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N O T E  O N  L A M B E R T ’S T H E O R E M  F O R  E L L I P T I C  M O T I O N.

[ Fr o m t h e M o nt hl y  N oti c es  of  t h e R o y al  Astr o n o mi c al  S o ci et y,  v ol. x xι x.  ( 1 8 6 8— 1 8 6 9),  
p p. 3 1 8 — 3 2 0.]

C o n si d e r  a n y t w o p ositi o ns, A,  B,  i n a n elli pti c or bit, f o c us S, a n d s e mi- a xis 

m aj or  =  a; t h e n if p, p, c d e n ot e t h e r a di us v e ct ors > S A, S B, a n d t h e c h or d A B  
3

r es p e cti v el y, a n d if P,  =  b e t h e p eri o di c ti m e, t h e ti m e of p ass a g e  fr o m A  t o B
∖  p L·

is gi v e n  b y  t h e f or m ul a 

w h er e

T o  fi x t h e i d e as w e  m a y  c o nsi d er t h e ti m e of p ass a g e as b ei n g i n e v er y c as e  
p ositi v e ; a n d, f or Ti m e A B,  t h e m oti o n  fr o m A  as b ei n g t o w ar ds t h e a p o c e ntr e ; 
Ti m e  B A  will,  of c o urs e, i n li k e m a n n er  d e n ot e t h at t h e m oti o n  fr o m B  is t o w ar ds t h e 
a p o c e ntr e; a n d w e  t h us h a v e a c c or di n g t o t h e p ositi o ns  of  A,  B,  eit h er Ti m e  A B  =  Ti m e  
B A;  or  els e Ti m e  A B  +  Ti m e  B A = B.

T his  b ei n g s o (s e e t h e T h e ori a M ot us,  p. 1 2 0), χ will  b e al w a ys a p ositi v e ar c  
b et w e e n 0 a n d 3 6 0 ° ; χ' a p ositi v e or n e g ati v e ar c b et w e e n 0 a n d + 1 8 0 ° ; a n d  

m or e o v er  χ' will  b e p ositi v e or n e g ati v e a c c or di n g as t h e d es cri b e d f o c al a n gl e is 
<  1 8 0 ° or >  1 8 0 ° ; w h e n c e,  c os  χ' b ei n g k n o w n, t h e ar c χ' is d et er mi n e d wit h o ut  
a m bi g uit y.

B ut  as n oti c e d i n t h e pl a c e  r ef err e d t o, t h er e is w h e n  o nl y  p,  p,  c, a, ar e k n o w n,  
a r e al a m bi g uit y as r e g ar ds t h e ar c χ ; vi z. χ m a y  b e eit h er t h e ar c >  1 8 0 ° or t h e 

ar c <  1 8 0 °, h a vi n g f or its c osi n e t h e gi v e n v al u e of c os γ. F or,  gi v e n t h e p oi nts  
S, A,  B,  a n d t h e s e mi- a xis m aj or  a, t h er e e xist t w o elli pti c or bits d et er mi n e d b y  
t h es e d at a ; a n d t h e t w o v al u es of χ c orr es p o n d t o t h e ti m es of p ass a g e b et w e e n  
A  a n d B,  i n t h es e t λ v o or bits r es p e cti v el y. If, h o w e v er, t h e a ct u al or bit b e gi v e n,  
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388 NOTE ON lambert’s theorem for elliptic motion. [472

there is no longer any real ambiguity; and it must be possible to decide between 
the two values of y: the criterion is, in fact, a very simple one, viz. drawing a chord 
from Λ through the other focus H of the ellipse, this either separates, or it does not 
separate, B from the force-focus and I say that in the expression of Time ΛB, 
in the former case (viz. when chord d is a separator) we have χ< 180°; in the latter 
case (viz. when chord Λ is not a separator) we have y > 180°.

It of course follows that, in the case of transition, when the line AB passes 
through H, we must have χ = 180°: this is at once seen to be so; for χ = 180° gives 
the condition 4a = p + ρ' + c∙, but if σ, σ', are the distances of ΛB from the focus H, 
then 2a = p + σ, 2a = p' + σ', and the condition becomes σ + σ=c", that is ΛB must 
pass through B.

As a verification of the new criterion, I consider the point Λ as having a fixed 
position on the orbit, but the point B as having successively different positions; and 
writing down the two formulae

(where for simplicity the constant factor P ÷ 2τr is omitted) I proceed to compare 
these for different positions of the point B. We have, in every case, cosω = cosy, and 
cos ω' = cos χ'; whence (y, ω being each positive and less than 360°) ω = χ or else 
ω + y = 360°, viz. the former equation subsists if ω, χ, are each less or each greater 
than 180°, the latter if the one is greater, the other less than 180°. And again 
(y', ω' being each less than +180°) we have ω' = χ', or else ω'=-y', according as 
ω', have the same or opposite signs.

Now in the figure, suppose that B occupies successively the different positions
Bi, B2,...Bi, the criteria for y, y' (or ω, ω') give as follows.

Ch. A. Ch. B. therefore /. A>8 ∆ BSA

1 sep. not y<180°ω>180° or ω + y = 2τr < 180° > 180° y'= + ω'==- or ω =-χ,

2 sep. sep. < < » = χ < < + +»"'=/»
3 not not > > „ ω = y > > + + „ ω' = y',
4 not not > > ω≈χ > > — ω = χ,

ό not sep. > < „ ω + y = 2τr > < — — „ ω' = — y'.
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Hence substituting for ω, ω their values in terms of χ, χ', we have 

and thence (restoring the omitted factor P ÷ 2τr) 

which are the relations which in fact subsist between the times AB^ and BA-^ ^c.
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