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740.

ON CERTAIN ALGEBRAICAL IDENTITIES.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. xvι. (1879), pp. 281, 282.]If Po, P1, P2 are points on a circle, say the circle a? + y2 = 1, then it is possible to find functions of (P0, P1) and of (P1, P2) respectively, which are really independent of P1, and consequently functions of only Po and P2: the expression “function of a point or points ” being here used to mean algebraical function of the coordinates of the point or points. Thus the functions of (P0, P1) and of (P1, P2) being x0x1 + y0y1, 
Xoyi- χ1y0, and x1x2 + yιy2, χ∖y2~ χyjι, we have(⅛ + y1y2) (x0x1 + y0y1) + (x1y2 - x2y1) (x0y1 - ac1y0) = x<p2 + y0y2,and another like equation. This depends obviously on the circumstance that the coordinates of a point of the circle are expressible by means of the functions sin, cos, œ = cos u, y = sin u ; and the identity written down is obtained by expressing the cosine of u2- u0, = (u2 — u1) + (u1 — u0), in terms of the cosines and sines of u2-u1 and u1- u0.Evidently the like property holds good for a curve, such that the coordinates of any point of it can be expressed by means of “ additive ” functions of a parameter m; where, by an additive function f(u), is meant a function such that f(u + v) is an algebraical function of f (u), f(v) ; the sine and cosine are each of them an additive function, because sin (u + υ) = sin u √(1 — sin2 v) + sin v √(1 — sin2 u),and, similarly, for the cosine. But it is convenient to consider pairs or groups f(u), 
φ(u),..., where f(u + v), φ(u + v), ... are each of them an algebraical (rational) function of f(u), φ (u),..., f(v), φ(v),...-, the sine and cosine are such a group, and so also are the elliptic functions sn, cn, dn; but the H and Θ, or say the ^--functions generally, are not additive.
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740] ON CERTAIN ALGEBRAICAL IDENTITIES. 131In the case of the elliptic functions, we may consider the quadriquadric curve 
y2 = 1 — .-r2, z2 = 1 — k2x2,so that the coordinates of a point on the curve are sn u, cn u, dn u. Taking then jd0, P1, P2, points on the curve, and (x0, y0, z0), (x1, y1, z1), (¾, y2, z2), the coordinates of these points respectively, we have in the same way, from u2-u0≈(u2-u1) + (u1-u0), three equations, of which the first is(1 - ⅛⅛2) (x2y1z1 - x1y2z2) (y0y1 + a⅛%¾) (z0z1 + k2x,y,x1yλ) 

x2y^0 - x0y2z2 + (1 - ⅛θ¾2) (x1y0z0 - x0y1zy) (y1y2 + x1z1x2z2) (z1z2 + k2xiy1x2y2')1 — k2x<fx22 (1 — fc'¾⅛⅛2)2 (1 — k2x12x.^1 — k2 (x1y0z0 — x0y1zγyi (x2y-iz1 — x1y2z^2 'The form of the right-hand side is
Λ + Bx1y1z1 
G + Dx-ly1zx ’where Λ, B, C, D are each of them rational as regards and it is easy to seethat the equation can only subsist under the condition that we have separately

*¾¼>⅞ a⅛y2z2 -d. 7?1 — fe0⅛,2 G D ’implying of course the identity ΛD — BG = 0. The values of B and D are found without difficulty; we, in fact, have
B = 2&2 (x22 - x02 ) (x12y0z0y2z2 + x0x2y12z12∖
D = 2k2 (χ2y0z0 + χ,y2z2) {χ12y0z0y2z2 + a⅛v2y12z12∖so that, comparing the left-hand side with B ÷ D, we have the identity

zv∙ 2q∣ 2λ< 2 __ ζχ» 2λ* 2λ^ 2 — Z /y» 2 ∩p 2∖ Z 1 __ Zr∙--7, %rΓ 
v⅝ i∕θ "Q **z0 J2 “2 — ∖dj2 vtz0 ∕ ∖j- 'v ∕)which is right. The comparison with Λ ÷ G would be somewhat more difficult to effect.

17—2

www.rcin.org.pl




