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Thermal waves in inelastic bodies(*) 

w. KOSINSKI (WARSZAWA) 

A THERMODYNAMIC theory of materials with internal state variables is proposed. In this theory 
the response of a material depends on the deformation, the temperature and two groups of 
internal state variables, namely the thermal variables and the mechanical ones. The evolution 
of these internal variables is governed by the first-order differential equation (evolution equa
tion) in which the temperature gradient as an additional independent variable also occurs. 
The form of the evolution equation proposed for the thermal variables leads to the functional 
constitutive equation for the heat flux. The similarity between this equation and the Maxwell
Cattaneo relation is discussed. In the theory the stress, the entropy and the heat flux, too, are 
determined by the free energy function of a material. This fact is the consequence of the second 
law of thermodynamics. The theory constructed is used for the investigation of one-dimensional 
acceleration and shock waves. The general equations for the velocity of these two kinds of 
waves propagating into a material at an equilibrium state are obtained. The particular forms of 
the constitutive and the evolution equations for an elastic-viscoplastic body are proposed in 
the discussion of the shock waves. The conditions under which uncoupled mechanical and 
thermal waves propagate into the general material with internal state variables are derived. 
The corresponding velocities are determined. 

Zaproponowano termodynamiczn~ teori~ material6w z parametrami wewn~trznymi. W teorii 
tej reakcja materialu zalezy od deformacji, temperatury i dw6ch grup parametr6w (wewn~trz
nych zmiennych stanu): mechanicznych i termicznych. Ewolucj~ parametr6w wewn~trznych 
r~dzi r6wnanie r6zniczkowe pierwszego rz~du (r6wnanie ewolucji), w kt6rym wyst~puje 
gradient temperatury jako dodatkowa zmienna niezalezna. Zaproponowana postac r6wnania 
ewolucji dla parametr6w termicznych prowadzi do funkcjonalnego r6wnania konstytutywnego 
dla strumienia ciepla. Przedyskutowano podobienstwo tego r6wnania do zwi~zku Maxwella
Cattaneo. W budowanej teorii napr~i:enie, entropia a taki:e strumien ciepla ~ wyznaczone 
przez funkcj~ energii swobodnej materialu. Jest to konsekwencja drugiego prawa termodyna
miki. Teori~ zastosowano do badania jednowymiarowych fal uderzeniowych i przyspieszenia. 
Otrzymano og6lne r6wnania na pr~dkosci tych dw6ch rodzaj6w fal rozprzestrzeniaj~cych si~ 
w materiale w stanie r6wnowagi. W dyskusji fal uderzeniowych zaproponowano szczeg6ln~ 
postac r6wnan konstytutywnych i ewolucji. Wyprowadzono warunki, przy kt6rych niespr~
zone mechaniczne i termiczne fale rozprzestrzeniaj~ si~ w og6lnym materiale z parametrami 
wewn~trznymi. Wyznaczono odpowiednie pr~dkosci. 

B aacro,ameii pa6oTe npe.QJIO>Keaa TepMO.QHH;aMHtieci<aH TeopWI MaTepHa.TIOB xapai<TepH3yeMbiX 
BHYTPeHHHMH napaMeTpaMH. CorJiacao 3TOH TeopHH peai<QWI MaTepHa.Tia 3aBHCHT oT .Qe<!Jop
MaQHH, TeMnepaTypbl HOT .QByx COBOI<ynHOCTeH BH}rrpeHIUIX napaMeTpOB- BHYTpeHHHX napa
MeTpOB COCTOHHWI: MeXaHWieCI<HX H TeopeTHlleCI<HX. 3BOJIIOQWI BHyTpeHHHX napaMeTpoB 
no.QtiHHHeTcH .QH<P<PepeHQY.aJThHOMy ypaBHeJUnO nepsoro nopH.QI<a -. ypasaelUIIO 3Bomorum. 
B 3TOM ypasaeHHH npHCYTCTByeT, B I<at~ecrse .QonoJIHHTeJILHOH nepeMeHHoii, rpa.QHeHT TeM
nepaTyphl. 06cym.Qeao cxo.QCTBO noro ypaBHeHHH c 3aBHCHMOCTLIO Mai<CBeJIJia-KaTTaaeo. 
CorJiaCHo nocrpoeHHoii TeopHH aanpH>KeHHe, 3HTponHH H noTOI< TenJia onpe.QeJIHIOTCH <PYHI<
QHeii CB060.QHOH 3HeprHH MaTepHa.Tia. 3TO CBOHCTBO HBJIHeTCH CJie,QCTBHeM BTOporo npHHQHna 
TepMO.QHH;aMHI<H. TeopWI npHMeHHeTCH I< HCCJie,QOBaHHIO O.QHOMepHbiX y,QapHbiX BOJIH H BOJIH 
YCI<OpeHHH. lloJiyqeHbl o6w;He ypaBHeHHH .QJIH CI<OpoCTeH 3THX .QByx pa3HOBH.QHOCTeH BOJIH, 
pacnpoCTpaHHIOID;HXCH B cpe,Qe B COCTOHHHH paBHOBeCWI. PaCCMOTpHBaH y.QapHbie BOJIHbl 
npe.QnOJIO>KeHO I<OHCTHTYTHBHbie ypaBHeHWI H ypaBHeHWI 3BOJllOIUIH OC06oro BH,Qa. llOJIY
tieHO YCJIOBWI, npH HCllOJIHeHHH I<OTOpbiX HeconpH>KeHHble MeXaHH'tleCI<He H TepMH'tleCI<He 
BOJIHbi pacnpocrpaamoTcH B o6w;eii cpe.Qe c BHYTPeHHHMH napaMeTpaMH. Onpe.QeJieHo co
OTBeTCTBYJO~e CI<OpOCTH. 

------
(*)The paper has been presented at the EUROMECH 53 COLLOQUIUM on "THERMOPLASTIC

ITY .. , Jablonna, September 16-19, 1974. 
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734 W. KOSINSKI 

1. Second sound 

THE MECHANICAL theories of the nineteenth and twentieth centuries taking into account the 
transport of the heat base on the classical theory of heat conduction. This theory comes 
down from J. B. J. FouRIER, who in 1822 formulated his proportional relation between 
the flux of heat and the gradient of the temperature distribution. As a consequence of this 
relation the temperature distribution in a body is governed by a parabolic partial differential 
equation, which predicts that the application of a thermal disturbance in a finite region 
instantaneously affects all points of the body. This fact contradicts of course the physical 
observations and the particular theory of relativity. As early as 1867, thanks to MAXWELL 
[1], the modified rate type equation of heat was given. That equation was free of this contra
diction. Unfortunately, Maxwell immediately cast out the term involving the rate of the 
heat flux (1) and gained Fourier's Jaw. 

The problem of the existence of the finite speed of propagation of thermal disturbances 
has been investigated for the last forty years of this century. In that time the second sound 
(the speed of the thermal signals) was observed in the fluid helium. LANDAU [2] suggested 
that the behaviour of helium may be described by a gas of elementary excitations called 
phonons and that a thermal wave is the propagation of a phonon density disturbance. 

Landau's theory predicts that this second sound propagates with the speed vPla/3. where 
vP is the velocity of sound (the first sound). It was predicted also, that the second sound 
must exist in any solid since all solids exhibit phonon excitations (see CHESTER [3]), but 
only just recently experiments by ACKERMAN et al. [4, 5] on solid helium have shown that 
the second sound does indeed occur in solids (2). 

From the physical point of view the classical theory of heat conduction does not take 
into account the short time required to establish a steady-sta~e heat conduction when 
a temperature gradient is suddenly produced in a body. Of course, there are the experiences, 
the physical problems, in which by comparing the-magnitude of the process time, this short 
time of heat conduction may be neglected. This neglected short time is called the thermal 
relaxation time. The inclusion of the relaxation time ensures that the corresponding field 
equations do not imply that thermal signals have an infinite speed of propagation. 

In a number of works the phenomenological modification is introduced into the classical 
Fourier law to obtain a wave-type equation for heat conduction. In [6, 7] CATTANEO 
assumed that Fourier's law was valid only for a quasi-equilibrium state and in order to 
generalize this law to include the non-equilibrium state he proposed that it be replaced 
by the constitutive relation: 

(1.1) rq+q =-kg, 

where q is the heat flux vector, g is the temperature gradient, k is the positive constant 
called the coefficient of thermal conductivity and r is the thermal relaxation time. This 
constitutive relation was already obtained by MAXWELL [1], so the Eq. (1.1) can be called 
the Maxwell-Cattaneo relation. Similar suggestions of the modification of Fourier's law 

(1) The existence of the rate of the heat flux leads to a hyperbolic heat equation. 
(2) For fluid and solid thermal waves were observed at very low temperatures. 
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THERMAL WAVES IN INELASTIC BODIES 735 

were made by VERNOTTE [8], and CHESTER [3]. This problem was treated by KALISKI, who· 
in [9] gave reasons for taking into consideration the rate of the heat and introduced the 
notion of the thermal inertia of the body. In [10] MAZILU derived the hyperbolic equation 
of heat conduction based on the notion of an inertial system. 

Instead of the Maxwell-Cattaneo relation (1.1) GuRTIN and PIPKIN [11] assumed that 
the response of a rigid heat conductor depends not only upon the temperature, but also 
the summed histories of temperature gradient and they could obtain the temperature rate 
waves with finite wave speed. This idea was studied further by CHEN [12], CHEN and GURTIN 
(13] (l) and McCARTHY (14] (4

). In the linearized theory of GURTIN and PIPKIN (Sec. 1 
in [11]) the constitutive equation for the heat flux q has the form 

(1.2) 

•eo 

q(t) = - r.r a(s)g(t-s)ds. 
0 

An interesting fact is, that assuming for the kernel a(s) the expression 

(1.3) 

one may obtain, after differentiating of the Eq. (1.2) with respect to time t, the Maxwell-· 
Cattaneo relation (1.1). 

LoRD and SHULMAN provided in [15] further arguments justifying the modification of 
Fourier's law and investigated the implications of the modification for a problem of one-· 
dimensional wave propagation in the coupled thermoelasticity (5). For the same medium 
the propagation of discontinuities of the stress and the temperatures was studied by AcHEN
BACH [17] in a case of one-dimensional theory. In [18] NAYFEH and NEMAT-NASSER analysed 
the behaviour of thermo-elastic waves in a solid half-space. In their analysis the thermal 
relaxation time of heat conduction was included. For the rate-type plastic material thermo
mechanical acceleration waves were investigated by TOKUOKA in [19]. 

The aim of the present paper is to formulate the thermodynamic theory of materials. 
with internal state variables (internal parameters) in which the thermal acceleration and 
shock waves exist and the Maxwell-Cattaneo relation may occure. Although in [20] the 
analysis of acceleration waves in a material with internal parameters was carried out the 
consequences of the assumed constitutive evolution equation were not derived. Further-· 
more, it was not shown that the Maxwell-Cattaneo relation might occur in that theory (6)~ 

In Secs. 3 and 4 a thermodynamic theory of a material is formulated. In this theory the 
response of a material depends on the deformation, the temperature and the internal 
state variable vector. For the internal state variables we have (we postulate) a vector 
differential equation of order one in which the temperature gradient takes place additionally. 
The theory constructed is used for the analysis of acceleration and shock waves in Secs. S. 
and 6. 

(3) For the case of deformable solids. 
(

4
) In [12 and 14] the variation of the amplitude of temperature rate wave was discussed. 

{
5

) A similar investigation was carried out by Porov [16]. 
(

6
) In [21] Suucru discusses the use of the Maxwell-Cattaneo relation in the theory with internal state: 

variables. 
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736 W. KOSINSKI 

2. Thermomechanical material with internal state variables 

According to the aim of this section we deal here with the formulation of a thermody
namic theory of materials with internal state variables (internal parameters) in which the 
thermal waves of the second and the first order as well as the mechanical waves may appear. 

By the waves of the second order (the waves of the weak discontinuities) we mean 
the acceleration mechanical waves and the temperature rate waves, i.e. the singular sur
faces on which the acceleration of particle and the rate of the temperature have jump 
discontinuities. By the waves of the first order (the shock waves) we mean the surfaces 
.of the strain and temperature discontinuities . 

. In order to formulate the thermodynamic theory of the material (of a body ~), we 
.assume the following properties of the body ~: 

Al. The body f!4 can deform in elastic and inelastic manners. 
A2. The body f!4 can conduct the heat. 
A3. There exists a homogeneous C) reference configuration u, i.e. such a configuration, 

that the response of each particle of the body f!4 is the same. 
A4. The material of the body can be described by the use of rational thermodynamics (8

). 

A5. The dissipation of the body ~ may be described by the appropriate set of the 
internal state variables (internal parameters). 

A6. The memory of the material of the body f!4 is particularly sensitive to the past 
history of the nonhomogeneous temperature distributions. 

Now, we want to express in mathematical language the above set of the assumptions. 
To describe deformations and changes in the temperature we introduce the deformation 
gradient F and the absolute temperature D. If X = x(X, t) is the place of a particle X 
of the body f!4 at timet, then Grad x(X, t) = F(X, t). The temperature gradient g(X, t) 
= grad{}(X, t) describes the nonhomogeneity in the distribution of the temperature in !!4. 
The set of the internal state variables is denoted by a. The internal variables are of a different 
geometrical nature and may have a different physical interpretation. 

The quantities introduced (F, {}, g, a) form the set of the independent variables, which 
can be called the state variables. Their values at a given time t are called the state. 

Now in the further formulations we may, of course, use the notions of the state space, 
the process space, the method of preparation space, the evolution function and the others, 
which were introduced by KosrNSKI and PERZYNA in [22], but in this paper it would be 
superfluous. 

As the dependent variables we take the Cauchy stress tensor Tc (or the first Piola
Kirchhoff stress tensor T, which is related to Tc by T = e- 1 Tc(FT)- 1 

)), the free energy 
1p, the entropy 'YJ and the heat flux q. The laws of motions and thermodynamics have then 
forms, in the presence of the body force b and the rate of heat supply r 

divTc+eb = ex. Tc = TI' 
(2.1) e(1jl+~D+'YJD)-Tc · L+divq =er, 

. 1 1 
- ip- 'YJ{} + - Tc · L- -{} q · g ~ 0, 

e e 
C) This assumption may be neglected in consideration of this section. 
(

8
) i.e. thermodynamics based on the Clausius-Duhem inequality. 
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THERMAL WA YES IN INELASTIC BODIES 737 

where L = grad i is the velocity gradient, Tc · L represents the inner product of Tc and L, 
i.e. Tc · L = tr(TcLT) with LT as the transpose of the tensor L. Here e denotes the mass 
density. 

To specify the material structure of the body fA we shall introduce the following consti
tutive assumptions: 

Kl. The response of the material in particle X at time t depends on the values of the 
deformation F(X, t), the temperature {}(X, t) and the internal state variables ex(X, t). 

K2. The evolution of the internal state variables ex during the thermodynamic process 
is governed by a vector differential equation of the first order, in which the temperature 
gradient as the additional variable takes place. 

Now we express in the mathematical forni these assumptions bearing the properties Al 
to A6 in mind. The postulates K1 together with A3 and A5 take the form of the constitutive 
equations: 

(2.2) 

T(X, t) = ff(F(X, t), fJ(X, t), ex(X, t)), 

1p(X, t) = ~(F(X, t), fJ(X, t), ex(X, t)), 

rJ(X, t) = N(F(X, t), fJ(X, t), ex(X, t)), 

q(X, t) = Q(F(X, t), fJ(X, t), ex(X, t)). 

The following evolution equation for the internal state variables ex reflects the postulate 
K2 and the property A6 

(2.3) ci(X,"t) = A(F(X, t), {}(X, t), g(X, t), «(X, t)). 

The constitutive equation assumed should verify the laws of mechanics and thermo
dynamics. The second law of thermodynamics (2.1)4 requires that for each differentiable 
deformation and temperature field and for differentiable free energy function the ine
quality (9 ) 

(2.4) 
. . 1 

(T- op lF) · F- ( o 0 lJI + 'fJ) {}- o _ ~ · iJ. - efJ q · g ~ 0, 

holds. 
The main problem in the thermodynamics of continuum is that of defining the restric

tions which the second law of thermodynamics imposes on constitutive functions describ
ing the response of material. In 1967 CoLEMAN and GURTIN in their paper [23] and V A

LANIS in his paper [24] have formulated the restrictions imposed by the second law. These 
restrictions are made though for another type of constitutive equations. 

Their results may be derived in this case, too. Since the third and the fourth terms in 

(2.4) are independent ofF and JJ., so the method formulated in [23] adapted in the present 
case implies the following identities in each termodynamic process 

ff(F, {}, ex) = op 'fJ/(F, {}, ex), 

N(F, {}, «) = -oo'fJI(F, {}, «), 
(2.5) 

(
9

) Replacing Tc by T in (2.1) we obtain for the mechanical power Tc · L =eT· F and, instead of 
(2.1)4, the inequality 

• • 1 
-~-D11+T· F-~q· g ~0. 

4 Arch. Mech. Stos. nr 5-6/75 
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738 W. KOSINSKI 

and the following inequality 

-oa.'P· it.- e~ q·g ~ o. 

They mean that the stress, the entropy are determined by the free energy function and the 
inequality of the general dissipation must be satisfied. 

Now, we formulate the fundamental for further investigations, assumptions concerning 
the influence of the temperature gradient upon the response of the material: 

Pl. There exist two groups of the internal state variables m = (m8 , mq), namely: the 
mechanical variables m8 and the thermal variables mq. 

P2. The forms of the evolution equations for them are as follows: 

(2.6) 
6:R = Bu(F, D, mu), 

ciq = g + Bq (F, D, mq). 

The form of the function A in {2.2) assumed here denotes that we cast out the influence 
of the temperature gradient upon the rate of the mechanical variables 6:8 keeping the 
linear relation between thermal variables <iq and the temperature gradient. 

Since we know the right sides of the evolution equations we are able to derive the next 
consequences of the second law. These consequences are true only in the theory constructed. 
We put the right sides of (2.6) into (2.5)3 : 

(2.7) 0<;:- (a .. 'P(F,D,<&)+ f!~ Q(F,D,<&))·g-iJ .. 'P(F,D, <&)·B.(F,.?,<&J 

- oa.8 'l'(F, {}, m)· BH(F, D, e&a)• 

If we take into account the fact that the solution of mq in (2.6) does not depend on the actual 
value ofthe temperature gradient (1°), then we see that (2.7) holds for all (F, {),m, g), only 
if the coefficient of g vanishes and the sum of the remaining terms is not negative: 

(2.8) Q(F, D, m)= -eDoa.q'P(F, D, m), 

0 ~ - oa.q 'l'(F; {}, m) · Bq(F, {}, mq)- oa.u 'l'(F, D, m) · Bu(F, {}, mo). 

In the present theory, an interesting fact is that in contrast to the results obtained by 
CoLEMAN and GURTIN [23] and V ALANIS [24], in addition to the stress and entropy, the 
heat flux is determined by the free energy function. There are the thermodynamic theories 
of materials in which similar results take place [11, 13, 26]. We can gather the consequences 
of the second law of t~ermodynamic in the following theorem. 

THEOREM 1. In the thermomechanical material with internal state variables for which the 
relations (2.2), (2.3) and (2.6) hold, the stress, the entropy and the heat flux are determined 
by the free energy function: 

(2.9) T = OF'JI(F, D, m), 7J = -o{)'JI(F, {},m), q = -eDoa.q'P(F,{}, m), 

and the functions lJI, Bq and Du satisfy the internal dissipation inequality (2.8)2 • 

(1°) It is in consequence of the existence and uniqueness of the solution. Cf. [25]. 
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3. Maxwell-Cattaneo relation 

After defining the restriction which the second law of thermodynamics imposes on 
the constitutive equation we are going to answer the following question: under which 
assumptions does the thermodynamic theory constructed contain the Maxwell-Cattaneo 
relation of heat conduction? The answer this question is one of the main aims of this paper. 
In order to make replay we assume additional postulates, 

P3. The free energy function in (2.2)2 depends on exq in the following way 

(3.1) 
1 k 

P'(F, #, ex) = P'a(F, {), exH) + 2 e{)r CXq • exq, 

where (11
) PR is a function of the deformation F, the temperature{) and the mechanical 

internal state variables «H, only. 
P4. The function Bq of the right side of (2.6h has the form 

1 
(3.2) Bq(F, #,ex)=: - -exq. 

T 

The last assumption implies the following evolution equation for the thermal internal 
state variables exq: 

(3.3) 

where the vanishing initial conditions are assumed. 
By the assumption P3 and Theorem 1 we find that the constitutive equation for the 

hC4tt flux takes the form 

(3.4) 

THEOREM 2. For a material with internal state variables, which has the properties A1-A6 
and fulfils the assumptions K1, K2, P1-P4 its heat flux is given by the functional equation (1 2) 

I - _!_ (t-.r) 

(3.5) k J T q(t) = - T e g(s)ds. 
0 

This equation, in the class of differentiable functions q(t) is equivalent to the Maxwe/1-
Cattaneo relation 

(3.6) rq(t)+q(t) = -kg(t). 

P r o o f. The solution of the evolution equation (3.3) is given by the integral 
t 1 

f 
--(t-.r) 

exq(t) = e T g(s)ds. 
0 

In view of the heat flux constitutive equation (3.4) the proof of (3.5) is complete. To prove 
(3.6) one needs to differentiate q(t) with respect to timet in (3.5) and use some properties 
of integrals with parameters. 

4* 

(
11

) As previously, T denotes the thermal relaxation time of the material. 
(1 2

) Cf. ACHENBACH (17]. 
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740 W. KOSI'NSKI 

A material for which Theorem 2 holds we shall call the thermomechanical material with 
inte;nal state variables. 

It is interesting when the relation (3.5) turns out to be classic example of Fourier's 
law. It is evident that forT = 0 the Eq. (3.6) reduces to Fourier's law. This case corresponds 
to a definite conductor for which the thermal relaxation does not exist in material and, 
consequently, to the infinite speed of propagation of thermal disturbance. Clearly Fourier's 
law is not a special case of (3.5). However (1 3) when the temperature gradient g(s) is 
constant for all time se (- oo, t), then our functional relation for the heat flux (3.5) 
reduces to 

E3.7) q =-kg. 

4. Equilibrium state 

For further considerations it will be convenient to have some properties of the consti,.. 
tutive functions at an equilibrium state. 

We say, that the system of quantities (F#, Q#, 0, ex#) is a local thermodynamic state of 
equilibrium of the thermomechanical material with internal state variables, if the functions 
~and Bq in (2.6) vanish, i.e. B8 (F#, {}#, 0, ex#) and Bq(F#, {}#, 0, ~X#). 

Since, by (3.2), Bq(F, {}, exq) = - _!__ exq, this condition follows ex~= 0. We see, that the 
t' 

thermodynamical equilibrium state requires the zero temperature gradient and the vanish
ing time derivatives of the internal state variable vector. 

Let us notice that the function ex(t) = (exii, 0) forte [0, tk), tk ~ oo, is the solution of 

(4.1) 
ciu(t) = ~((F#, {}#, exu(t)), 

cXq(t) = _ ._!__ exq(t), 
t' 

with the initial value ( exu(O), exq(O)) = ( exii, 0). This solution is called the equilibrium so
lution. 

The properties of the free energy and the heat flux constitutive functions will be proved 
in the case of quasi-asymptotical stable equilibrium states. 

We say that an equilibrium solution ex(t) = ex# ( ex(t) = (exii, 0)) of (4.1) is quasi
asymptotically stable (14

), if 

(4.2) V 1\ llex(to)-ex#ll < ~ ~ limex(t) =ex#. 
b<O Cll{·)-solution of (4. 1) t-+OO 

A thermodynamic equilibrium state is called the quasi-asymptotically stable equi
librium state if the corresponding equilibrium solution is quasi-asymptotically stable. 

For such states the following theorem is true. 

(1 3
) cf. [11]. 

(14
) Cf. ANTOSIEWICZ (27]. 
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THEOREM 3. In ·a quasi-asymptotically stable equilibrium state of a thermomechanical 
material with internal state variables the free energy has a minimum and the heat flux van
ishes. 

Proof. Let us consider the thermodynamic process on [0, oo) for which F(t) = F#, 
D(t) = {}#, g(t) = 0 fort~ 0, and a(O) = a 0

, where the set (F#, {}#, 0, a*) forms a quasi-

asymptotically stable equilibrium state. For such a process F(t) = 0 and D(t) = 0, and 
a(t) is given as the solution of 

ciH(t) = BH(F#, {}#, aH(t), aH(O) =a~, 

(4.3) 

In view of (2.1)4 ip(t) ~ 0 fort~ 0. The continuity of the function 1p(t) = V'(F*, {}#, a(t)) 
in t yields 

(4.4) 

because P(F#, {}#, a(t)) is a non-increasing function oft. Let us assume that the initial 
vector a 0 is arbitrarily chosen from the neighbourhood of a*, i.e. lla0

- a#ll < t5, where 
t5 is taken from (4.2). Then, since Pis continuous, and the equilibrium state is quasi
asymptotically stable, it follows that 

(4.5) lim P(F#, {}#, a(t)) = P(F#, fJ#, a#). 
1~00 

Combining (4.4) and (4.5) we obtain 

(4.6) P(F#, {}#,a) ~ P(F#, {}#,a*), 

for all vectors a in the neighbourhood of a#. The Eq . .(4.6) expresses the minimum prop
erty of the free energy at the quasi-asymptotically stable equilibrium state. Consequently 

(4.7) 

The last equation, called the equation of internal equilibrium (cf. [23], thanks to (2.9)), 
completes the proof of the theorem. 

The last proven fact will be used in the investigation of the waves in the material under 
consideration. It will be the subject of the next two Sections. 

5. One-dimensional acceleration waves 

As was·said before, results concerning the thermodynamic theory of the material under 
consideration would be used in the wave investigation. 

Firstly, the acceleration waves will be analyzed. It will be done in the case of one-di
mensional theory. 

The one-dimensional motion of the body PA is described by the scalar function 
x: PAx R-+ R giving the location x = x(X, t) at time t of the material point (partical) 
ofthe body whose position in the reference configuration" is X. We shall, as is customary, 
identify each material point witb its position in the reference configuration. The configura
tion " is assumed to be homogeneous with a mass density e". 
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The displacement of a material point is defined by the function u: !!J x R --+ R' 

(5.1) u(X, t) = x(X, t)-X for (X, t) E 14 X R, 

and, assuming that the necessary derivatives of u exist, we further define 

u(X, t) = :t u(X, t) = :t x(X, t), 

(5.2) a a 
E(X, t) = ax u(X, t) = ax x(X, t)-1, 

as the particle velocity and the strain (1 5), respectively. To describe thermal effects, 
we introduce the absolute temperature {}(X, t) > 0 and the temperature gradient (1 6

) 

a 
g"(X, t) = ax fJ(X, t). 

We assume that the motion of the body contains an acceleration wave- i.e. a curve 

I c 14 x [0, oo) on which the second derivatives of x, i.e. : ii, E, axE and the first deriv

atives of {} - namely 0. and g" (and also higher derivatives of them) suffer jump dis
continuities. 

If (Y(t), t) e I, then the value Y(t) is the material point at which the wave is to be 
found at time t. The wave moves with the speed 

(5.2) 
d 

U(t) = dt Y(t). 

The following kinematical condition of compatibility [28] 

(5.4) 

with/= u, E, and{} implies that 

(5.5) - U[E] = U2 [axE] = [ii], [0] == - U[g"]' 

where we use the well-known notation for· the jump in a function f(X, t) across E at t. 
The Theorems 1 from both [20] and [25], and the Eq. (3.3) solve the question concerning 

the jump of the time derivatives of the internal state variables a.H and a.q. 
LEMMA. On the acceleration wave I in the motion of the thermomechanical material with 

internal state variables, the mechanical variables, with its derivatives, and the thermal variables 
have no jump discontinuities, i.e. [a8 ] = [ci8 ] = 0, [a4] = 0, but the jump in the time 
derivative of a.q existS 1and is given by 

(5.6) 

provided the function B8 in (2.6) 1 is continuous in all variables and Lipschitz continuous 
with respect to a.. 

(1 5) In the one-dimensional case the strain E is often used instead of the deformation gradient F = E+ 1. 
(1 6

) Here we have introduced the material gradient of the temperature. It is connected with the spatial 
aD aD ax 

gradient by g" = - = - - = (E+ 1)g. ax ax ax 
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The laws of balance of momentum and energy are equivalent in the case of acceleration 
waves, to the assertion that ( [29]) 

(5.7) (17
) [oxT] = e"[u], e"[,P+~D+17D] = T[E]-[oxq]. 

Using the Eqs. (2.2), (2.8) 1 and (5.6) and the compatibility condition (5.4) with/ equal 
a.q we obtain (1 8), from (5.7), the system of two algebraic equations with respect to [u] 
and [D]: 

(oE§" -e"U2)[u]+(o §"- ua~)[D] = o, 
q 

11.-oa.N[il] + (11.nu a .• N-n-• UQ - 11.nu• a.N + ~) [.?] = o. 
(5.8) 

This set has non-trivial solutions if its determinant vanishes. But we notice· that the coef
ficients of these equations are formed by the values of the constitutive functions and their 
derivatives on the wave I. 

To simplify the computation let us suppose that the wave is propagating into the material 
being at a quasi-asymptotically stable equilibrium state (£#, D#, 0, m#). Then in view 

of results of the previous Section a.~ = 0 and the heat :flux vanishes at this state. 
The condition of the vanishing determinant of (5.8) gives (1 9) 

(5.9) (~f- (~)' (b0 +d0 +l)+b0 = 0, 

where the coefficients are following: 

(5.10) C~ = OE§"' bo = k do = (o6§")2 ' 
e" r:D=tt=oE!/ o(}N' e"oE§" o{)N 

where the values of !7, N, should be taken at(£#, D#, m#). 
Notice that the expression e; 1 oE§"(E#, 0*, m#) is the velocity of the acoustical 

(mechanical) wave in the material. Since such a wav~ must be real we have a~ > 0. 
Additionally, the term D=tt= o6 N(E#, D=tt=, m#) is called in thermodynamics the specific heat 
of the material, which also should be positive. These facts imply b0 and d0 positive, and 
the proof of the following theorem. 

THEOREM 4. In the thermomechanical material with internal state variables an acceleration 
wave propagating into a quasi-asymptotically stable equilibrium state has four real and 
symmetric velocities (2°). 

We study the Eq. (5.9) for two particular cases. 
Case 1. No thermomechanical coupling in the material, i.e. o~ = 0. Then d0 = 0 and 

we have two pairs of solutions 

Uf.2 = c~, i.e. Uf,2 = oE!/(E#, {}#, m#)fe". 

Ui,4 = c~b, i.e. Ui,4 = kfeJtr:D#o6N(E#, Do#, m#). 
(5.11) 

(1 7 ) We assume here the continuity of the body force and the rate of the heat supply and the continuous 
differentiability of the constitutive functions. 

(1 8
) See derivation in [20]. 

(1 9
) A similar result for materials with memory has been obtained by CHBN and GURTIN [13]; cf. also 

[12, 19, 21]. 
eo) Because of the biquadratic equation (5.9). 
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COROLLARY 1. For the material which has no thermomechanical coupling the acceleration 
waves are separated into two parts: one is a purely mechanical wave and has the velocity 
(5.11)1 as a material without thermal influence, and the other is a purely thermal wave (21) 

and has the velocity (5.11)z. 
Let us notice that in the case of the thermal wave velocity the thermal relaxation time 

tending to zero (it denotes that the Maxwell-Cattaneo relation reduces to Fourier's law) 
implies the infinity velocity of propagation of thermal disturbances, i.e. 

(5.12) from T -+ 0 follOWS Ui,4 -+ 00 . 

When the material has no thermomechanical coupling and is a non-conductor, the 
coefficient of thermal conductivity k vanishes, then 

(5.13) 

which yields for a non-conductor (with absence of thermomechanical coupling) that the 
wave is purely mechanical and there is no thermal wave but there is a static curve (i.e. 
a point, in a one-dimensional case) of thermal jump. 

Case 2. A non-conductor with thermomechanical coupling, i.e. k = 0. Then b0 = 0 
and we have 

CoROLLARY 2. For a non-conductor there are only two symmetric coupled (2 2
) thermo

mechanical waves with the velocity 

Uf.2 =c5(do+1), i.e. 
(5.14) 

6. One-dimensional shock waves 

Coming to a shock wave, we define it as a curve E [cf. (5.1)] on which the strain E and 
the temperature {) suffer jump discontinuities, i.e. [E] =1: 0 and [ {)] =1: 0. 

Let us formulate the fundamental theorem. 
THEOREM 5. In a shock wave in the thermomechanical material with internal state variables 

the following relations hold: 

(6.1) [cxH] = 0, [ciH] = BH(E-, {)-, cx8)-B(£+, {)+, cx8), 

[aq] = v- 1 [{)], [<iq] = [g"]+(-rV)- 1 [{)], 

provided the function B8 in the Eq. (2.6) is continuous in all variables and Lipschitz continuous 

with respect to ex. Here V(t) = ! Y(t) is the velocity of the shock wave. 

Proof. The part of the proof concerning cx8 and ci8 in (6.1) 1 , 2 is the same as in 

( 21 ) Cf. TOKUOKA [19). 
e2

) A similar resuJt has been obtained in elastic non-conductors. This is an example of a homotropic 

wave; cf. [12, 20, 29]. 
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[30, 31]. To prove the relation (6.1h.4 let us notice that the Eq. (3.3) in the case of shock 
waves is equivalent to the integral equation 

1 
- ..!..(t-s) 

(6.2) <Xq{X, t) = J e T g"(X, s)ds. 
0 

Therefore, in view of g"(X, s) = axfJ(X, s), the equation 
t 1 a I -,(t-s) 

<Xq(X, t) = ax e {}(X, s)ds (6.3) 
0 

is equivalent to (6.2) on either side of the wave. 
Even if the temperature is discontinuous the integral in {6.3) will be continuous on the 

wave. Now, we use the condition of compatibility (5.4) with f equal to the integraL 
Then we obtain 

d [ a I' _..!_<t-s> -~~ [ a I' -..!..<r-s> -~~ 
{6.4) dt Y(t) ax 0 e T {}(X, s)ds- = - 7ft 0 e T {}(X, s)ds- = 

-~~ 1 It _:..!_(t-s) 1 
=- {}(X,t)-r eT {}(X,s)ds!=-[{}]. 

- 0 -

Hence 
- [aq] = v- 1 [fJ], 

because V(t) = dd Y(t). Furthermore, since aq = g"- _!_ <Xq in (3.3), thus 
t ~ 

which completes the proof. 
As the consequence of the theorem we have for the heat flux 

(6.5) 

The laws of balance of momentum and energy are equivalent in the case of shock 
waves, to the assertion that ( [28]) 

[T] = -e"V[u], [axr] = e"[u], 
(6.6) 

As the consequences of these equations and the compatibility condition (5.4) we obtain 

(6.7) V2 = [T] 
[E]' 

The Eq. (6.7)2 is the Hugoniot relation; it gives all possible thermodynamical states 
(E-, {}-, a-) which can be reached across a shock wave from an initial state (E+, {}+, ex+). 
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The general constitutive equations considered up to this time make it impossible for 
us to determine the velocity of the shock wave from the Eq. (6.7)1 • This is the reason for 
introducing the particular form of the constitutive equation. It will be done for an elastic
viscoplastic body with one mechanical internal state variable a.8 and a thermal one r:t.q. 

Assuming very small strains and very small temperature increments, the free energy 
may be taken in the form of a biquadratic expression 

{6.8) 'P(E, D, «) = _!_ {ao2(D-Do)2 +a2o(E- a.H) 2 +au (E- a.H) (D-Do) 
(! 

+a3oa.i+a4o a.i}, 

where the mechanical variable a.8 may be treated here as the permanent inelastic strain. 
Assuming that the elastic part of the strain E- a.8 fulfils Hooke's law and by considering 
certain simple deformation and heating processes the constants are determined as 

{6.9) a2o = -excwf2Do, a2o = (A+2t-t)/2, au = -(3A+2,u)K, a40 = kf2-r:D0 , 

where A and t-t are Lame constant, cw is the specific heat at constant volume, K is the 
.coefficient of thermal expansion and D0 is the reference temperature of at quasi-asymptot
ical stable equilibrium state in the front of the shock wave. 

Theorem 1 implies then 

(6.10) 

T = (A+2t-t)(E-a.8 )-(3A+2t-t)(D-D0 )K, 

'fJ = cw(D-Do)/Do+(3A+2t-t)(E-a.H)K/e"' 
q = -kr:t.q/7:, 

where we invoked the basic assumption of small strains and small temperature increments. 
In order to give an evolution equation for the inelastic strain a.8 , we assume that the 

model of the material under consideration has linear elastic properties up to static yield 
condition I Tl ~ (J and above it- i.e. for I Tl ~ (J- viscoplastic ones [32]. It follows the 
form of the evolution equation 

{6.11) 
for 

for 

ITI ~ (J(D), 

ITI < (J(D). 

We have assumed a dependence of the yield stress (J and the viscosity coefficient y on 
the temperature D. For the thermal variable we have, as in the general case, the equation 

(6.12) 

The material ahead of the wave must be in a quasi-asymptotically stable equilibrium 
state (E0 , D0 , 0, a.0). It will be satisfied when the stress at this state T0 = (A+ 2,u) (Eo- a.j)
-(3A+2t-t)(D0 -D0 )K does not exceed the yield stress (J(D0). 

Taking into account our constitutive equations we are able to derive from the Eqs. 
(6.7) the following two algebraic equations: 

(6.13) 
(e"V2-2a2o) [E] -au[D] = 0, 
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In order to have non-trivial solutions the determinant of (6.13) must vanish. Hence 
we have 

(6.14) 

where c2 = A.+ 
2
ft is the velocity of dilatation waves and 

f!H 

(6.15) 

It is seen that the coefficients (2 3
) band dare positive. 

THEOREM 6. In the elastic-viscoplastic body governed by the Eqs. (6.8)-(6.12) a shock 
wave has four real and symmetric velocities [17]. 

As in the previous case two particular cases will be considered. 
Case 1. No thermomechanical coupling in the material, i.e. If.= 0, the coefficient of 

thermal expansion vanishes. Then d = 0 and we have two pairs of velocities 

(6.16) vt.2 = A.+ 2e, 
(!H 

CoROLLARY 1. For the case considered there are two separated waves: the mechanical 

dilatation waves with the speed ± -. I A.+ 
2

1-t and the purely thermal waves with the velocity V f!H 

± -. I k . If the thermal relaxation time vanishes ( T ~ 0) the finite velocity of the thermal V f!HCw't' 

wave goes to infinity (V/,4 ~ oo ). 
Case 2. A non-conductor, i.e. k = 0 (the coefficient of thermal conductivity vanishes). 

Then b = 0, and we have 
CoROLLARY 2. For a non-conductor there are only two symmetric coupled thermomecha

nica/ shock waves with the velocity 

(6.17) 
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