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Regular simple wave interactions 

M. BURNAT (WARSZAWA) 

IN THE PAPER the method of simple wave interactions for non-elliptic first-order syst~ms with 
arbitrary number of independent variables is described. This method is a generalization of the 
method of Riemann invariants applied in a theory of supersonic stationary plane potential 
and nonstationary one-dimensional gas flows. 

W pracy om6wiono metod~ wsp<>ldzialania fal prostych dla nieeliptycznych uklad6w pierwszego 
r~du w przypadku dowolnej ilo§ci zmiennych niezaleZn.ych. Metoda ta jest uog6Inieniem 
metody inwariant6w Riemanna stosowanej w teorii nadd:Zwicckowych, stacjonarnych, plaskich, 
potencjalnych oraz niestacjonarnych, jednowymiaroWych przeplyw6w gazu. 

B pa6oTe o6cy>K~eH MeTO~ B3aHMO~eHCTBH.R npoCThlX BOJlll AJU1 HeJ.JIJillllTHqeCKHX CBCTeM 
nepaoro nopHJtl(a a cnyqae npoH3BOJILHoro J<OJI~AeCTaa HeaaBHCHMhiX nepeMeHHhrx:. Mero~ 
HBIDieTc.R o6o6~eHHeM MeTO~a HHBapHaHTOB PHMaHa, Korop&m npHMeiDieTCH a TeOpHH rmoc
KHX, CTaQHOHapHbiX, CBepX3BYJ<OBhiX, nOTeHQHaJILHhiX, a TaK>Ke O~OMepHhiX, HeCTaiUIOHap
HhiX Tet~eHHif raaa. 

Notations 

R" n-dimensional Euclidean space of points x = (x 1
, ... , x" ), independent va

riables of the set of Eqs. (1.1 ), 
H1 /-dimensional Euclidean space of points u = (u 1, ••• , ul ), dependent va

riables of the set of Eqs. (1.1), 
H' ® R" the tensor product of H 1 and R", 

R" eA the space of all vectors ye R" satisfying (y, a)= 0 for each a eA, where 
A a linear subs pace of R", 

A. = O.t .... , A") characteristic vectors in R" of the set of Eqs. (1.1), see [1], 
y = (y1

, ••• , y1 ) characteristic vectors in H' of the set of Eqs. (1.1), see [1], 
A. ~ y knotted -characteristic vectors A. and y, cf. [1], 

r characteristic curve in H 1 of the set of Eqs. (1.1), see [1], 
rlla}ll order of the matrix lla~ll. 

T,(M) space, tangent to the manifold M at the point p e M, 
N ,(M) space, normal to the manifold M at the point p e M, 

[a, ... , a] space, spaned by the vectors a, ... , a, 
1 k 1 k 

[bJ ... Jb] space spaned by linearly independent vectors b, ... , b, 
1 k k 1 

of(x) . . 
--- =Ja(x) =a' fx· where/(x) is a function and a= (at, ... ,a") an arbitrary vector, oa ' 

ua(x) = ( u!(x), ... , u~(x)) where u(x) = ( u1 (x), ... , ul (x)) is a maping R" into Hl, 

(a, b)= a 1b1 + ... +a"bu scalar product of the vectors a= (a1, ••• ,a") and b = (b1, ... , b"). 
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so M. BURNAT 

1. Introduction 

THE OBJECT of the present paper is to discuss the properties of the solutions of the set of 
equations 

(1.1) aj1(ut, ... , u'.)u~t = 0, s,j = 1, ... ,I; i = 1, ... , n, 

representing the interaction of simple waves and to devise methods for obtaining such 
solutions. This will be a generalization of the interaction method for two independent 
variables discussed in Ref. [1] and [13], In the case of two independent variables this 
method is the principal tool in the theory of plane potential and stationary flows and one
dimensional and nonstationary gas flows (see [10]). 

It will also be shown how to solve the problem of w-property of a solution of the set 
of Eqs. (1.1) using the method of simple wave interaction. To define the notion of w

property, let us consider a region G c R split up into two regions D and D (Fig. 1) by 

Sn-1 

FIG. 1. 

the manifold Sn_1 • Let us consider the solution satisfying the conditions 

(1.2) u(x) e C(G) n C1 (Dw) n C1 (D), rl/u~i (x)llxeDw = w. 

w 

It is said that the solution u(x) satisfying· the conditions (1.2) has the w-property at the 

point p e Sn_ 1 if there exist the manifolds M, M c H 1 such that in a certain neighbourhood 
U(p) c Rn of the point p(Fig. 1) we have 

(1.3) M c u(D n U(p)) cM 

and 

(1.4) w-1 ~dim M, dim M~ w+l. 

A solution u(x) satisfying the conditions (1.2) will be said to the have the w-property if 
there exists in any neighbourhood V c Sn_ 1 ape V, in which u(x) has the w-property. 
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REGULAR SIMPLE WAVE INTERACTION 51 

From the condition (1.3) it follows that 

Tu(x)(M) C [ux,(X), ... , Uxn (X)] C Tu(x)(M), 

for x E D n U(p), where Tu(M) denotes the space tangent to the manifold M at the point 
u E M, therefore we have the · inequality 

w-1 ~ rllu~i (x)ll ~ w+ 1. 

A solution u = u(x), x E D will be said to be of order k if, for x E D, rllu~i (x)ll = k. 
Solutions of order k are also referred to as k-fold waves. For solutions of the first and 
second order the terms of simple wave (see [1]) and double wave are also used. 

The problem of ro-property was discussed for the set of Eqs. (1.1) and two independent 
variables, n = 2, in Ref. [1), from the point of view of simple wave interaction. The present 
paper is a continuation of that paper. Without additional discussion we shall use the same 
notations and the information contained in the introduction and the first part of Ref. [1], 
concerning simple waves. 

Similarly to the case of two independent variables (see [1]) we shall introduce in the gen
eral case of the set of Eqs. (1.1) three types of simple waves interaction. 

A solution u(x) represents a simple wave interaction if it is of the C 1 class and is con
structed of integral elements having the form 

q 

(1.5) Lf = _I rxayi ).f 
a=1 a 

t1 

where y ~ )., q < + oo. The class of such solutions will be denoted by F. 
a 

Let G>,, n ~ r ~ 1 denote an r-dimensional manifold in H' satisfying the condition 

Tu(G>,) = [y(u)l ... ly(u)], 
I r 

where y denotes characteristic vectors in H'. In addition it will be assumed that there 
a 

1 r 

exists for u E 0>, a set of characteristic vectors ).(u), ... , ).(u) such that each k ~ n of 
; 

them are linearly independent and y(u) ~ ).(u). In this way every manifold ffi, prescribes 
i 

a set of integral elements in the form 

r 

(1.6) L~(u) =,I rxayi(u)Ar(u), u E ffi,. 
a=1 a 

It may happen that Tu(ffi,) = [y(u), ... , y(u)], m > r, where the characteristic vectors y 
1 m I 

are linearly independent by pairs. Then, from the vectors y, we can select, in many different 
i 

ways, r linearly independent. Each such choice will correspond to a different set of integral 
elements (1.6). 

A solution u(x), x E D will be referred to as an interaction of r independent simple waves, 
if u E C 1 (D) and if there exists a manifold ffi, such that u(D) c ffi, and u(x) is constructed 
of integral elements of the form (1.6) A set of such solutions will be denoted, for a pre-

4* 
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52 M. BURNAT 

scribed manifold, by F(G>,). Solutions of the type of k-fold wave belonging to the classes F 
and F(G>,) will be denoted by Fk(k ~ n) and Fk(ffi,) (k ~ r), respectively. 

An interaction of the third type is a regular interaction of simple waves. By contrast with 
the case of n = 2 (see [1]) correct formulation and study of this notion requires some
what more detailed considerations, in general. This problem will be discussed in Sec. 3. 

We shall now prove teh following theorem (see [3]). 
THEOREM 1. If the set of Eqs. (1.1) is hyperbolic, all its solutions are of class F. 

The class F is empty for elliptic sets of equations. If the set (1.1) is non-elliptic, that 
is it has at least one family of characteristic ·vectors A.(u) ~ y(u) of class C1, there exists 

. an infinite number of solutions of the type F1 (simple waves), therefore the class F is not 
empty. 

By virtue of the Theorem 1 it may be said that solutions of the type F are hyperbolic 
solutions or hyperbolic waves of the system considered. 

Proof of Theorem 1. The set of Eqs. (1.1) is ~ = (~ 1 , ••• , ~,.)-hyperbolic (~ is 
a non-characteristic vector) if the following conditions are satisfied: 

1. For every ex= (ex1 , ••• ,ex,.), (ex,~)= 0 the characteristic polynomial P(r) = det 
IA(r)l, where Aj(r) = aji(exi+r~i) has real roots only. They will be denoted by rl, ... , r 1

, 

7!' ~ rP for a < (!. 

2. Vectors 1-' = (1-'1 , ••• , t-t1) satisfying for a certain T
17 the equation 

t-tA( 7!') = 0 

determine an /-dimensional space. 
The condition 2 is equivalent to the following condition. Vectors y = (y1 , ••• , y1

) sa
tisfying for a certain 7!' the equation 

A(r')y = 0 

determine an /-dimensional space. 
It can easily be verified that the vectors y are characterictic vectors of the set of Eqs. 

(1.1) in H1
• A17 = cx+ T17~ are chacteristic vectors in R", and A17 ~ y if A(r17

) y = 0. It is 
a a 

obvious that H 1 = [yl ... ly]. 
1 I 

The hyperbolic system (1.1) has, therefore, the following simple integral elements 
(see [1]); 

a 
(1.7) y ® A = y1 A.f = y ® ex+ T17Y ® ~, 

a a a a 

where a = 1, ... , I, and cx is any vector satisfying the condition (ex, ~) = 0. 
Let us denote by 9Jl c H' ® R'! an /(n-1)-dimensional space of all the integral ele

ments of the set (1.1) If 9Jl1 c 9Jl denotes a space of integral elements in the form (1.5), 
it suffices for the Theorem 1 to be proved to show that 9Jl1 = 9Jl.or, which is equivalent, 

(1.8) dim 9Jl1 ;?; l(n -1). 

However, y ® ~ and y ® ex are orthogonal in H 1 ® R", and all the matrices y ®ex 
a a a 

determine a space H 1 ® A, where A = R" 8 [~], therefore H 1 ® A c 9Jl1 • Hence (1.8) 
because dimH1 ®A = /(n-1). This ends the proof of Theorem 1. 
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REGULAR SIMPLE WAVE INTERAcnON 53 

Some of the results obtained in the present work were given in Refs. [2, 4] without 
proof. The relation between the notion of simple wave interactions and double 
hyperbolic waves considered by J. H. GIFSE [5] was discussed in Ref. [6]. The works [7, 8] 
and [9] are devoted to the consideration, by E. CARTAN's method, of solutions of class F, 
assuming that the coefficients and solutions of the Eqs. (1.1) are analytic. In these works 
a number of interesting solutions of sets of equations of gas dynamics were found. 

By analysing equations of gas dynamics the authors of [10] formulated a number of 
questions concerning solutions constant along planes of fixed dimension. An answer to 
these questions is contained among other things, in the present paper. 

All the considerations of the present paper are of a local character. As regards the func
tion and manifold considered it will be assumed tacitly that they are of class C1, if there 
are no other remarks. 

2. The R-property 

In the present section we shall discuss certain properties of the solutions of the Eqs. (1.1) 
I r 

ofthe type F(ffi,), r~ n. Let y(u), ... , y(u); .A.(u), ... , .A.(u) be vectors such that Tu(ffi,) = 
I r 

i 

= [y(u)l ... jy(u)], y ~ .A. The symbol Ti c ffi, will denote the characteristic curves (see [1]) 
I r i 

tangent to y(u). We shall introduce the following notations 
i 

~ I r 
~ n~r (u) = [a(u)j ... 1 a (u)] = Rn 8 [.A.(u)l ... I .A.(u)]. 

I n-r · 

The plane in Rn, passing through the point x and tangent to .L:n-r (u) will be denoted by 
I r 

~~-r (u). Similarly: L,(u) = [.A(u)j ... j .A.(u)], L:(u) a plane tangent to L,(u) passing through x. 
1 

Let !-'(u), i = 1, ... , r, denote a vector basis in L,(u) such that (q(u), .A(u)) = !5{. Let us set 
I I 

P!_r+t(u) = [~n-/u)l~(u)]. 
I 

We have the following lemma 
LEMMA 1. If u(x) E F,(ffi,), r ~ n, then 

U12(X) = cxy, ex :1: 0 
i 

when, and only when, a e P!-r+t (u(x)), a f/: In-r (u(x)). 
The proof of this lemma follows immediately from the definition of the class F,(ffi,). 

It will be shown that for u e F(ffi,), x e D, the planes ~~-r( u(x)) stratify(!) the region D 
and 

(2.1) u(x) = const = u(x). 
0 

(1) A family £14 of manifolds Mk c £14 of fixed dimensions k stratifies a region D c Rn if: 1) through 
every point p e D passes exactly one manifold Mk E £14, 2) the family Ut can be parametrized by c1, ••• , cn-k 
so that the manifold Mk(ct, ... , cn-k) in D can be written in the form tPP(x1, ... , xn) = ell, p, = 1, ... , n-k. 
The notion of a family of manifolds stratifying a given manifold is defined in a similar manner. 
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54 M. BURNAT 

for 
X 

X E ,L:_, (u(~) ). 

Indeed, for a(u) e 2n-r(u) (a(u) :1= 0), a(u(x)) is a vector field in D of class C1
• Let us de

note by x = x(s) the integral curves of that field, dxfds = a(u(x) ). From the definition of 
the class F(<»,) it follows that ua = 0, therefore du(x(s) )fds = 0. Thus, u(x(s)) = const 
and the curve x = x(s) is a straight line. Hence follows immediately the Eq. (2.1) We 

can also see that 2n-r (u(x)) stratify D. 
Let us denote by W(<»,) a class of mapings (not necessarily solutions) v(x) e C1 (D), 

D ~ <», and v(x) satisfies the condition (2.1). 
If r = 1 and, therefore, m, is a characteristic curve r c H, the mapings v(x) E W(F) 

are solutions (constant or simple waves, see [1]). In general, r > .1, this is not the case. 
Our task is to give an answer to the question as to when the mapings W(ffi,) are solutions. 

It will be said that a maping v(x) e W((f),), x e D has the R-property in the region 
D if the following sets of Pfaff's forms 

f.J 

(2.2j) .A.1(v(x))dxi = 0, p = 1, i = 1, ... ,j-1,j+1, ... , r, 

j = 1, ... , r, are integrable in the region D. 
We have the following simple lemma. 
LEMMA 2. A maping v e W(ffi,), r > 1, has the R-property in the region D when 

and only when there exist r families of n- r + 1 dimensional manifolds CL r+ 1 , j = 1, ... , r, 
which stratify D and are such that 

I j-1 i+l r 

Nx(CLr+t) = [A(v(x))l ... I A (v(x))ll A (v(x))l ... IA(v(x))], 

Tx(CL,+ 1) = PLr+ 1 (v(x)). The generators of the manifold ct-r+1 are the planes 

};:_,(v(p)). 
Let us observe that in the case of n = r = 2 (the case considered in [1]), the planes 

x:_,(v(p)) are reduced to points and each maping v(x), D ~ ffi 2 is of the class W(ffi2). 

Moreover, each maping has the R-property because for any j the set (2.2j) is re
duced to a single form with two independent variables x\ x2

• The manifold C~-r+t are 
curves. 

For r = 1, ffi 1 = r, the set (2.2) contains no form, it can therefore be assumed 
that each maping v(x) e W(F) has the R-property. Lemma 2 remains valid because 
c;_t+t = Rn. 

The result of Lemma 2 may be formulated in another manner. 
Let us denote by ~~(v), for p eRn and v e H1, any r-dimensional manifold in Rn such 

that Tp(~~(v)) = L,(v). To such manifold belongs, in particular, L~(v). Let v(x) e W(ffi,), 
x e D, and let Vc H' denote the neighbourhood of the point v(p), p e D. If u e V and V 
is sufficiently small, the spaces 

(2.3) Ei(u,p, x) = P!_,+ 1 (u) n Tx(.!e~(v(p)), i = 1, ... , r, 
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· are one-dimensional. Let 0 =!: c1 (u,p, x) eE1(u,p, x). Let C(p) c ~~(v(p})denotecurves 
I 

tangent to the vectors c(v(x},p, x), x e ~~(v(p)). 
I 

Let us pass through every point q e C(p) a plane 2:_, (v(q)) (Fig. 2) and consider 
I 

the (n- r + 1 )-dimensional manifold thus formed 

C!-r+1(p) = U z._,(v(q)). 
qeC(p) 

i 

The manifolds C!-r+ 1(p) stratify the neighbourhood of the manifold ~~(v(p}). The 
manifold C!_,+ 1 (p) depend, in general, in an essential manner on p. Let us formulate 
now the following obvious lemma. 

FIG. 2. 

LEMMA 3. A maping v(x) e W(6>,), x e D, r > 1 has the R-property if, and only if, 
C!_,+ 1(p) are developable for a certain p e D. Then C!_,+1(p) are independent of p. 

We have the following theorem 
THEOREM 2. If u e F,(<n,), then u(x) has the R-property, C!_r + 1 are developable cha

racteristic manifolds and 

(2.4) u(C!_,+ 1} c r, c 6>, i = 1, ... , r. 

Proof. For the maping u = u(x) and any point p e D let us consider the ma
nifold !R~(u(p) ), the curves C(p) and the manifold CL,+ 1 (p). From the definition of the 

i 

class F,(6>,) it follows that for d = c(u(x},p, x) we have ud = ocy, cc=!: 0. Therefore 
i i i I 

u(C(p)) c r, and 
i 

(2.5) 
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Since u(x) e W(<D,), then, by virtue of Lemma 3 it suffices to show that C!_,+ 1 (jJ) are de
velopable. From (2.5) and the construction of the manifold C!_,+ 1 (p) it follows that 

~x(C!-r+l) = [~:_,(u(q))la(x)j, 
xe _l'L,(u(q)) 

where ua(x) = ay, a :1: 0. By virtue of Lemma 1 
I 

a(x) e P!_,+ 1 ( u(x)) = [~:_, ( u(x)) I~( u(x))] , a(x) rt ~=-r { u(x)), 
z 

therefore, as a result of the fact that u(x) = const = u(q) for x e J;:_,(u(q) ), we find 

~x( CL,+ t) = rz:_, ( u(q) )le( ~(q))] 
xe _l'L,(u(q)) ' 

thus ending the proof of Theorem 2. 
Let us now prove the following theorem. 
THEoREM 3. u(x) e F(<D,), if u e C1 and 

~· u(~(p)) c r, c (», i = 1, ... , r, 
' 

for a certain p ·and all the curves C(p) c I£: ( u(p)). 
I 

X 

B. u(x) = const = u(;), for X e ~ n°_, { u(~)) 
C. u(x) has the R-property. 

The Theorems 2 and 3 is a direct generalization of the Theorem 4 (or Theorem 3) of [1] 
to the case of many independent variables. Indeed, for n = r = 1, and the Theorems 2 and 3 
can be expressed in the form of the following corollary. 

COROLLARY 1. If n = 2, we have u(x1, x2) e F(<D2) when and only when 

u(C) c r, c (»2 , i = 1, 2. 
I 

I I I 
for any characteristic curve C c R2 normal to A.(u(x)), where A.(u)~(y)(u), Tu(6>2) = 

I 

= [y(u)ly(u)]. 
1 2 

P r o o f of the Theorem 3. From the condition C it follows that for the manifold C!_,+ 1 

we have 
~x(C!_,+t) = [a(u(x))j ... j <1 (u(x))lc(u(x))] 

1 n-r i 

and from the conditions A and B it follows that u (CL,+ 1) c r,, i = 1 , ... , r and u~r = 0, 
I I m 

m= 1, ... , n-r, therefore uc(x) = fJ(x)y(u(x)), where fJ(x) are continuous functions 
I i 

and 
1 1-1 1+1 , 

c(u) E L,(u) e [A.(u)l ... I A. (u)l A. (u)l ... I A.(u)]. 
I 

Hence, immediately, , 
u;t (x) = ~ pyl(u(x)A.1(u(x)) 

u~J a 

which ends the proof of Theorem 3. 
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Theorem 3 reduces the problem of construction of solutions u(x) e F(~,) to the con
struction of the maping of the manifold .2"~ in ~', which satisfies A. It is not convenient 
to verify the condition C, however, therefore we introduce the following definition. 

A manifold ~' has the R-property if each representation v(x) e W(~,) satisfying the 
conditions A and B has the R-property. 

Thus for a manifold ~' having the R-property, the verification of the condition C is 
not necessary. 

It can also be easily verified that the Theorem 3 can also be given the following equiva
lent form: 

THEOREM 3..4. u(x) e F(~,), if u e C1
, u(x) e W(~,), ~'has the R-property and for the 

manifold C!_,+ 1 we hawe the condition 

u(C!_,+l) c r, c ~" i = 1, ... , r. 

We have the following theorems: 
THEOREM 4. A manifold~" r > 1, has the R-property if 

1-' 
cJA(u) 1 r 
oy(u) E [A(u)l ... IA(u)], 

11 

U E ~" ft = 1, ... , r, V = 1, ... , r, ft ::/: V. 

THEOREM 5. A manifold~" r > 1 has the R-property, if the class F,(~,) is not empty. 
Both theorems will be proved simultaneously. The proof will be done · by considering 

the integrability of a set of forms (2.2j) for any v(x) c W(~,) satisfying the condition A. 
For any point x e D let us introduce a new variable t = (t 1 , ..• , t"): 

0 
r n-r 

x = x(t) =}; t1c(v(x))+}; ti+'a'i(v(x)). 
i=l I 0 }=l 0 

If by 
* *I *n * * * 
c(t) = (c(t), ... , c(t)), G(t) = (G1 (t), ... , ~(t)), 
i I I j } ) 

we denote the coordinates of the vectors c( v(x)) and G( v(x)) in the new set of coordinates 
I J 

it can easily be verified that the condition of integrability of the set of forms (2.2j) at the 
point x can be expressed thus 

0 

* OO'(t0 ) * * * 
~ e[c(to)IG(t0)1 ... 1 0' Cto)], w = 1, ... , n-r, 

ut j 1 n-r 

where x0 = x(t0 ). If now we return to the variables xt, ... , x" and set x = x, then for 
0 

any v(x) e W(~,) we obtain the following necessary and sufficient condition of integra
bility of the set (system) of forms (2.2j) 

iJG(v(x)) 

(2.6) ro oc e [~(v(x)l~(v(x))l ... ln~ 1(v(x))], 
j 

xeD, w=1, ... ,n-r. 
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If the maping v(x) satisfies the condition A, then (2.6) follows from the condition 

8u(u) 
(2.7) aw( ) E [c(u)ju(u)l ... I a u(u)]' 

Y U j 1 n-1 
j 

u E (f), w = 1, ... , n- r. 

On differentiiating the equations ( u(u), A.l'(u)) = 0, u e (f), w = 1, ... , n- r, p = 1, ... , r 
w 

in the direction of the vector y(u) we infer immediately that the condition (2. 7) can be ex
pressed in the following equivalent form 

p. 

oA.(u) 1 r 
cy(u) E [A.(u)j ... IA.(u)], u E (f), "' = 1' ... 'r' "' ¥= j. 

j 

This ends the proof of Theorem 4. 
To demonstrate the Theorem 5 let us observe that if there exists at least one maping 

v(x) e F,(ffi,), x e D, we have 

au( v(x)) j au( v(x)) j 

8~(v(x)) = (X(X) 8;(v(x))' 
j j 

(2.8) (X ¥= 0. 

Next, by virtue of the Theorem 2, v(x) has the R-property, therefore the condition (2.6) 
is satisfied. If now by (f), we denote a manifold ffi, = v(D), (2.7) follows from (2.8), which 
proves the Theorem 5. 

3. Regular interaction of simple waves 

We shall now be concerned with the notion of regular interaction of simple waves 
for any number of independent variables. In the case of n = 2 this notion was introduced 
in Ref. [1] by saying that a solution u = u(x1, x 2 ) is a regular interaction of simple waves, 
if u e F2 (ffi2). Two-dimensional manifold ffi 2 were termed characteristic in the space H' 
and denoted by the symbol f>2 • It was also shown that the following theorem is valid. 

CoROLLARY 2. A moping u = u(x1
, x 2

), x e D is, for the set of Eqs. (1.1), n = 2, 
a regular interaction of simple waves, if and only if u(D) = f>2 and, for any characteristic 
curve 

Tc~2 c H 1 

in the neighbourhood of the characteristic curve 

C = u- 1(T) c R2 

there exists a v(x) e F1 (F) (simple wave) such that 

v(x) = u(x), x e C. 

Let us introduce, for any' n, the following definition of the r-dimensional characte
ristic manifold ~' c H 1

, r ~ n. 
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A manifold mr, r ~ n is the characteristic f>r if the following two conditions are 
satisfied. 

1. mr is representable parametrically: u = u(pt, ... , p,r), so that u1_,i = y. 
i 

Thus, for every k: 0 < k < r, mr is stratified by(~) different families of manifold ffik c mr 

* such that T(mk) = [Yt 11 ... ly,k] · 

* 2. If u(x) e Frmr), then, for every manifold mk c mr in the neighbourhood of an 

* (n-r+k)-dimensional characteristic manifold Cn-r+k = u-1(mk), there exists a v(x) e 

* e Fk(mk) such that 
v(x) = u(x), X E Cn-r+k· 

Let us observe that the condition 2 is always satisfied for k = 1. Indeed, if u(x) e Fr(mr), 

* * m1 = F 1 c m" we have u- 1 (m1) = Cn-r+t· A simple wave such that v(x) = u(x) for 
x e Cn-r+ 1 can be defined on the basis of the Theorem 1 of Ref. [1], in the neighbourhood 
Cn-r+ 1 , as follows 

v(x) = const = u(x) 
0 

for x belonging to a r -!-dimensional plane n such that x e n and 
0 

T(n) = [c(u(x))l ... I c (u(x))l c (u(x))l ... lc(u(x))]. 
1 0 i-l 0 i+l 0 r 0 

We have the following theorem. 
THEOREM 6. A manifold mr is the characteristic manifold f>" when and only when the 

' * condition 1 is satisfied and all the manifold mk c m" 1 < k < r, have the R-property. 
Before we proceed to prove this theorem let us discuss a number of inferences. 
From the Theorems 4 and 6 it follows that mr is a characteristic manifold f>r if, for 

u em" 
~ 

(3.1) 

oA.(u) JJ " 

oy(u) E [A.(u) IA.(u)] 
V 

p,,v=l, ... ,r; p,=l=v. 

In Refs. [7, 8 and 9] it was shown that the condition (3.1) is equivalent to the involutivity 
of the sets of Pfaff's forms leading to the construction of solutions of the class F(mr). 

The notion of regular interaction of simple waves can be introduced on the basis of 
the Theorem 6 as follows. A maping u(x) is a regular interaction of r independent simple 
waves if u(x) e Fr(f>r)· From (3.1) it follows that the manifolds mr is a characteristic mani
folds f>r if and only if all the two-dimensional manifolds m 2 c mr are characteristic 
manifolds f>2. 

We have therefore the following corollary which is a generalization of the Corollary 2. 
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CoROLLARY 3. A maping u = u(x), x e D is, for the Eqs. (1.1) a regular interaction 
of r independent simple waves when and only when u(D) = f>, lcznd, for any characteristic 

* manifolds ~1 c ~'' 0 < k < r in the neighbourhood of the manifold C,_,+A: = u- 1 (~t) 

* there exists a solution v(x) e F1(~1) such that 

V(X) = u(x), X E C,_,+A:. 

The manifold Cn-r+k are characteristic and developable. 
To prove the Theorem 6 it suffices to prove the following theorem. 

* * THEOREM 7. If u(x) c F,(ffi,), ffik c ffi, 0 < k < r, C,_,+l: = u-1 (ffiA:), then there 

* exists in the neighbourhood of Cn-r+Jc a solution v(x) e F1(ffi1) such that 

v(x) = u(x), X E Cn-r+A: 

* if, and only if, <Dk has the R-property. 
The necessity is a consequence of the Theorem 5. 
The sufficiency will be proved for k = r -1. The proof of the general case is analogous. 

* * Let us assume that T.,(ffi,_ 1) = [y(u)l ... I y (u)]. Then, for u e ffi,_ 1 , we have 
1 r-1 

* ~ 1 r-1 

~n-<r-t>(u) = R" 8 [A(u)l ... I A (u)], 

r-1 

L~_t(u) = [A1(u)l ... I A (u)]. 

* The symbol 9'~_ 1 (u) will denote any (r-1)-dimensional manifold in R" such that p e 

* • e 9'~_ 1 (u) and Tp (9'~_ 1 ) = L~ _1 (u). From the fact that u(x) e F,(<D,) it follows that 

*X X 

9'~-1 (u) = L~(u) n C,_ 1 , 
0 0 

where 

* U = u(x), Cn-1 = u-1(ffi,_1), X E C,_1• 
0 0 0 

*% * 
In the neighbourhood of 9'~_ 1 (u) we shall now construct the solution v(x) e F,_ 1(ffi,_ 1). 

0 * 
First, the maping v(x) will be defined for x e 9'~_ 1 by setting v(x) = u(x). 

. * *% 
Let us denote by C(x)c 9'~_ 1 (u), i = 1, ... , r, the curves occurring in the Theorem 3 

i 0 0 

* in the case of the manifold ffi,_ 1 and the maping u(x). These curves are tangent to the 

* vector field c (v(x), x, x), where 
i 0 

* * ;x x 
[c(u, x, x)] = [ ~ (u)lc(u)] n Tx(.!l'~-i(u)) = [ ~ (u)lc(u)J n Tx(L~(u)). 
i 0 ~n-r+1 I 0 ~n-r I 0 
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• Thus the curves C(x) are C(x) for the manifold ffi,. and the maping u(x): 
i 0 i 0 

* *X X 

C(x) = C(x) c .P~_ 1 (u) c L~(u). 
i 0 i 0 0 0 

We have therefore 

* v(C) = u(C) c F 1 • 
i i 

*X X V • 

Next, the maping v(x) defined for x e 2~_ 1 (u), 2~_ 1 (u) ~ ffi,._ 1 is prolonged over 
0 0 

the neighborhood of the manifold by setting 

* 
v(x) = const = v(p), x e J;:_,.+l(v(p)) 

• By virtue of the Theorem 3 and the fact that ffi,._ 1 has the R-property, we have v(x) e 

* e Fr- 1 (ffi,._ 1). To prove the theorem if suffices now to show that 

v(x) = u(x), x e Cn-1· 

This equality follows directly from the fact that C11 _ 1 is stratified by _r:_,.(u(p) ), 
*X 

where p e L~_ 1 (u). Indeed 
0 

* u(x) = v(x) for x e };:_,.+
1 
(u(p)) 

and 

This ends the proof of the Theorem 7. 
There is another way of explaining the geometrical sense of the notion of interaction 

of simple waves introduced here: 
In the case of n = 2 and u(x) E F2(SJ2), X E D (see [1]), let us denote for p E D by r1 (p), 

F 2(p) c ~2 the characteristing curves containing the point u(p). Then the characteristic 
curves C = u- 1(F1(p)) split up the region D into four regions (Fig. 3). Let us denote one 
of them by G (p). Region G(p), G(p) (Fig. 4) are adjacent to G (p). In these regions u(x), 

(1,2) 1 2 (1,2) 

x e G (p) can be prolonged in a continuous manner by means of simple waves u(x); 
(1,2) 1 

u(x) and u(G(p)) c Fi(p). The solution x e G (p) is a regular interaction of simple 
2 i i (1,2) 

waves u and u. 
1 2 

On the basis of the Theorem 7 we can give an analogous interpretation of regular in
teraction of r independent waves for any n. 

Let u(x) e F,.(~,.), x e D. For any p e D let us denote by ~~- 1 (p), p = 1, ... , r all the 
(r- 1 )-dimensional characteristic surfaces such that u(p) e ~~- 1 (p) c ~,.. The characteristic 
manifolds 
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fZ{p) 

FIG. 3. FIG. 4. 

split up the region D c Rn into 2' regions. If any of them is denoted by G(P), then, on the 
basis of the Theorem 7 there are regions adjacent to G"'(P), p = 1, ... , r, in which u(x), 

x e G(p), can be prolonged by means of the solutions 

uc"'>(x) e F,_ 1 {~~-1 (p}), x e G<"'>(p). 

The solution u(x) is an interaction of the solutions u"' (x), each of which is a regular 
interaction of r-1 simple waves. If now the solution w"'>(x) are treated as interactions of 
solutions of the type F,_ 2 , etc., we are concerned with an "interaction star" of simple waves. 

As an example let us discuss an interaction star of simple waves for r = 3. Let u(x) 

e F3(~3), x e D. And let 

~ 1 (p) = r, i = 1 , 2, 3, ~2 (p), i, j = 1 , 2, 3, i #: j, 
i ~n 

p e D, denote one and two-dimensional characteristic manifolds such that 

u(p) e~1 (p) c ~3 , u(p) e~2 (p) c ~3 
i Q~ 

(see Fig. 5). The solution u(x), x e G(p) = G (p), can be prolonged in a continuous 
(1,2,3) 

manner into the set 

G = G u G u G u G u G u G u G (p) 
(1) (2) (3) (31) (21) (32) (1,23) 
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by means of the solution v(x), so that 

FIG. 5. 

G 
(2) 

FIG. 6. 

v(x) E F1 (F,(p)), x E G, and v(x) E F2(~2), x E G. 
(i) (i,j) (i,j) 

63 

The set G is an interaction star and is re11resented diagrammatically in Fig. 6. The mani
folds splitting G into regions G, G, G (p) are (n -1)-dimensional, characteristic and con

(i) (i,j) (1,2,3) 
tain the point p. 

The solution u(x), x E G (p) is an interaction of simple waves v(x), x E Gt 
(1,2,3) i 

i = 1, 2, 3. This is a direct generalization of the situation represented for n = 2 in Fig. 4. 
In the general case u(x) E F,(~,), r ~ n an interaction star can be constructed in an 

analogous manner. 
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4. The conic property 

A maping u = u(x), D -"-~ H' will be said to be conical if there exists a point 
y e R" such that for every straigth line I passing through the point y we have 

u(x) = const, x e I n D. 

In the present case it will be shown that the classes F(~r) include conical solutions. It will 
also be shown that a conical solution Ucon(x) e F(~r), x e G, 9an be atteched in a simple 
manner to the solutions u(x) e F(~,), x e D, so that we have for a certain region D' c D, 
u(D') = Ucon(D). 

For any manifold ~' and ,rn_,(u) = [7(u)j ... ln~r (u)], u e ~" let us denote by 

l(u, ex, y), ex eR"-', ye R" a straight line R" prescribed in a parametric manner thus 
n-r 

x = t}; exPa(u) + y. 
p=l JJ 

A manifold ~' is of cylindric type if 

2;n_,(u) = const, u E ~,. 

In the opposite case, ~' will be termed non-cylindrical charakteristic manifold. 
For a non-cylindrical~' let us consider any solution u(x) e F(~,), x·e D. Let !l' denote 

the manifold !l'~(u(p) ). Let us select a parametric representation !l': x = x(sl, .. . , s'), 
se S so that the curves C' = C!_,+ 1 n !l' (i = 1, ... , r) for the solution u(x) are 
expressed thus 

(4.1) x = x1(s) = x(s, ... ,s1-
1,s,si+l ... ,s). 

0 0 0 0 

The region D is stratified by the straight lines l(u(x)ex, x) x e D, where ~is any fixed 
. 0 0 

point R"-'. Since the solution u(x) on the straight line I is constant and all the straight 
lines intersect the manifold !l' at a one point, it suffices to consider the family of straight 
lines l(u(x(s)), ex, x(s)), se S. 

0 

For any point ye R" and any region D' c D let us consider the set 

K(y, D') = u l(u(x), ex, y ). 
xeD'. a.eRn-r 

Let the maping M: D ___!!____+ K(y, D) be defined in such a manner that every straight 
line l(u(x(s) ), ex, x(s)) is mapped into a straight line l(u(x(s) ), ex, y) by a translation T 

satisfying the condition Tx(s) = y. Thus M(!l') = y and D' ____!!__~ K(y, D') (see Figs. 7 
and 8). 

The maping M may be defined in a still different manner. Let us define: 
n-r 

x =}; s'+"'~(u(x(s1 , ••• , s')))+x(sl, ... , s') = A(s1
, ••• , s"), 

w=l 

n-r 

x = }; s'+"'~(u(x(sl, ... , s') ))+ y = B(s1
, ••• , s"). 

Cll=l 
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The maping x = A(s) is, for x e D, one-to-one. It can easily be verified that 

Mx = B(A- 1x). 

It will be said that a solution u(x) e F(~,) is non-cylindric in a region D' if the 
maping M maps JJ_' in a one-to-one manner into K(y, D') (Fig. 1, 8). 

Let us construct, for any solution u(x) e F(~,) non-cylindric in the region D', a conical 
maping Ucon(X) e W(~,) defined for x e K(y, D') by setting 

Ucon(X) = U~) 

for x e l(u(x), ay) n K(y, D'), where x e D' and a. eR"-'. The maping M(x), 
0 0 

D' ~~ K(y, D') being one-to-one, the maping Ucon(x) is well defined. It is 

L(u (x(sJ), a,x(.s)) 

FIG. 7. FIG. 8. 

obvious that Ucon(x) is conical and Ucon e W(~,). The representation Ucon(X) can also 
be defined thus 

Ucon(X) = u(M- 1(x)), X e K(y, D'). 

We shall now prove the following theorem. 
THEOREM 8. If u(x) e F(~,), we have 

Ucon(X) e F(~r). 

P r o o f. From the definition of the maping Ucon(X) it follows that, for manifolds 
C!-_,+ 1 c D' corresponding to the solution u(x), the manifolds 

E!-r+t = M(C!-,+t), i = 1, ... , r, 

are rectilinear. They stratify the region K(y, D') and 

Ucon(E!-r+l) c r, c ~" i = 1' ... 'r. 

5 Arch. Mech. Stos. nr 1175 
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On the basis of Theorem 3 .. tit suffices to show that the manifolds E!_,+ 1 are identi
cal with the manifold C!_,+ 1 for the maping ucon(x). In other words it suffices to show 
that EL,+ 1 are integral manifolds of Pfaff's form 

.A.~(Uc011(X))dxa = 0, f.l = 1, ... , i-1, i+1, ... , r, 

where 
~ ~ ~ 

.A.(u) = (.A. 1 (u), ... , .A.,.(u)) ~ y(u), 
~ 

Tu (f,, ) = [y(u)l ... I y(u)]. As the manifold CL,+ 1 are the integrals of the system 
1 r 

~ 

A. (u(x))dX' = 0, p = 1, ... , i-1, i+l, ... , r, 

so on the basis of the definition ucon(x) if suffices to show that 

(4.2) 

The parameters s1, •.. , s' for the manifold .!1' having been selected so that the curves C 
are expressed in the form.(4.1). Hence the 
manifold C!_,+ 1 can be expressed in the parametric form 

n-r 

x = .2; s'+CI)a(u(x(s1, ... , si- 1 , t, si+ 1 , .. . , s')))+ 
(1)=1 c.o 0 0 0 0 

+x(st, ... 'si- 1
' t' si+ I, ... 's') = q;(t' s'+ 1' ... 's"). 

0 0 0 0 

The manifold EL,+ 1 is therefore written in the form 

n-r 

~ r+w ( ( ( 1 1-1 t 1+1 s'))) - tn(t sr-1 s") X=_L.JS O'UXS, ••• ,S , ,S , •.• , -T, , ... , ' 
w-=1 w 0 0 0 0 

that is 

From the developability of C!_,+ 1 we have 

T9'(t,s)(C!-r+1) = T9'(t,O)(C!-r+l) = [xrlal ···I 0' ]. 
1 n-r 

Hence 

(4.3) ~ s'+Q) ~ ae [xrlal ... I a ] · L.J ut w 1 n-r 
c.o 

Since 1p(t, s) = M(q;(t, s) ), we have 

T M(9'(t ,s))(E!_,+ t) = [ ~ s'+Q) ~ ala I ... I a ] , L.J ut Q) 1 n-r 
Q) 

which gives, together with (4.3), the inequality (4.2). This ends the proof of Theorem 8. 
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5. Double waves, free manifolds and boundary-value problems 

We shall now discuss in greater detail the properties of the solutions F(~2). Such solu
tions are specially interesting, because it is only for them that the Theorem 2 and 3 give 
a simple method for constructing a solution. Let us consider a manifold 

~,:u = u(p1
, ••• ,p/), p, eM c R', ut-ti = y 

i 

in H 1 and ~~(u): x = x(s1
, ••• , s'), sE S c R', in Rn. To construct a solution u(x) E F(~,) 

0 

defined in the neighbourhood of the manifold ~~(u), we shall apply the Theorem 3. The 
0 

manifold ~, has the R-property, therefore it suffices to construct the maping u(x), 

x E ~~(u), ~~(u) _!!__~ ~, so that the condition A of the Theorem 3 is satisfied. To this end 
0 0 

let us consider the vectors 

c(p, s) = c(u(Jt),p, x(s)) c Tx<s>(~~(u)) 
i i 0 

determining the spaces (2.3). The construction of the maping ~~(u) _!!__~ ~, is equivalent 
0 

to that of the maping p, = p,(s) S !!___~M. The characteristic curves F; c ~, being 
prescribed by the condition p,l = p,i = const, j = 1, ... , i-1, i+ 1, ... , r, the condition A 

0 

is satisfied when and only when 

(5.1) i" _ i "1(.. ) i "r(.. ) - 0 ftc - ftslC \/"'' S + ... +p,8 ,C \/"'' S - , 
i i I 

i,j=1, ... ,r, i#=j, 

where c = (c1 (p, s), ... ' c'(p, s)) is the vector c(p' s) in the coordinates s1, ... , s', that 
i i i 

is c(p,, s) = cP(p, s)X3 t>. Thus the construction of the solution u E (~,)is reduced in the most 
i l 

general case, to the integration of a set of r(r-1) quasi-linear Eq. (5.1) with r unknown 
functions p,i(s1

, ••• , s') j = 1, ... , r. This set of equations is always overdetermined for 
r > 2. It is only in the case of r = 2 that (5.1) is reduced to a set of as many equations 
as there are unknown functions. It is then a hyperbolic set of two equations with two depend
ent and two independent variables. Thus using the Theorem 3 we can construct all the 
solutions of the Eqs. (1.1) of the class F(~2). The functions of the set F(~2) depend on 
two arbitrary functions of one variable. For r > 2, in view of the overdetermination of 
the set of Eqs. (5.1), the Theorem 3 does not give a complete characteristic of the class 
F(~,). In Refs [7, 8, 9], using E. Cartan's methods for integrating sets of Pfaff's forms 
it is shown that for sets of Eqs. (1.1) with analytic coefficients and for analytic manifolds 
~,the functions of the set F(~,), r ~ I depend on r arbitrary functions of one variable. 

We shall now introduce the notion of free manifolds in Hz. If we analyse the solutions 
u(x), x E D of the equations (1.1), we can succeed in some cases in obtaining some informa
tion on the set of values before the solution is constructed. Strictly speaking we can determine 
a manifold~, of dimension r < I such that 

(5.2) u(D) c ~,. 

5* 
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As an example let us consider the set of equations 

"-1 ucx+Vcy+Wcz+ -
2
-c(ux+vy+wz) = 0; 

(5.3) 

2c 
UUx+vuy+Wuz+ --

1
-cx = 0, 

"-
2c 

UVx+VVy+}i:Vz+--
1
- Cy = 0, 

"-
2c 

UWx+Vwy+Wwz+ --
1
-cz = 0, 

"-

M. BURNAT 

describing the isentropic flow of inviscid gas. The unknowns function c, u, v, w depend 
on three independent variables x, y, z, n = 3, I = 4, " = const. 

A solution of (5.3) is a plane potential flow if Uz = Vz = Cz = 0, Uy -vx = 0, w = 0. 
Such solutions safisfy (5.2) for the manifold tj2 (Q) c H4 prescribed by the equations 

(5.4) 

w =0, 

where Q > 0 is an arbitrary constant termed maximum velocity (see [10]). For any Q > 0 
there exists an infinite number of solutions of (5.3), the set of values of which belongs 
to tj2 (Q). The existence of the manifold tj2 (Q) facilitates considerably the construction 
of wide classes of solutions of (5.3). This was essential for the development of gas dyna
mics. 

In this connection there arise the following interesting problems: a) What are these 
manifolds in H' that may constitute sets of values of solutions of the set of Eqs. (1.1). 
b) What are the manifolds in H' that contain the sets of values of an infinite family of 
solutions. 

An r-dimensional manifold tYr c H will be said to be afree manifold for the Eqs. (1.1), 
if there exists an infinite number of solutions u(x), x e D, such that the set u(D) is an r-di-

mensional manifold (rll~t(x)ll = r) and u(D) c tYr· 
There are the following obvious corollaries resulting from the above considerations. 
CoROLLARY 4. A curve K c H 1 is a free manifold if, and only if, K is a characteristic 

curve r. 
COROLLARY 5. The characteristic surfaces Dz c H' are free manifolds. 
As an example it will be shown that part of the free manifold tj2{Q),.for which c2 > u2 + 

+v2, is a characteristic manifold Dz· If we set (ut, u2
, u3, u4

) = (c, u, v, w), it is easy 
to verify that for the set of Eqs. (5.3) the vector y = (yt, y 2

, y3 , y4
) is a characteristic 

vector, if 

(5.5) 
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In addition, for the vectors (5.5) we have 

y = (y1, y2, y3, y4) ~.it = (y2, y3, y4). 

A space normal to (j2 (Q) has the form N((j2) = [n1 ln2], where 

( 
2u

1 
1 2 o) n1 = "_ 1 , u , u , , n2 = (0, 0, 0, 1), 

therefore there exist, for U =(ut, u2
, u3

, u4
) e (j2 (Q), (u1

)
2 > (u2

)
2 +(u3

)
2

, exactly two 
linearly independent characteristic vectors y = (y 1

, y 2
, y3

, 0), i = 1, 2, satisfying (5.5) 
and such that 

Tu((j2(Q)) = [y1IY2l· 

Thus, (j2 (Q), {u1)
2 > (u2)

2 + (u2
)

3
, is a manifold ffi 2 • The spaces J:n_,(u) are independent 

of u and are one-dimensional 

~1 {u) = [(0,0, 1)], 

therefore the manifolds C!_,+ 1 are two-dimensional cylindrical surfaces, and are always 
developable. Thus, by virtue of Lemma 3, the manifold (j2 (Q), (u1

)
2 > (u2

)
2 + (u3

)
2 has 

the R-property and is a cylindrical characteristic manifold ~2(Q) c H 4
• 

If for the manifold ~Hu) we select z = 0, then, as can easily be verified, the hyper
bolic set of Eqs. (5.1), which leads to the construction of class F (~2(Q) ), has the form 

(u 2 -c2)ux+2uvuy+(v2 -c2 )vy = 0, Uy-Vx = 0, 

where c2 = "~ 1 
(Q 2 -u2 -v2

). This is a set of equations in common use (see [10]) for 

the description of plane stationary and. potential gas flows. For c2 > u2 +v2 it is hyper
bolic. 

The set of Eqs. (5.3) has many interesting manifolds ~2 • They can be found in Refs: 
[7, 8, 9 and 11]. For the set of equations of magnetohydrodynamics 

av - - ae ae " op 
fl(jj +Vp = -Hx rot H, at +div((!ij) = 0, at- epat = 0, 

ail - - -at= rot(VxH), divH = 0 

all . the characteristic curves r are constructed in Ref. [12] and a number of characteristic 
manifolds ~2 are analysed. 

Let us proceed now to discuss the boundary value problems for the set (1.1) which can be 
solved in the class F(~2). We begin with the Cauchy problem. It will be assumed, as was 
done above, that the surfaces !t' = 2~(u) c Rn and ~2 c H are prescribed in a para

o 
metric manner x = x(s 1

, s 2
), s e S and u = u(p1 , p,2

), u"'1 = y, p, e M. The solutions 
I 

u E F(~2) are constant along the planes 2:_2 (u(x) ). The Cauchy problems of the following 
type are the only problems that may be stated in the class F(~2): on the initial manifold P n-t: 

n-2 

x = x(tt, ... , tn- 2
, e) = ~ t":r(U(e) )+~(e), 

•=1 

(5.6) 
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where [a(u)l ... I a (u)] = };u_/u), the solution takes the form 
1 u-2 

(5.7) u( (x(t, e)) = U(e). 

This Cauchy problem is equivalent to the definition of the maping U: P _!!_-+ K, where 
P eRn is a curve x = [l"(e) and K = {u:u = U(e)} c Jr. It is obvious that a necessary 
condition for our Cauchy problem to have a solution in the class F(~2} is that K c ~2 • 

FIG. 9. 

With no limitation of generality it can be assumed that P c !R (Fig. 9), therefore K can 
be represented in the form p = P,(e) and Pin the forms = s(e). 

Let us set c = (a1(p, s), a2 (p, s)), c = (A 1(p, s), A2 (p, s)). Then, the set ofEqs. (5.1) 
1 2 

can be rewritten thus: 

(5.8) 

The construction of u(x) e F(~2) satisfying (5.7) reduces to the obtainment of a solution 
p = p. (s 1

, s2
) of the Eqs . . (5.8) satisfying the initial condition 

(5.9) p(s(e)) = fl(e). 

The solution u(x) required is obtained by setting u(x) = u(~t(s 1 , s2)) for x = x(s1, s2) E !R. 
Next u(x) is prolonged over the neighbourhood of !R by setting u(x) = const = u(~) for 

X E .r:~2(u(x)),~ E fR. 
Thus the Cauchy problem (5.7) for the Eqs. (1.1) in the class F(~2) reduces to the 

Cauchy problem (5.9) for the hyperbolic set of Eqs. (5.8). It can easily be seen that if the 
problem (5.7) is not characteristic for (1.1), the problem (5.9) is not characteristic for (5.8). 
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If the set K c ~2 is a characteristic curve r, the solution is a simple wave u(x) e F1 (F) c 

c F(~2). If K is a non-characteristic curve, u(x) is a, locally double wave, u(x) e F2(~2). 
The class of solutions F2 (~2) has the property consisting in the fact that for the Cauchy 

problem (5.7) the set of values of the solution can easily be obtained beforehand without 
constructing the solution itself. Thus, for instance, if the set K is not a characteristic curve 

and the maping U: P .!!.__~ K is one-to-one, the set of values of the solution is the part 
of the manifold ~2 which is shaded in Fig. 9. This fact enables qualitative analysis of the 
properties of the class F (~2). 

We shall now be concerned with mixed problems which can be solved in the class F(~2). 
Such problems, similarly to the Cauchy problem, are reduced to the corresponding mixed 
problem for the hyperbolic set of Eqs. (5.8). Therefore we shall first discuss brief funda-

s 
0 

FIG. 10. 

mental mixed problems for (5.8). In mathematical physics there are mixed problems of 
the following two fundamental types: 

I. a) Consider a non-characteristic Cauchy problem for a curve P, 
b) a curve M and the boundary condition 

(5.10) 

to be satisfied on M by the solution. 
It is required to find the solution satisfying a) and b) in the region G (Fig. 10). 
11. a) For the non-characteristic Cauchy problem on a curve P and 

b) a prescribed curve M a set of values of the solution 9Jl on the curve M is given. 
It is required to find a solution p(s) in the region G (Fig. 10) such that a) is satisfied 

and p(M) = 9Jl. 

It is known that the problems I and II have a local solution, if the curve M, the con
dition (5.10) and the set 9Jl are selected in a correct manner. 

Let us proceed now to discuss these problems in the class F(~2). 
If ~2 is cylindrical, 2,\_ 2 (u) = const for u e ~2 then all the solutions u e F(~2) are 

constant along the same parallel (n- 2)-dimensional planes. In the class F(~2) we can 
state, for a cylindrical ~2 , mixed problems of the following types: 

I. Consider a) a non-characteristic Cauchy problem (5.6) for a cylindrical manifold 
P,_1 (5.6), b) a cylindrical manifold M,_1 : 

n-2 

(5.11) X = 2: t"!"+M('r), 
I'= I 
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where a = const,~n- 2 = [aj ... I a I] = const such that M,_ 1 nP,._ 1 = .2~ ... , and the 
• 1 · n-1 ,._.., 

condition 

(5.12) 

where e1(x), e(x) = const for x e .2;:_2 , to be satisfied by the solution on M,_ 1 • 

Our object is to find a solution in a bounded region D represented diagrammatically 
in Fig. 11 satisfying a) and the condition (5.12) on M,._ 1 • 

2. a) The same as in the case 1. b) A cylindrical manifold M,._ 1 (5.11) is prescribed 
with a set of values 9Jt c ~2 to be assumed by the solution on the manifold M,_ 1 • 

A solution u(x) is to be found in a bounded region D (Fig. 11) such that a) is satisfied 
and u(M,._ 1) = 9Jt 

Proceeding in the same manner as was done in the case of the Cauchy problem, it can 
easily be verified that mixed problems 1, 2 for cylindrical ~2 in the class F(~2) reduce 

FIG. 11. 

to the mixed problem I, 11 for the Eqs. (5.7), respectively. Thus the problems 1, 2 have 
a solution in F(~2) for cylindrical ~2 • 

If ~2 is not cylindrical, manifolds M,._ 1 in which boundary conditions may be imposed 
in the class F(~2) have the form 

n-2 

X= 2 t•!"(U(T))+M(T) = x(t, T), 
•=1 

where U( T) is the value of the solution at a point x = x(t, T). Thus the manifolds M,._1 
are no more cylindrical and cannot be imposed unless the solution is known. The same 
applies to the condition (5.12), because the functions e1(x), e(x) must be constant in the 

planes-~!_2 (u{p)), which depend on the unknown solution. 
Thus the mixed problems 1 and 2 cannot be stated for non-cylindrical ~2 • 
If n = 3 and if the Eqs. (1.1) describe a stationary flow of an inviscid material, we 

can solve in the class F(~2), for any manifold »2 , a certain mixed problem in which the 
kinematic condition of flow should be satisfied on the surface M 2 • Let us first formulate 
an analogous problem for the set of Eqs. (5.8). 
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Ill. a) The same as in Case I. b) The set 9J1 of values of the solution on the curve M 
is prescribed. 

Our object is to find the curve M and a solution I' = ft(s), se G (Fig. 10) such that 
a) is satisfied, ft(M) = 9J1 and that the following condition for the normal n(s) = (n1 (s)~ 
n2 (s)) to M at points se M is satisfied 

(5.13) n1(s)h1(s, ft(s))+n 2 (s)h2(s, ft(s)) = 0, 

where h1 (s, !')and h2 (s, !'}given functions. 
If the set 9J1 is a curve the tangent to which is not parallel to the coordinate axes ft 1

, ft 2 

and the vector n(s) satisfying (5.13) fors = M nP is not a characteristic vector of the sys-
o 0 

I I 1 (U(p)) 
0 

FIG. 12. 

tern (5.8), we can construct locally, by the method of characteristics, a solution of the 
mixed problem Ill. 

For any characteristic manifold~2 : u = u(p), n = 3 and a set of equations (1.1) describ
ing the motion of an inviscid material let us consider now the following mixed problem. 

3. a) A Cauchy problem is stated on a rectlinear initial surface P 2 

x = !l"(t,e) = tu(U(e))+fl"(e), 

where [u(u)] = ,271 (u), u e~2 : 

u(!l"(t, e)) = U(' e). 

b) There is given the set of values m c: ~2 to be assumed by the solution at the rec
tilinear surface M 2 prescribed in the form 

x = x(t, r) = ru(W( r))+ K( r) 

so that M 2 nP2 = 2:1(U(~)), where~= fl"(O, ~) (see Fig. 12). 
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Our object is to find a surface M 2 and a solution u = u(x) defined in a bounded re
gion D (Fig. 11) such that a) is satisfied, u(M2 ) = 9Jl and that the following kinematic 
condition is satisfied for the normal n(x) = ( n 1 (x), n2 (x), n3 (x)) to M 2 at a point x E M 2 : 

n1 (x)u1(x)+n2 (x)u2(x)+n3 (x)u3(x) = 0, 

where u = (u 1 , u2
, u3 ) is the velocity vector of flow of the material the motion of which 

is described by the set of Eqs. (1.1) 
Problem 3 implies problem Ill (Fig. 12), where 

9Jl = {(ut, ,u2
) : u(,u1

, ,u2
) e sn}, P = { (st, s2

) : ~(s1 , s2
) E P 2 n .,2?}, 

M = { (st, s2
) : x(st, s2

) E M 2 n 9"}, 

and the vector h(s, ,u) = (h 1(s, ,u), h2 (s, ,u)) in the condition (5.13) is prescribed by the 
following equalities 

(5.14) 
[a(g(u))lu(u)] nTx<~>l,!t?) = [m(s, ,u)], 

m(s, ,u) = h1(s, ,u)Xst+h2 (s, ,u)x~z, 

where u(,u) = (u 1(,u), u2 (,u), u3 (u)) (Fig. 12). 
However, a prolongation of the solution of the problem Ill into the neighbourhood 

of the surface 9" is not automatically a solution of the problem 3. Ifs = s( r) denotes the 
curve M obtained by solving the problem Ill, the prolongation u(x) into the neighbourhood 
of .,2? is a solution of the Problem 3 when and only when the surface M 2 : 

(5.15) x = ta[u(x(s(r)))]+x(s(r)) 

is developable(2). This condition is satisfied automatically in the case of cylindrical ~2 
only. 

In the case of a non-cylindrical ~2 a certain additional problem must be considered 
in order to verify the developability of the surface (5.15). 

Let a function a (,u) E R 3 be prescribed for ~2 : u = g(,u1
, ,u2

). Let us find curves H:u = 
= g((,u(r)), H c~2 such that for each curve K:x = x(r), K c R3 satisfying the equation 
dx/dr = a(,u( r) ), the surface M2 (K): 

(5.16) x = ta[g(,u(r))]+x(r) 

is developable. A curve satisfying this condition will be referred to as H-curve of the func
tion a(,u) on ~2. 

It is obvious that for a cylindrical ~2 all the curves lying on ~2 are H-curves of any 
function a(,u). 

For non-cylindrical ~2 we have the following theorem. 
THEOREM 9. If vectors a(g(,u)) and a(,u) are linearly independent, there is at least one 

H-curfe of the function a(,u) passing through every point of ~2 • 

(2) If we exclude the exceptional case of a(u)liu for u e SJ2 • 
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Proof. Let a curve K:x = x(r), K c R 3 satisfy the equation dxfdr = ~(u(r)) 
for a curve H c ~2 prescribed in a parametric manner p, = p,( r). A vector n(t, r) normal· 
to the surface M 2 (K)(5.16) has the form 

( 
di'· d) di 

n(t, i) = u(u(r))A t<Ypi !r + d: = tu(u(r))A<1pi !:r +u(u(r))Aa(p,(r))), 

where u(p,) = u[g(p,)]. 
Thus the surface M 2 (K) is developable for every curve K when only when the vectors 

u(p,( r) ), <Ypi ~i , a(p,( r)) are linearly dependent. In other words, His an H-curve of the 

function a(p,) when and only when 

dp,l dp,2 
L1 1(p,) dr +L1 2 (fl) dr = O, 

where L1t(p,) = detlupi (jt), a(p,), u{fl)l. 
If L1 1 {fl) = L1 2 {fl) = 0, every curve H c ~2 is an H-curve of the function a(fl). In par

ticular this is the case of cylindrical ~2 , because then <1~-'i = 0. If L1 f + L1 i =I= 0, there is for 
every point u E ~2 exactly OQe H-curve of the function a(fl) passing through that point. 
This ends the proof of Theorem 9. 

It will now be shown that the mixed problem 3 has, for non-cylindrical ~2 , a solu
tion in the class F{~2), if the set sn c ~2 is an H-curve. To this end let us take as a ma
nifold !l' (Fig. 12), a plane and let us consider the relevant mixed problem 1110 implied 
by the problem 3. Since !l' is a plane, the vector m(p,) prescribed by the Eq. (5.14) depends 
on p, only. We have the following corollary. 

CoROLLARY 6. If for a characteristic surface ~2 the set S'n c ~2 is an H-curve of the 
function m(p,), the mixed problem 3 has a solution in the class F(~2). 

Proof. It suffices to show that the surface (5.15) corresponding to the problem 1110 

is developable. For the curve M: x(r) = x(s(r)), we have dxfdr = X8 1h1 +Xszh2 = 
= m(p,(r)), where 9Jl = {p,:p, = p,(r)}, sn = {u:u = g(p,), fl E 9.n}. Next, u(x(s(r)))) = 
= g(u( r) ), therefore the surface (5.15) has the form (5.16) where dxjdr = m(p,( r) ). 
It follows that the surface (5.15) is developable, because S'n isH-curve of the function a(fl). 
This ends the proof of Corollary 6. 

6. The w-property 

It was shown in Ref. [1] that in the case of n = 2 solutions of the class F(ffi 2), that is 
solutions constituting an interaction of two independent simple waves, have the m-prop
erty for m < 2. We shall now prove a theor~ which is a generalization of this fact to 
the case of any n. 

THEoREM 10. A solution. u(x) E F(ffi,.), r ~ n has the m-property for m < r. The mani

fold M and M are determined in an unique manner by the set u(Sn_ 1). 

P r o o f. The following simple lemma will be made use of. 
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LEMMA 4. If the maping u(x), x e G, where G is a region or a closed region, satisfies 
the condition 

'I lJJ . -r1 Url xeG = W, 

then there exists,for any manifold Sn- 1 c G, in every neighbourhood U c Sn_ 1 , a neighbour
hood V c U such that the set u(V) is a manifold having a fixed dimension and 

dimu(V) = w or w-1. 

Let Sn_ 1 be the common part of the boundaries of the regions D and Dw involved in 

the condition (1.2).For vectors ~(u) i = 1, ... , r, such that P!_,+ 1 (u) = f ~n-r(u) If (u)] 
I I 

and for any neighbourhood V c Sn_ 1 , the following two cases are the only that may 
occur: 

ex) ~(u(x)) c T:.:(Sn_ 1), X E V, i = 1, ... , r. 
I 

{J) There exist an index i0 and a point .f e V such that 

C1 0 (u(.f)) rt T~(Sn-1). 

From the assumption u(x) e F(<f>,), r ~ n follows that u0 (x) = 0 and uc(x) = ex(x)y, 
f i i 

therefore the manifold Sn_ 1 is stratified in the case ex) by r families of curves C such that 
I 

u(C) c r, c Dr· There exists a vector O'(u) E };n_,(u) such that O'(u(x)) rt T:x(Sn_ 1) and 
I 

the solution u(x), x e D must be constant along the straight line x = tO'(u(p)) +p, p e V. 
Thus, by virtue of the Lemma 4, the solution has the w-property and 

M= M= u(V). 

In the case {J) we are concerned with the following possible cases. Either all the char
acteristic curves F10 having a common point with the manifold u(V) belong to u(V) and 

u(x) has thew-property, and M and M as in the case ex), or there exists a neighbourhood 
V' c . V c Sn_ 1 such that the curves F10 have at most one point common with the mani
fold u(V'). Then, passing a curve F10 through every point of the manifold u(V'), we obtain 
a manifold N, dimN = 1 +dimu(V'). Thus from Lemma 4 it follows that u(x) has the 
w-property and 

M=u(V'), M=N. 

This ends the proof of Theorem 10. 
The aim of Ref. [1] was to define, in term of interaction of simple waves the classes 

of solutions having thew-property in the case of n = 2. We have inferred that solu
tions constituting interactions of independent waves have that property. A jump in the 
order of the solution by more than one (now-property) may occur when the solution is 
not an interaction of independent simple waves. We have also found that for hyperbolic 
sets of Eqs. (1.1) n = 2 all the solutions are interactions of independent waves. 

In the case of any n we are concerned with a similar situation. The only difference is 
that solutions of hyperbolic systems of equations are not all interactions of independent 
waves for n > 2. There exist wide classes of solutions which are not interactions of in
dependent simple waves. Such solutions may have a jump of the order more than one. 
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An example will now be used to show that the above phenomenon may occur for n > 2 
even for strong hyperbolic sets of equations (1.1) with constant coefficients. To this end we 
will give example of a strong hyperbolic set of equations of the form (1.1), n = 3, for which 
there exist solutions u(x) e F satisfying the conditions (1.2) for w = 0, but rllu!;ll_ = 3, 

x e D. A solution u(x) for x e D will not be an interaction of independent simple waves. 
As an example let us consider a linearized set of equations describing a non-stationary 

plane isentropic gas flow. 

c,+Acx+Bcy+kD(ux+vy) = 0, 

(6.1) A B DC =0 
Ut+ Ux + Uy + k X ' 

where A, B, D, k are constant numbers and c, u, v are the sought for functions of the va
riables (t, x, y). The set of Eqs. (6.1) is strong hyperbolic. If we use the notations fr = 
= (x1,x2,x3

) = (t,x,y), U = (u1,u2,u3
) = (c,u,v), the vector y = (y1,y2,y3) is 

a characteristic vector of the Eqs. (6.1) in H 3 , if 

(yl )2[ (yl )2-k2[ (y2)2 + (y3)21] = 0. 

For y1 :1= 0 we have 

Through every point [/ E H3 we can pass three different characteristic curves rl' r2' r3 
which. have a common tangent vector at the point (/. For any points ul E rl' l{ E r2' 
u E r3 different from U, the vectors y(U) (i = 1' 2, 3) tangent to r, at the point u are 
3 ° i l i 

linearly independent. This follows from the fact that the characteristic curves r of the 
system (6.1) have the form 

s 

c(s)=k f V(i)\(tfds+~. u=w(s}, fl=q>(s}, 

where 1p and cp are arbitrary functions. 
By applying the Theorem 1 of Ref. [1] we can easily construct solutions of simple wave 

type u1(x) e F1 (F,), i = 1, 2, 3 such that 

u1 (x) = u2 (x) = u3(x) = const = Cf 

in the plane {1(r), x-~) = 0. It is not difficult to verify that the solution 

u(x) = u1 (x)+u2 (x)+u3 (x) 

has the properties required. 
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