,  w hi c h  

t his pri n ci p al  f u n cti o n φ  m ust  s atisf y, a n d  als o  a n  i niti al c o n diti o n  a d a pt e d  t o r e m o v e t h e ar bi 

tr ari n ess w hi c h  ot h er wis e  w o ul d  r e m ai n. I n f a ct t h e e q u ati o ns  ( 5) m a y  b e  t h us writt e n,

δ  ( ds) δs δ  ( ds) δs

δ  ( d xfj δ x ^  ’ "  ’ δ  ( d x ^) ^ x ^  ’ ( 8)

i n w hi c h

3( d x,)  f'( ds)' S ≈i

a n d  si n c e, b y  ( 1), t h er e s u bsists a  k n o w n  r el ati o n of  t h e f or m 

δ  ( ds) δ  ( ds) ∖(
J

S,  Xj ,̂  ... x ,̂

t h e f oll o wi n g r el ati o n als o  m ust  h ol d  g o o d,

Q  =  F  ̂ s, Xj ,̂  ... x ,̂

( 9)

( 1 0)

( 1 1)
' n.

t h at is, t h e pri n ci p al  f u n cti o n φ  m ust  s atisf y t h e f oll o wi n g p arti al  diff er e nti al  e q u ati o n  of  t h e 

first or d er,
Q  =  F( φ,  x ,̂ ... x ,̂  ≠'( a ^ι),  ... φ'( xj } ^  

it m ust  als o  s atisf y  t h e f oll o wi n g i niti al c o n diti o n,

0  =  li m∕( α, a ,̂ ... a ,̂  φ- a,  x ^- a ^ ,̂ ... X n ~ ^ n }-
8 = a

S u c h  ar e  t h e m ost  ess e nti al  pri n ci pl es  of  t h e n e w  m et h o d  i n a n al ysis w hi c h  Sir  Willi a m  

H a milt o n  h as  pr o p os e d  t o d esi g n at e  b y  t h e n a m e  of  t h e M et h o d  of  Pri n ci p al  R el ati o ns,  a n d  of  

w hi c h  p er h a ps  t h e si m pl est t y p e is t h e f or m ul a

δ  ( ds) _  δs

^( d x) δ α: ’ 
t o b e  i nt er pr et e d li k e t h e e q u ati o ns  ( 8).

T h e  si m pl est e x a m pl e  w hi c h  c a n  b e  gi v e n  t o ill ustr at e t h e m e a ni n g  a n d  a p pli c ati o n  of  t h es e 

pri n ci pl es  is p er h a ps  t h at i n w hi c h  t h e diff er e nti al  e q u ati o ns  ar e  

^ =( ⅞r ÷( S)'-'

( 1 2)

( 1 3)

( 1 4)

( 1')

δ ⅛ δ β  ∖  
δi C √ S zJ ’
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and

Here ordinary integration gives
(2')

(3')

(4')

(7')

and consequently conducts to the following relation, (in this case the principal one,) 

or

because by (1') we have 

it enables us therefore to verify the relations (8) or (14), for it gives 

and, in like manner.

Reciprocally, in this example, the following known relation, deduced from (Γ),

(10')

would have given, by the principles of the new method, this partial difEerential equation of the 
first order.

(IP)

which might have been used, in conjunction with the initial condition

(13')

to determine the form (7 ) of the principal function s; and thence might have been deduced, by 
the same new principles, the ordinary integrals (3') under the forms

In so simple an instance as this there would be no advantage in using the new method; but 
in a great variety of questions, including all those of mathematical optics and mathematical 
dynamics, (at least, as those sciences have been treated by the author of this communication,) 
and in general all the problems in which it is required to integrate those systems of ordinary 
differential equations (whether of the second or of a higher order) to which the calculus of varia
tions conducts, the method of principal relations assigns immediately a system of finite ex
pressions for the integrals of the proposed equations, an object which can only very rarely be 
attained by any of the methods known before.

It seems, for example, to be impossible by any other method to express rigorously, in finite 
terms, the integrals of the differential equations of motion of a system of many points attracting 
or repelling one another; which yet was easily accomplished by a particular application of the 
general principles that have been here explained.* The author hopes to present these principles 
in a still more general form hereafter.

* See Philosophical Transactions for 1834 and 1835; also. Report of Edinburgh Meeting of the British Associa
tion. [Pages 103-216 of this volume.]
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