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O N  A  P R O P E R T Y O F  T H E  T O R S E CI R C U M S C RI B E D  A B O U T  

T W O Q U A D RI C  S U R F A C E S.

[ Fr o m t h e M ess e n g er  of  M at h e m ati cs,  v ol. i. ( 1 8 7 2), p p. 1 1 1,  1 1 2.]

T h e  pr o p ert y m e nti o n e d  b y Mr  T o w ns e n d  i n his p a p er( ^)  i n t h e A u g ust  N o.,  “ O n 
a Pr o p ert y  i n t h e T h e or y  of C o nf o c al  Q u a dri cs, ” m a y  b e d e m o nstr at e d i n a f or m 
w hi c h,  it a p p e ars t o m e,  b ett er  e x hi bits t h e f o u n d ati o n a n d si g nifi c a n c e of  t h e t h e or e m.

St arti n g wit h  t w o gi v e n q u a dri c s urf a c es, t h e t ors e cir c u ms cri b e d a b o ut t h es e 
t o u c h es e a c h of  a si n gl y i nfi nit e s eri es of q u a dri c s urf a c es, a n y t w o of  w hi c h  m a y  b e  
us e d (i nst e a d of t h e t w o gi v e n s urf a c es) t o d et er mi n e t h e t ors e; i n t h e s eri es ar e  
i n cl u d e d f o ur c o ni cs, o n e  of  t h e m i n e a c h of  t h e pl a n es  of  t h e s elf- c o nj u g at e t etr a h e dr o n 
of t h e t w o gi v e n s urf a c es ; a n d if w e  att e n d t o o nl y t w o of t h es e c o ni cs, t h e t w o 
c o ni cs ar e i n f a ct a n y t w o c o ni cs w h at e v er,  a n d t h e t ors e is t h e cir c u ms cri b e d t ors e 
of t h e t w o c o ni cs; or, w h at  is t h e s a m e t hi n g, it is t h e e n v el o p e of t h e c o m m o n  
t a n g e nt- pl a n es of  t h e t w o c o ni cs.

C o nsi d er  n o w  t w o c o ni cs U,  U',  t h e pl a n es of w hi c h  i nt ers e ct i n a li n e /; a n d  
l et I m e et  U  i n t h e p oi nts L,  M,  a n d m e et  U'  i n t h e p oi nts L',  M' : t a k e A  t h e 
p ol e of  I i n r e g ar d t o t h e c o ni c U,  a n d Λ'  t h e p ol e of  Γ  i n r e g ar d t o t h e c o ni c ι 7'.

T a k e  T  a n y p oi nt o n I, a n d dr a w 2' P t o u c hi n g U  i n P,  a n d T P'  t o u c hi n g U'  
i n P' : t h e p oi nts P,  P'  m a y  b e c o nsi d er e d as c orr es p o n di n g p oi nts o n t h e t w o c o ni cs  

r es p e cti v el y.

J oi n Λ P  a n d pr o d u c e it t o m e et  t h e li n e I i n G ∖  t h e li n e A P G  is i n f a ct t h e 
p ol ar of T  i n r e g ar d t o t h e c o ni c U  (f or T  b ei n g a p oi nt o n I, t h e p ol ar of T  
p ass es t hr o u g h A  ; a n d t his p ol ar als o p ass es t hr o u g h P) ; t h at is, t h e p oi nts T,  G  
a n d L,  M  ar e h ar m o ni cs o n t h e li n e I ; w h e n c e  als o, i n t h e pl a n e of t h e c o ni c U',

[ 1 M ess e n g er  of  M at h e m ati cs,  s a m e v ol u m e,  p p. 4 9, 5 0.]
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the lines P'G, P'T and P'L, P'M are harmonic lines through the point P'. It thus 
appears that in the particular case where the points L, M are the foci of the conic 
U', the line P'G is the normal at the point P'; and we may say in general that 
P'G is the quasi-normal at the point P' of the conic U'.

Consider now the torse circumscribed about the conics U, U'; the plane PTP' will 
represent any plane, and the line PP' Αny line of this torse : projecting on the plane 
of U' with the point A as centre of projection, the projection of PP' is the line 
P'G; which, as just seen, is the quasi-normal of the conic U' at the point P'.

The projection of the cuspidal curve is the envelope of line P'G, which is the 
projection of the generating line PP' of the torse—viz. this envelope is the quasi
evolute of the conic U'; which is the theorem in question.
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