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526.

ON A SURFACE OF THE EIGHTH ORDER.

[From the Mathematische Λnnalen, vol. ιv. (1871), pp. 558—560.J

I REPRODUCE in an altered form, so as to exhibit the application thereto of the 
theory of the six coordinates of a line, the analysis by which Dr Hierholzer obtained 
the equation of the surface of the eighth order, the locus of the vertex of a 
quadricone which touches six given lines.

I call to mind that if (a, /3, γ, δ), (α', β', γ', δ') are the coordinates of any two 
points on a line, then the quantities (a, 6, c, f, g, h}, which denote respectively

(∕3γ' — ∕3'γ, γα' — ya, aβ' — a'β, aδ' — a'S, β8' — β'8, y8' — y'δ),
and which are such that a∕+ bg + c∕i = O, are the six coordinates of the liue(^).

Consider the given point {x, y, z, w) and the given line (a, h, c, f, g, K), and write 
for shortness 

then taking (A', F, Z, W) as current coordinates, the equation of the plane through 
the given point and line is

Considering in like manner the given point {x, y, z, w) and the three given lines 
(ttι, &i. Cl,/1, ^ι, Aj), (ttj, ...), («3,...), then yve have the three planes

Cayley, “On the six coordinates of a line,” Camb. Phil. Trans, vol. xi. (1869), [435], pp. 290—323.
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a n d if t h es e pl a n es h a v e a c o m m o n li n e, t h e p oi nt ( x, y, z, w)  is i n a li n e m e eti n g  
e a c h of t h e t hr e e gi v e n li n es; t h at is, t h e l o c us of t h e p oi nt is t h e h y p er b ol oi d  
t hr o u g h t h e t hr e e gi v e n  li n es. It f oll o ws t h at t h e e q u ati o ns  

r e d u c e t h e ms el v es t o a si n gl e e q u ati o n, t h at of  t h e h y p er b ol oi d  i n q u esti o n.

I writ e  f or s h ort n ess

vi z. ( 1 2 3) will  m e a n  i c ® +  et c. w h er e  ( ci 1 gji 3) et c. d e n ot e  as us u al  t h e d et er mi n a nts  

t h e n t h e e q u ati o ns i n q u esti o n ar e f o u n d t o b e a:  ( 1 2 3) =  0, y  ( 1 2 3) =  0, z  ( 1 2 3) =  0,  
w  ( 1 2 3) = 0, r e d u ci n g t h e ms el v es t o t h e si n gl e e q u ati o n ( 1 2 3) =  0, w hi c h  is a c c or di n gl y  

t h at of  t h e h y p er b ol oi d  t hr o u g h t h e t hr e e li n es ( ^).

Pr o c e e di n g  n o w t o t h e a b o v e- m e nti o n e d pr o bl e m, w e  h a v e t h e p oi nt { x, y, z, w ∖  

a n d t h e si x li n es ( «i, δι, Cι, / 1, hi),  et c., s a y t h e li n es 1, 2, 3, 4, 5, 6: t h e

si x pl a n es  

m ust  b e t a n g e nts t o t h e s a m e q u a dri c o n e ; t h at is, c o nsi d eri n g t h e s e cti o ns b y t h e 

pl a n e I F =  0, t h e si x li n es 

m ust  b e  t a n g e nts t o t h e s a m e c o ni c, a n d t h e c o n diti o n f or t his is

1 T his  e q u ati o n is gi v e n  i n t h e p a p er  a b o v e r ef err e d t o, § 5 4.
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where the symbol stands for the determinant

But as is well known this equation may be written

(*) 

where (126) etc. denote the determinants 

or, what is the same thing, they denote the functions above represented by the like 
symbols (126) = (αι^2¼)^ + θtc. The equation (*) just obtained is Hierholzer’s equation 
for the surface of the eighth order, the locus of the vertex of a quadricone which 
touches six given lines.

I remark that in my “ Memoir on Quartic Surfaces,” Proc. Lond. Math. Soc. vol. III. 
(1870), [445], pp. 19—69, I obtained the equation of the surface under the foregoing 
form [1 2 3 4 5 6] = 0 or say [(P, Q, β)≡] = 0, noticing that there was a factor w*, so that 
the order of the surface is = 8; and further that the equation might be written 

where exp. Θ (read exponential) denotes e®, and [(α, b, c)'∙^] denotes

Also that the equation contains the four terms

Cambridge, 12 September, 1871.
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