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686.

ON A FUNCTIONAL EQUATION.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. Xv. (1878), pp. 315—
325; Proceedings of the London Mathematical Society, vol. 1x. (1878), p. 29.]

I was led by a hydrodynamical problem to consider a certain functional equation;
viz. writing for shortness @, =ax_+b, this is
cx+d

Az + B

¢$—¢wl—(w—wl)m.
I find by a direct process, which I will afterwards explain, the solution

¢$_éx+«/{(a—d)2+4bc} (AD —BC) [* sin Etsin nt dt
i

C(dC—cD) o sin ¢tsinh g ’
where ¢ is a constant, but £ #» are complicated logarithmic functions of = (& =, ¢
depend also on the quantities a, b, ¢, d, C, D); sinh 7t denotes as usual the hyperbolic
sine, % (e™—e™™).

The values of & 7, ¢ are given by the formulae
1 _ a®+d*+ 2be
e S 5 P
a=ar+b b=-dz+Db,
c=cx+d, d= cz—=aq,

W = Ca + Dec,
Z =Cb+ Dd,
R= xc+d,
S=—= c— d,
R W+1Z,
A
S=—W-=2\Z,
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686 ] ON A FUNCTIONAL EQUATION. 299
which determine A, R, S, R/, 8’ and then
f==}log%, n=%(1ogx+1og5§%>, ¢=3log \.
There is some difficulty as to the definite integral, on account of the denominator
factor sin &, which becomes =0 for the series of values ¢ = m_gr, but this is a point

which I do not enter into.

I will in the first instance verify the result. Writing #, in place of z, and
taking £, 7, to denote the corresponding values of £ #, it will be shown that

E£=§ m=n+2¢ see post, (1).
Hence in the difference ¢z — ¢z, we have the integral

/’sin &t {sin nt —sin (9 4 28) t} dt
sin ¢t sinh 7t y

(where and in all that follows the limits are oo, 0 as before); here, since
sin 9t —sin (9 + 28) ¢ = — 2 sin & cos (n + &) ¢,
the factor sin & divides out, and the numerator is

=—2sin & cos (n+ &) ¢,
= sin (7 + ¢ — )t —sin (n + L+ D) .

Hence the integral in question is

=fsin(n+§—-§)tdt jsm(n+§+ S)tdt

sinh 7t sinh 7t

which 1is

Now we have in general

1 AR fsm of dt

14 exp. a sinh 7t ’
(this is, in fact, Poisson’s formula
R i 2fs1n(2nlog8+logk)t dt
1+km 37
in the second Memoir on the distribution of Electricity, &c., Mém. de U'Inst., 1811,
p.- 223); and hence the value is

e'rrf e—‘ll't

1 i
, Ttexp.(n+E-8)  1+exp (n+i+8)’
or since
RR RS’
n+§—log7\+1§logSS,, E=1%log SRS
we have
n+&— ‘g'—loor)»+z}log1§,2 logxg,

n+§+§=10g7\+4510g§27 =log7\1—§,

38—2
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300 ON A FUNCTIONAL EQUATION. [686

and the value is thus
1 1 (RS = R'S)M

ol i ) i 7 4 3
1+>~§- 1+h§ R +8) (R +8)

Hence, from the assumed value of ¢z, we obtain

{(@ — d)? + 4bc} (AD — BO) (RS’ — R'S) 2
C(dC—cD) VB +8) (AR +5)

¢.z‘—¢xl=%(w—w1)—‘\/

We have
— 2
o3 . M Gt Clcad) 1, B, PO S R B
ad —be
Br+ S=A\—=1)(cz +d), see post, (2),
Rx+ S=(0\ =1)(a+d)(Cz+ D),
or since
cw2+(d—a)w—b_x_w
' cx +d ™ L
this is
_ 4 V{(a — d)*+ 4bc} (AD — BCO) (a+d)n %
it as ot ke C (@@ =be)(w—1)(Co+ D) * =
But from the value of A, ‘
A ad — be

N—1 (a+d)y{(a—dy+4bd}’
and the equation thus is
4 A AD-BC ¥ Az + B
bz — o, = (2 — a,) {ﬁ"m}; =(z— ) Cz+ D’
as it should be.

(1) For the foregoing values of £, 7, we require R,, S, R/, S/, the values
which R, S, R’, 8’ assume on writing therein #, for . We have

Ri= N(exm+d)y+ (cz—a),
Si=— (c&,+d)—\(ca,—a):
substituting for @, its value, we find

R, (cz+d) = (a+d)\(cz + d)— (ad —bc) (A + 1),
or writing herein
_p (atdPA
ad — be = ar 1)
this is
_(a+d)r
R, (cx+d)= |

R;
and similarly
a+dS

S, (cac+0l)=7\+1 ¢

www.rcin.org.pl



686] ON A FUNCTIONAL EQUATION. 301

We have in like manner
RBi="1 +%Zl, where W,=0C( ax,+b)+ D (co,+d),
S/=— W,—\Z,, where Z,=C(-dx+b)+ D (cx;—a).
Substituting for #, its value, we find
W, (cz +d)=C[(a + d) (az +b) — (ad — bc) 2] + D [(a + d) (cz + d) — (ad — be)],
Zy(cx+d)=C[ —(ad —be) z] + D[ — (ad — be)]:

hence, substituting for ad —bc as before,

W, (cw+d)=6i”¢—Jf1”l)ﬁ (A +1p W =(a+d)r (Cz+ D)),
d
Zl(cx+d)=—(—£-_:-——1)2{ — (a+d)\ (Cz + D)},
whence without difficulty
i _(a+d)\ o,
Rl(cx+d)— X+1 -R;
o WA o, P
S (cx +d)= >»+IS'
consequently ! !
gi% — %‘SS,, that is, £ =§,
Ry RR
%‘S? =7\'2'§Sﬂ; » "71=10g)'+"7) =2§+"7a

which are the formule in question.
(2) For the value of RS'— R'S, we have :
RS —R'S=Mc+d)(— W=AZ)—(— N —c¢) (W -+ %)

=(—7\2+%> Z+(+1){(d—c) W—dR)
=_(x—1){(1 +7\+%>0Z+(c—d) W+dZ};

s 1 : ke
or substituting for A+ =, Z and W their values, this is

__—()\,—1)
~ ad—bc

{(@®*+ d*+ ad + be) ¢ (bC + dD)

+ (ad —be) [(c —d) (aC +cD) + d (bC' + dD)]}.
In the term in { |}, the coefficient of C is

[(a*+ d* + ad +bc) b + (ad — be)a]l e — d (a — b) (ad — be)
=(a+d)(db—bd)c—(a+d)dz(ad —be),
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302 ON A FUNCTIONAL EQUATION. [686

and similarly the coefficient of D is
[(a*+ d* + ad + bc) d + (ad — be) c] ¢ — d (¢ — d) (ad — be)
=(a+d)(ad —cb) c—(a + d) d (ad — be).
Hence the whole term in { } is
=(a+d) {[(db—bd) c—d (ad —bc) 2] C + [(ad — ¢b) ¢ —d (ad — bc)] D},

which is readily reduced to
(e +d)(ad —be) (—dC +cD);
also
ad —bc=(a +d) {ca*+ (d —a) z— b} ;
so that we have .
e 2
B8~ RE=A—NEAD 4o Ba @ o,
ad —be
which is the required value of RS — R'S; and there is no difficulty in obtaining

the other two formulse,
RN +8 =(—=1) (cz+d),

RA+8 =\ -1)(¢+d)(Cz + D);
the verification is thus completed.

To show how the formula was directly obtained, we have

Aok B4 "ADLBO 1
QD6 ¢ Cz+ D

[+

ol . Bz suppose ;
the equation then is
A
bz — dz, = T (2 — @) + (2 — »,) B

Hence, if @, #,, @,,... denote the successive functiors Sz, %, S, &c., we have

= o, = 5 (0= ) + (@1 - 03) B,

A
Pz — pay = el (@2 — @) + (w2 — @) Bz,
whence adding, and neglecting ¢, and z,, we have
A
¢z = s fail [(@ — @) Bz + (@, — @,) By + (2, — @) Bwa + ...],

where the term in [ ], regarding therein @, #,, ;,... as given functions of , is
itself a given function of #; and it only remains to sum the series.

Starting from
PR L e b
P e
and writing
1 a®+d*+2bc
SR
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then the mth function is given by the formula

4 _Sm_(?\”“—1)(aw+b)+(>»"'—)»)(—dx+b)
mTET (H—1) (e + d)+ (A" = A) (cx — a)

(" —1)a+ (A —N)b
TP —De+ (A —=N)d

AP +Q
AR+ S’

if P=Aa+b, @=—a—2Ab, and as before R=2Ac+d, S=—c—2d.
I stop to remark that A being real, then if A >1 we have A" very large for n

very large, and a:"=§ which is independent of n; the value in question is

_A(az+b)+ (—dz+b)
w"_)»(cm+d)+( cx —a)’

which, observing that the equation in A may be written

Aodl BAED)
c(A+1) A—a’

ra-d  bO+1),
c(A+1) AM—a
calling each of these two equal values z, we have

is, in fact, independent of #, and is = we have z, ,=ua,, or

x_qw+b
Wep it

which is the same equation as is obtainable by the elimination of N from the equations

Ma—d  b(A+1)

CThEOiEl) adea.

Q

The same result is obtained by taking A <1 and consequently Tp=g-

We find
PR _)»"—IP+Q_>»"P+Q
Bt R Qs ARG 2

_—a1(A—1)(PS—QR)
T (MR+S)(AMR+S)

where

PS—QR=-~(N-1)(ad —bc)=—(N—1)(a+d) {cz* +(d — a)z — b} ;

and therefore
e _A=1D(M-1)(a+d){cx*+ (d —a)z—b} A"
Aol A (MR + 8) (AR + S) '

Also
AD - BC 1

ity VTR v e
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304 ON A FUNCTIONAL EQUATION. [686

where
O 'P+@Q+D(A'R+8) RAM4+8
Ogle o AR+ S "R S’
where
P DR b d

8 =0CQ+DS, =C(—a—=br)+D (—c—dr);

viz.
R=W+s4 §=-W-2\g
where Z and W denote aC +cD and bC+dD as before.
We hence obtain
— (4D - BC
(@n— — Zn) By = —(—G_)

A=1)(M—-1)(a+d) {cz*+ (d — a) z — b} AD
kL A (BZ* + 8) (BA" + §)

_ —(4D-BO)
3 Ry i

A=) N=1)(a+d) {ca*+ (d — a) z— b} (RS’ —R'S) a»
" »(BS8"— RB) (BA* + 8) (RA +87)°

or, substituting for RS"— R'S its value in the denominator, this is

AD—BC (ad—bo)(\2—1) (RS —RS)A»

(@2 =) B0 = ———G— Gy (D = d0) (B + 8) (BZ +.5)
_ Wi(a—dy+4be) (AD— BC) (RS’ — R'S)A»
A C(D—-dC) (B +S)(RAN+J)’
and thence
_4,_ Wi(@—dy+ 4 (AD-BO) s (R — RSN
el C(eD = d0) (BN £ B) (BN £ 87)

the summation extending from 1 to .

Now the before-mentioned integral formula gives

| _%_/'sin(nlogh+logk)tdt
1+ sinh 7t s

ik kv gid fsin (nlog N + log k')t dt
1+ KA sinh 7t 1

’

Taking the difference, and then writing lc=§, K e we have under the integral

? ’
sign

sin (n log X + log %) t —sin (n log A\ + log %) t,
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which is
=2sin § (log%i) t cos (nlog)\ +1L-log§—lsz,) t,

which attending to the before-mentioned values of £ #, ¢ is
= 2sin & cos (2nE— ¢+ ) ¢,
and the formula thus is
& .o o™ ARS'—R8)M. . [2sin Efcos (nE—C+y) tdt
BN+ 8 RAM+8" ~ (RBM+S)(RA+8) sinh 7t )
We have here
cos (2ng — ¢+ n) t = cos 2n&t cos (n — §) t — sin 2ngt sin (n — &) ¢,

whence summing from 1 to o by means of the formulae
cos 28t +cos 4t + ... =— 4,
sin 28t + sin 4&t + ... = % cot &,

(which series however are not convergent), the numerator under the integral sign

becomes
sin &t {— cos (n — &)t — cot &t sin (n — &) ¢},

which is
sin & sin nt
T TRE
and the formula thus is
s (RS'—R'S)\»  (sin&tsingtd?s
(BA+S) (RA +8) _f sin £t sinh 7t °

and we therefore find
_ A W{(a—d)y+4bc} (AD — BC) (sin Etsin gt di
llas s b B (D —d0) i teali o’

which is the result in question.

The solution is a particular one; calling it for a moment (¢x), then, if the
general solution be ¢z =Pz + (¢pz), it at once appears that we must have oz — Pz, =0;

and as it has been shown that g—:‘ss, is a function of z which remains unaltered by

I’

the change of z into ,, this is satisfied by assuming Pz =f (JRB—%), an arbitrary

function of %‘% Hence we may to the foregoing expression of ¢z add this term
RS
7 (s)-

Postscript. The new formula
A1 —1) (az + b) + (A" —\) (— dz + b)

= T L) (e + d) + (V=N ( w—a)’
1 @+ d*+ 2be
where L\ Vo oy wss g

39
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_ax+b
Tez+d’
remembered that, when = is even the numerator and denominator each divide by
A —1, but when n is odd they each divide by A*—1; after such division, then further

for the mth repetition of 9z, is a very interesting one. It is to be

dividing by a power of A, they each consist of terms of the form 7"“'*'%.‘.’ that is,

they are each of them a rational function of 7\+71—\. Substituting and multiplying

by the proper power of ad—bc, the numerator and denominator become each of
them a rational and integral function of a, b, ¢, d of the order n+1 when » is even,
but of the order » when n is odd; in the former case, however, the numerator and
denominator each divide by a+d, so that ultimately, whether » be even or odd, the
order is =mn as it should be.

For example, when n =2, the value is

1
M-1a+HW-=2b _(M+Ar+1)a+rb _(X+i+1)a+b
M=De+W=NMd”  (W+r+1)c+rd (7\+%+1)c+d

or, as this may be written,
(7\+% +2> a—a+b

(X+%+2)c-—c+d
where, observing that

(a+d)

1
K+X+2=m'c, —a:+b=—(3;+d)w, —C+d=—(a+d),

the numerator and denominator each divide by a+ d, and the final value is

_(a+d)(azx+b)—(ad—be)z _ (a*+be)z+b(a+d)
- T (a+d)(cx+d)—(ad=bc) > ~ c(a+d)z+bc+d’

which is the proper value of S%. But, when n=3, the value is

1
M=Da+A-Ab  (A+1)a+2Arb (h+i)a+b.

) I e =) g, 7 iy ’
M=1)c+W=n)d M+1)e+2ad (h+1)c+d
A
and this is
_(a*+ d*+ 2bc) (az + b) + (ad — be) (— da + b)
" (@ +d*+ 2bc) (cx +d) + (ad — be) ( ez —a)’
or finally

_ (a® +2abe + bed) z+ b (a* + ad + be + d°)
" c(a*+ ad +be + d?) z + (abe + 2bcd + d?)’

which is the proper value of %%z
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