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NOTE ON THE THEORY OF THE RATIONAL TRANSFORMATION 
BETWEEN TWO PLANES, AND ON SPECIAL SYSTEMS OF 
POINTS.

[From the Proceedings of the London Mathematical Society, vol. ιιι. (1869—1871),
pp. 196—198. Read December 8, 1870.]

In Prof. Cremona’s theory of the transformation of plane curves, the fundamental 
eo nations are taken to be

(1)>

(2);

and from these we have as a consequence

(3):

viz., the first equation expresses that any two curves of the system intersect in a 
single variable point; the second, that the curves form a reseau, or system containing 
two arbitrary parameters; and the third, that the curves are unicursal.

In the equivalent theory of the rational transformation between two planes, as 
given in my “ Memoir on the Rational Transformation between Two Spaces, [447], we 
have the equation (1); but instead of the equation (2), it would primd facie appear 
to be sufficient if we had the inequation 

but on the ground there explained, the case 

is excluded, and we thus have the equation (2), giving with (1) the equation (3).
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I b eli e v e t h e b ett er  c o urs e is t o ass u m e ( 1) a n d ( 3) as t h e f u n d a m e nt al e q u ati o ns,  
fr o m t h e m d e d u ci n g ( 2); a n d w e  t h us als o g et o v er a diffi c ult y pr es e ntl y  r ef err e d t o, 
b ut  w hi c h  di d  n ot  o c c ur  t o m e  w h e n  t h e m e m oir  w as  writt e n.

I n f a ct, st arti n g wit h  t h e e q u ati o ns x' : y' : z'  =  X  : Y  : Z  ( w hi c h ar e t o gi v e  
X  : y : z  =  X'  : Y'  : Z'),  w e  h a v e i n t h e first i nst a n c e t h e e q u ati o n ( 1). M or e o v er,  
est a blis hi n g f or x' , y , z' a li n e ar e q u ati o n a x'  +  b y'  +  cz'  =  0,  w e  h a v e  c orr es p o n di n g h er et o  
a c ur v e a X  +  b Y + c Z  =  Q,  a n d t h e c o or di n at es x, y, z oi a p oi nt o n t his c ur v e ar e  

pr o p orti o n al t o X'  : F'  : ; t h at is, s u bstit uti n g f or z' t h e v al u e —  - { a x +  b y' }, t h e y
c

ar e pr o p orti o n al t o r ati o n al a n d i nt e gr al ( h o m o g e n e o us) f u n cti o ns of ( x', y'), t h at is, t o 
r ati o n al a n d i nt e gr al f u n cti o ns of t h e si n gl e p ar a m et er x' : y'  ∖ w h er ef or e  t h e c ur v e  
αJ Γ  +  0 F  +  c Z  =  0 is u ni c urs al ; w h e n c e  t h e e q u ati o n ( 3). T h e  li k e c h a n g e m a y  b e  
m a d e  i n t h e t h e or y of t h e r ati o n al tr a nsf or m ati o n b et w e e n t w o s p a c es; a n d it is i n 
t his c as e a m or e  i m p ort a nt o n e.

T h e  diffi c ult y  is as f oll o ws: It is n ot  s elf- e vi d e nt t h at w e  ar e at li b ert y t o ass u m e

f or i m a gi n e t h at w e  h a d  a s yst e m of ( ¾, ‰,  a ,̂...)  p oi nts, s u c h t h at « 1  +  4 «., +  ... b ei n g  
=  a nj ofι  +  3 α 2 ÷∙∙∙  b ei n g  >  +  S n)  —  2,  t h e p oi nts  w er e  s u c h t h at t h e c o n diti o ns
i n q u esti o n  ( vi z., t h e c o n diti o n t h at t h e c ur v e p ass es o n c e t hr o u g h e a c h of  t h e p oi nts  a ,̂  
t wi c e t hr o u g h e a c h of t h e p oi nts  s h o ul d b e l ess t h a n «j +  3 ¾ +...,  a n d i n f a ct
=  or <  ⅛  ( n ^ +  3 n)  —  2 ; t h e n t h e f u n cti o ns X,  Y,  Z  w o ul d  n ot  of n e c essit y  b e c o n n e ct e d  
b y  a li n e ar r el ati o n ∖ X  +  μ Y  +  p Z  =  Q,  a n d t h e gr o u n d f or t h e ass u m pti o n i n q u esti o n,  

« 1  +  3 ct 2  +  ... : < ⅜  ( w ≡ +  3 n)  —  2, w o ul d  n o l o n g er e xist. A n d  e x c e pt b y t h e pr o c ess n o w  

a d o pt e d of d eri vi n g t h e e q u ati o n ( 2) fr o m t h e e q u ati o ns ( 1) a n d ( 3), I d o n ot k n o w  
h o w t h e i m p ossi bilit y of s u c h a s yst e m is t o b e est a blis h e d; vi z., I d o n ot k n o w  h o w  
w e  ar e t o pr o v e t h e f oll o λ vi n g t h e or e m:— T h er e  is n ot a n y s yst e m of ( ¾, ¾,  ¾...)  
p oi nts,  w h er e  

s u c h t h at (f or a c ur v e of  t h e or d er  n  p assi n g  o n c e t hr o u g h e a c h p oi nt  ¾,  t wi c e t hr o u g h 
e a c h p oi nt ¾,  ...) t h e n u m b er of c o n diti o ns a ct u all y i m p os e d o n t h e c ur v e is =  or  
<  ⅜  ( n ^ +  3 n)  —  2.

A  s yst e m of ( ¾, ¾...)  p oi nts s u c h t h at t h e n u m b er  of a ct u all y i m p os e d c o n diti o ns  

is l ess t h a n ¾  +  3 of 2  +  ∙ ∙ ∙, nι a y b e t er m e d a s p e ci al s yst e m ; w e  h a v e, of c o urs e, t h e 
w ell- k n o w n  c as e ( ¾ =  n ^) of a s yst e m of p oi nts,  s u c h t h at a n y c ur v e of t h e or d er  n  
p assi n g  t hr o u g h ⅜  (∕ι'∙ ^ +  3 ?;)  —  1 of  t h es e p ass es  t hr o u g h all t h e r e m ai ni n g p oi nts { or w h at  
is t h e s a m e t hi n g, w h er e  t h e n u m b er  of  c o n diti o ns a ct u all y i m p os e d is = ^( n ^  +  3 n)- 1 {  ; 
a n d w e  h a v e t h e f oll o wi n g s p e ci al s yst e m, w hi c h  pr es e nt e d its elf t o Dr  Cl e bs c h,  i n 
his r es e ar c h es o n t h e A b bil d u n g  of a q ui nti c s urf a c e wit h  t w o n o n-i nt ers e cti n g n o d al
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lines; viz., “«1 = 12, «„ = 2. We may have 12 points and 2 points such that, for a 
quintic curve passing once through each of the 12 points and twice through each of 
the 2 points, the number of conditions actually imposed (instead of being 12 + 3.2, =18) 
is =17.” The construction is as follows: viz., starting with the 2 points and any 
10 points, we may draλv a quartic passing twice through the first of the 2 points, 
once through the second of them, and through the 10 points; and another quartic 
passing twice through the second, of the 2 points, once through the first of them, and 
through the 10 points: the two quartics intersect in the 2 points each twice, in the 
10 points, and in 2 new points, forming, with the 10 points, a system of 12 points; 
and the first-mentioned 2 points and the 12 points form the system in question.

A more complicated case, «1 = 10, «2 = 6, ¾ = 1, occurs in Dr Nother’s paper, “Ueber 
Flachen, welche Schaaren rationale!’ Curven besitzen,” \_Math. Ann., t. iiι. (1871), pp, 
161—227J. Except these two, I do not know any other case of a special system for 
which «2, «3... are not all =0 ; the investigation of such systems would, I think, be very 
interesting.

[A concluding paragraph of seven lines gave some coi’rections to the “ Memoir on 
the Rational Transformation between Two Spaces,” 447, which corrections are made in 
the present reprint of that paper.]
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